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We compute Lüscher corrections for a giant magnon in the η-deformed (AdS5 × S5)η using the 
su(2|2)q-invariant S-matrix at strong coupling and compare with the finite-size effect of the corre-
sponding string state, derived previously. We find that these two results match and confirm that the 
su(2|2)q-invariant S-matrix is describing world-sheet excitations of the η-deformed background.
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1. Introduction

AdS/CFT duality [1], a correspondence between string theo-
ries in AdS background with certain supersymmetric and confor-
mal Yang–Mills theories on the boundary space-time of the AdS 
space, has been a hot topic for theoretical researches and pro-
duced many important quantitative results and applications (for 
overview see [2]). In these developments, integrability has played a 
crucial role on both sides of the correspondence. Two-dimensional 
world-sheet actions for the string theory moving in the back-
ground are described by nonlinear sigma models on coset group 
manifolds which are classically integrable. Aspects of quantum in-
tegrable structure of supersymmetric Yang–Mills theories appear 
in Bethe ansatz equations and related exact integrable machineries 
which can determine conformal dimensions of the CFTs. Quantum 
S-matrices of the world-sheet actions provide integrable frame-
work which interpolates from the strong to weak coupling limits.

An important direction of research is to find new AdS/CFT pairs 
which show novel integrability structures. One such string theory, 
which has been studied recently, is the type IIB superstring theory 
in the η-deformed target space (AdS5 × S5)η for a real parameter 
η [3]. The classical integrability of nonlinear sigma model is pro-
vided by solutions of the classical Yang–Baxter equation [4]. (See 
[5–7] for related issues.) It has been conjectured in [3] that full 
quantum S-matrix of the deformed sigma model is given by the 
R-matrix of the q-deformed Hubbard model which has been pro-
posed much earlier in [8]. When q is a complex phase, the dressing 
phase of the S-matrix and bound-states have been analyzed in [9]. 
Scattering amplitudes of bosonic excitations for small values of the 
world-sheet momentum have been computed and shown to agree 
with the q-deformed S-matrix in the large string tension (strong 

E-mail address: ahn@ewha.ac.kr.
http://dx.doi.org/10.1016/j.physletb.2017.01.063
0370-2693/© 2017 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
coupling) limit for real q with explicit relation with η [10]. Based 
on the exact S-matrix, thermodynamic Bethe ansatz equations for 
ground states and dressing phase for real q have been studied 
in [11].

A pertinent issue which should be mentioned is that the de-
formed sigma model is not a fully consistent string theory at quan-
tum level. It has been found that this η-deformed sigma model 
does not solve the type IIB supergravity equations of motion [12], 
but solves, instead, a generalization of them [13]. These general-
ized ones allow only scale invariance but not full Weyl invariance 
at one-loop [14]. The Weyl invariance can be restored if the de-
formation is generalized by some modified solutions of the Yang–
Baxter equation [15]. This suggests that one should pay attention 
while treating the η-deformed theory at quantum level.

In this letter, we provide another evidence for the q-deformed 
S-matrix to describe the string theory on the η-deformed geom-
etry. For this purpose, we consider finite-size effects of a giant 
magnon state, a classical string configuration living on a subspace 
of the (AdS5 × S5)η [16]. These corrections have been computed 
for the undeformed AdS5 × S5 in [17,18] and for the γ -deformed 
AdS5 × S5 in [19,20] from both directions of string solutions and 
world-sheet S-matrices. For the η-deformed case, this effect has 
been studied from only string theory side in [21], which will be 
reviewed in sect. 2. Exact q-deformed S-matrix and related for-
mula will be presented in sect. 3. We present our computation of 
the Lüscher corrections for a giant magnon based on q-deformed 
S-matrix in sect. 4 along with a conjecture on the deformed dress-
ing phase in sect. 5. In sect. 6, we conclude with a short summary 
and comments.

2. Finite-size effect of a giant magnon in (AdS5 × S5)η

In this section, we give a brief review on computing the en-
ergy of a giant magnon using Neumann–Rosochatius ansatz fol-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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lowing [21]. The giant magnon is defined in the Rt × S3
η subspace 

of (AdS5 × S5)η , where background metric and B-field are given by

gtt = −1, gφ1φ1 = sin2 θ, gφ2φ2 = cos2 θ

1 + η̃2 sin2 θ
,

gθθ = 1

1 + η̃2 sin2 θ
, bφ2θ = −η̃

sin 2θ

1 + η̃2 sin2 θ
. (2.1)

Deformation parameter η̃ is related to original parameter η by η̃ =
2η/(1 − η2).

One can solve the giant magnon configuration using an ansatz 
for the dynamics of the target space coordinates

t(τ ,σ ) = κτ , φi(τ ,σ ) = ωiτ + Fi(ξ), θ(τ ,σ ) = θ(ξ),

ξ = σ − vτ , i = 1,2, (2.2)

where τ and σ are the string world-sheet coordinates and the 
Virasoro constraints. If we restrict further to S2 by setting the 
isometry angle φ2 to zero, conserved charges Es , J1 corresponding
to other isometric coordinates t , φ1 are given by complete elliptic 
integrals of first and third kinds (W = κ2/ω2

1):

Es = 2T

η̃

(1 − v2)
√

W√
(χη − χm)(χp − χn)

K(1 − ε),

J1 = 2T

η̃
√

(χη − χm)(χp − χn)

[(
1 − v2W − χη

)
K(1 − ε)

+ (χη − χp) 


(
χp − χm

χη − χm
,1 − ε

)]
, (2.3)

where the parameters are satisfying

χm = χηχp

χη − (1 − ε)χp
ε, ε = χm(χη − χp)

χp(χη − χm)
,

(1 − ε)χ2
p − 2εχpχη − χ2

η

χη − (1 − ε)χp
+ 3 − (1 + v2)W + 1

η̃2
= 0,

χpχη + εχpχη(χp + χη)

χη − (1 − ε)χp

− 2 − (1 + v2)W + (
3 − (

2 + v2(2 − W )
)

W
)
η̃2

η̃2
= 0,

εχ2
pχ2

η

χη − (1 − ε)χp
− (1 + η̃2)(1 − W )(1 − v2W )

η̃2
= 0.

The momentum of a giant magnon, which is related to the deficit 
angle by �φ1 = p, satisfies

p = 2v

η̃
√

χp(χη − χm)

{
− v K(1 − ε) + W

(χη − 1)(1 − χp)

×
[
(χη − χp) 


(
− (χη − 1)(χp − χm)

(χη − χm)(1 − χp)
,1 − ε

)

− (1 − χp) K(1 − ε)

]}
. (2.4)

Eqs. (2.3) and (2.4) generate the dispersion relation of a giant 
magnon at finite J1.

In the limit of J1 � g � 1 one can solve the parameter rela-
tions in terms of small ε-expansions to determine the energy and 
angular momentum
Es − J1 = 2g
√

1 + η̃2

η̃
arcsinh

(
η̃ sin

p

2

)

− 8g(1 + η̃2)3/2 sin3 p
2√

1 + η̃2 sin2 p
2

× exp

⎛
⎝− J1

g

√√√√ 1 + η̃2 sin2 p
2(

1 + η̃2
)

sin2 p
2

⎞
⎠ . (2.5)

The first term is the energy dispersion relation of a giant magnon 
in the infinite volume and the second one is the small finite-size 
(or finite J1) correction. In next sections, we are going to repro-
duce this result from the su(2|2)q S-matrix.

3. q-Deformed S-matrix

The quantum-deformed S-matrix can be written as a graded 
tensor product of su(2|2)q-invariant matrix as follows:

S(p1, p2) = Ssu(2) S⊗̂Ṡ. (3.6)

The overall scalar factor Ssu(2) is given by [10]1

Ssu(2)(p1, p2) = 1

σ 2(p1, p2)

x+
1 + ξ

x−
1 + ξ

x−
2 + ξ

x+
2 + ξ

x−
1 − x+

2

x+
1 − x−

2

1 − 1
x−

1 x+
2

1 − 1
x+

1 x−
2

,

(3.7)

with q-deformed dressing phase σ . The su(2|2)q-invariant S-

matrix has 16 × 16 elements, Si′ j′
i j , i, j, i′, j′ = 1, . . . , 4. For Lüscher 

correction, the matrix elements we need are

S11
11 = a1, S12

12 = q

2
a1 + 1

2
a2, S13

13 = S14
14 = a5 (3.8)

a1 = 1, a2 = −q + 2

q

x−
1 (1 − x−

2 x+
1 )(x+

1 − x+
2 )

x+
1 (1 − x−

2 x−
1 )(x−

1 − x+
2 )

,

a5 = x+
1 − x+

2√
qU1 V 1(x−

1 − x+
2 )

. (3.9)

The parameters x± satisfy a shortening relation

1

q

(
x+ + 1

x+

)
− q

(
x− + 1

x−

)
=
(

q − 1

q

)(
ξ + 1

ξ

)
, (3.10)

and relate to energy E and momentum p by

V 2 = q
x+

x−
x− + ξ

x+ + ξ
≡ qE , U 2 = 1

q

x+ + ξ

x− + ξ
≡ eip . (3.11)

The constant ξ is related to the string tension g and deformation 
parameter q by

ξ = − i

2

g(q − q−1)√
1 − g2

4 (q − q−1)2
. (3.12)

It is claimed that the quantum group parameter q is related to η̃
by

q = e−ν/g with ν = η̃√
1 + η̃2

. (3.13)

General energy–momentum dispersion relation follows from this

1 Several different candidates have been proposed in [9]. We have checked that 
only this one is consistent with the finite-size correction.
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E(p) = 2g

ν
arcsinh

(
ξ

i

√
1

4g2 cosh2 ν
2g

+ sin2 p

2

)
. (3.14)

At strong coupling limit g � 1, Eqs. (3.12) and (3.13) lead to

ξ = iη̃ +O(g−1). (3.15)

From Eqs. (3.10) and (3.11), one can expand the parameters

x±(p) = x±
0 (p) + 1

g
x±

1 (p) +O(g−2), (3.16)

where

x±
0 (p) = e±ip/2

(√
1 + η̃2 sin2 p

2
∓ η̃ sin

p

2

)
, (3.17)

x±
1 (p) =

(
x±

0 (p) + iη̃
) (

η̃ x±
0 (p) − i

)
√

1 + η̃2
(
x−

0 (p) − x+
0 (p)

) . (3.18)

Also the dispersion relation in Eq. (3.14) becomes

E0(p) = 2g
√

1 + η̃2

η̃
arcsinh

(
η̃ sin

p

2

)
, (3.19)

which is consistent with that of giant magnon string state given in 
the first term of Eq. (2.5).

4. Lüscher corrections

Leading finite-size corrections in the strong coupling limit are 
the μ-term Lüscher corrections which arise from residues of 
S-matrix in the contour integrals of the F -term formula. Explicit 
μ-term Lüscher formula for one su(2) giant magnon state with 
su(2|2) index (11̇) is given by [22,18],

δEμ = −i

(
1 − E ′(p)

E ′(q̃�)

)
e−iq̃� J1

∑
j, j̇, j′, j̇′

Res
q=q̃

[
S(11̇)( j′ j̇′)

(11̇)( j j̇)
(p,q�(q))

]
,

(4.20)

where q̃ is the location of the S-matrix poles. The physical giant 
magnon has momentum p and energy given by (3.19), while the 
momentum q� of the virtual particle satisfies the following on-
shell relation

q2 + E2(q�) = 0. (4.21)

We also use a short notation q̃� = q�(q̃).
We start with locating the poles of the S-matrix. The over-

all scalar factor Ssu(2)(p, q�) in (3.7) has both s-channel pole 
at x−(q̃�) = x+(p) and t-channel pole at x−(q̃�) = 1/x+(p). We 
have checked that the t-channel gives exactly same results as 
the s-channel. We will present a detailed computation for the 
s-channel here and multiply by a factor 2 at the end.

Substituting x+(p) for x−(q̃�) in Eq. (3.10), we can compute 
x+(q̃�)

x+(q̃�) = x+
0 (p) + 3

g

(
x±

0 (p) + iη̃
) (

η̃ x±
0 (p) − i

)
√

1 + η̃2
(
x−

0 (p) − x+
0 (p)

) +O(g−2).

(4.22)

From Eq. (3.11), we can obtain

eiq̃� = 1

q

x+(q̃�) + ξ

x−(q̃�) + ξ

= 1 + 1

g

η̃
(
x+

0 (p) + x−
0 (p)

)− 2i√
1 + η̃2

(
x−(p) − x+(p)

) +O(g−2). (4.23)

0 0
Using Eq. (3.17), we obtain q̃� as follows:

iq̃� = 1

g

√
1 + η̃2 sin2 p

2√
1 + η̃2 sin p

2

+O(g−2). (4.24)

This leads to the exponentially suppressing factor in the Lüscher 
formula

e−iq̃� J1 = exp

⎛
⎜⎝− J1

g

√
1 + η̃2 sin2 p

2√
1 + η̃2 sin p

2

⎞
⎟⎠ , (4.25)

which matches with the string computations shown in (2.5).
The next factor to consider in the Lüscher formula (4.20) is the 

energy dispersion. Since q̃� ∼ O(g−1), one should use exact rela-
tion (3.14) instead of (3.19) before taking the large g limit along 
with (4.24). A straightforward computation yields(

1 − E ′(p)

E ′(q̃�)

)
=

(
1 + η̃2

)
sin2 p

2

1 + η̃2 sin2 p
2

. (4.26)

Now we move on to the residue of the S-matrix, which comes 
from the scalar factor (3.7)

Res
q=q̃

[
Ssu(2)(p,q�)

]

=
2e3ip/2

[
1 + ieip/2η̃

(√
1 + η̃2 sin2 p

2 − η̃ sin p
2

)]
g
√

1 + η̃2 sin p
2 · σ 2(p, q̃�) · x−′(q̃�)

. (4.27)

The last factor can be computed by a trick used in [18]

dx−(q�)

dq

∣∣∣∣
q=q̃

= dx+(p)/dp

dq/dp

=
−ieip/2

[
1 + ieip/2η̃

(√
1 + η̃2 sin2 p

2 − η̃ sin p
2

)]
sin2 p

2√
1 + η̃2 sin2 p

2

,

(4.28)

where we used (4.21) for dq/dp. Combining these, we get

Res
q=q̃

[
Ssu(2)(p,q�)

]=
2ieip

√
1 + η̃2 sin2 p

2

g
√

1 + η̃2 sin3 p
2 · σ 2(p, q̃�)

. (4.29)

The contribution from each matrix element in Eq. (3.8) leads to(
1 + q

2
a1 + 1

2
a2 + 2a5

)2

(4.30)

and becomes 1 in the leading order from (3.9).

5. q-Deformed dressing phase

The dressing phase has been proposed first in terms of q-de-
formed Gamma function for q a complex phase, [9]

σ 2(p1, p2) = exp i
[
χ(x+

1 , x+
2 ) − χ(x+

1 , x−
2 ) − χ(x−

1 , x+
2 )

+ χ(x−
1 , x−

2 )
]
, (5.31)

χ(x1, x2) = i

∮
dz

2π i

1

z − x1

∮
dw

2π i

1

w − x2
|z|=1 |w|=1
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× log
�q2

[
1 + i

2a (u(z) − u(w))
]

�q2

[
1 − i

2a (u(z) − u(w))
] , (5.32)

where a = ν/g for g � 1 and u(z) is defined by

X(z, w) ≡ u(z) − u(w) = i

2ν
log

(
z + 1

z + ξ + 1
ξ

w + 1
w + ξ + 1

ξ

)
. (5.33)

An integral representation for �q2 given in [9] can be analytically 
continued for real q to get strong coupling limit [10]

log
�q2 [1 + g X]

�q2 [1 − g X]

≈ g

{
2X(log g − 1) + X log(−X2)

− i
2π

ν

[
ψ−2

(
1 − iν X

π

)
− ψ−2

(
1 + iν X

π

)]}
, (5.34)

where ψ−2 is the poly-gamma function. The integrals over two 
unit circles in (5.32) may develop a branch cut for ν ≥ 1/2 but can 
be handled with proper care as pointed out in [11].

For computing σ(p, ̃q�) at strong coupling, we combine the χ
functions with arguments x±(p), x±(q̃�) given in Eqs. (3.16) and 
(4.22) to get

logσ 2(q̃�, p)

=
∮

|z|=1

dz

2π i

∮
|w|=1

dw

2π i

⎡
⎣ 2iνx+

0

(
x+

0 + x−
0 + ξ + 1

ξ

)
g(z − x+

0 )(z − x−
0 )(w − x+

0 )2

⎤
⎦

× g

{
X log

g2

e2
+ X log(−X2)

− 2π i

ν

[
ψ−2

(
1 − iν X

π

)
− ψ−2

(
1 + iν X

π

)]}
, (5.35)

with a short notation x±
0 = x±

0 (p) given in (3.17). Due to compli-
cated branch cuts appearing in the contour integrals, we could not 
evaluate this integral analytically. However, we have found numer-
ically that the integration depends on η̃ very insensitively within 
available accuracy. This leads to our conjecture that the dressing 
phase with given arguments in the strong coupling limit is

σ 2(q̃�, p) = −2g2 e−ip sin4 p

2
, (5.36)

which is the result for the undeformed case, computed from the 
AFS phase [23] in [18].

Combining (4.25), (4.26), (4.29) and (5.36) along with a factor 
−i in (4.20) and 2 for the t-channel contribution, we get the final 
μ-term Lüscher correction

δEμ = −8g(1 + η̃2)1/2 sin3 p
2√

1 + η̃2 sin2 p
2

exp

⎛
⎝− J1

g

√√√√ 1 + η̃2 sin2 p
2(

1 + η̃2
)

sin2 p
2

⎞
⎠ .

(5.37)

6. Conclusion

Compared with finite-size giant magnon computation (2.5), 
the strong coupling Lüscher correction matches quite well ex-
cept 1 + η̃2 in the overall factor. We think this factor should be 
modified in the string theory computation. Apart from this mi-
nor discrepancy, both coefficient and exponent of the exponential 
factor show correct dependence on the momentum and deforma-
tion parameter. Our check is valid for the su(2) sector with generic 
value of p and supports that the q-deformed S-matrix should de-
scribe the string theory in the η-deformed AdS background. It 
will be interesting to further elaborate the q-deformed dressing 
phase to check (5.36) both numerically and analytically. Another 
interesting but less studied domain is the weak coupling limit of 
the S-matrix, which could be related to certain q-deformed spin-
chain.
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