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ABSTRACT: The ground-state energy of integrably-twisted theories is analyzed in finite
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state energy can be nontrivial and can acquire finite-size corrections. The NLO correc-
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1 Introduction

The AdS/CFT correspondence in the planar limit can be described by a two-dimensional
integrable quantum field theory. The finite-volume energy levels of this integrable theory
correspond on one side to the string energies in the curved AdSs x S° background, while
to the scaling dimensions of gauge-invariant single-trace operators on the other side. In-
tegrability provides tools to solve the finite-volume spectral problem exactly. (For recent
reviews with many references, see [1, 2].)

For large volume, L, (long operators of size L), the asymptotic Bethe ansatz [3, 4]
determines the spectrum including all polynomial corrections in L~!. In the weak-coupling
limit, this result is exact up to L loops; but over L loops, wrapping diagrams start to
contribute [5]. In the integrable quantum field theory, they show up as exponentially small
vacuum polarization effects: virtual particles circling around the space-time modifies the
energy levels [6]. These effects have a systematic expansion which counts how many times
virtual particles encircle the space-time cylinder (or diagrams wrap around). The leading-
order (LO) Liischer correction corresponds to a single circle or wrapping. Together with the
asymptotic Bethe ansatz, they provide an exact result up to 2L loops. The next-to-leading
(NLO) Liischer correction corresponds to two circles and double wrapping. Including their
contribution describes the energy levels/scaling dimensions exactly up to 3L loops.

For an exact description, valid for any number of loops, one has to sum up all vir-
tual processes. For the ground state, this is done by the thermodynamic Bethe ansatz
(TBA), which evaluates the saddle point of the partition function for large Euclidean
times in the mirror (space-time rotated) description [7-14]. The TBA provides coupled
integral equations for infinitely-many unknown functions, whose solutions determine the
exact ground-state energy and satisfy the so-called Y-system relations, which are charac-
teristic for the model and are the same for all the excited states [15]. What is different for
the excited states is the analytical structure of these Y-functions [16-18]. Using additional
inputs, such as discontinuity relations [19, 20] and analytical structure, the Y-system can
be turned into integral equations for excited states [21, 22], which provide the solution of
the finite-volume spectral problem. An ultimate solution would be to replace the infinite
Y-system with a finite T-Q system (see attempts [22-26] in this direction), which would
lead to nonlinear integral equations (NLIE) for only finitely-many unknowns.

In the present paper, we would like to analyze the ground state of the three-parameter
family of y-deformed planar AdS/CFT theories in the sense of [27-31], to which we refer
as y-deformed theory from now on. In these theories the S part of the background is de-
formed such that the bosonic su(4) part of the psu(2, 2|4) symmetry is Drinfeld-Reshetikhin
twisted [32] with three parameters: ~1,72,73. Contrary to the undeformed or (3-deformed
theories, in the most general case, no supersymmetry is preserved, so the ground state is
indeed nontrivial and affected by wrapping corrections. The planar gauge theory is never-
theless ultraviolet finite and scale-invariant [33]. This is an ideal laboratory to test ideas
directly on the ground state, which actually contains all information about the theory.

The v-deformation can be implemented in several distinct ways: in [34] it was de-
scribed as an operatorial twisted boundary condition (the twist depends on the excitation



number!); in [35, 36] as a (c-number) twisted boundary condition and a twisted scattering
matrix; finally in [37] the authors showed that the untwisted Y-system with twisted asymp-
totic conditions is consistent with the LO Liischer (single wrapping) correction as calculated
on the gauge-theory side. In this paper, based on our previous work [36], we choose twisted
boundary condition and twisted S-matrix. Out of the three-parameter family of deforma-
tions, 1 gives rise to the Drinfeld-Reshetikhin twist of the scattering matrix, while v, v3
appear in the twisted boundary condition [36]. We show that the ground-state energy does
not depend on the Drinfeld-Reshetikhin twist, i.e. on 1, merely on the other two parame-
ters 79, 3. This can also be understood from the fact that the particular choice of vacuum,
Tr(Z”) on the gauge-theory side, is left invariant by the generators multiplying ;.

We begin by analyzing in section 2 the effect of a twisted boundary condition on the
ground state in general. We derive exact expressions for the LO and NLO Liischer correc-
tions valid for any integrable theory with a twisted boundary condition. The LO correction
contains information about the spectrum of the (mirror) theory, while the NLO contains
the logarithmic derivative of the scattering matrix. We show that a Drinfeld-Reshetikhin
type twist [32] of the scattering matrix does not affect the ground-state energy. We then
demonstrate the effect of the twist in the TBA equations in general. These equations pro-
vide the exact description of the ground state for any finite size. By expanding the result
for large sizes, we must recover the LO and NLO Liischer corrections. This is explicitly
elaborated in the examples that follow.

As a warm up in a simpler case, we analyze in section 3 the O(4) model with twisted
boundary conditions. After calculating the LO and NLO Liischer corrections, we derive the
so-called raw (canonical) TBA equations, which contain the twist as chemical potentials.
Interestingly, the twist does not show up in the simplified TBA equations except in the
asymptotic behavior of the Y-functions. As a consequence, the Y-system is the same as
the untwisted one. We solve the simplified TBA equations at NLO and compare with the
NLO Liischer correction. We find complete agreement.

We turn in section 4 to the y-deformed AdS/CFT model. We calculate first the LO
Liischer correction. In calculating the NLO correction, we determine the determinant of
the two-particle S-matrix S?1%2 in all the su(2)7,®su(2) g sectors for the generic Q1 and Q2
bound-state case. We then derive the raw TBA equations from first principles by evaluating
exactly the chemical potentials originating from the twisted boundary condition. (For the
untwisted case, the TBA equations were formulated in [10-14].) The twist disappears from
the simplified equations, just as it does in the O(4) case. (See [38] for a general argument
on this.) The twist nevertheless reappears in the asymptotic boundary conditions for the
Y-functions. Since the simplified equations are not twisted, neither is the Y-system, as
was anticipated by the authors of [37, 39]. Our derivation confirms their assumption. We
then expand the TBA equations to NLO and compare with the result of the NLO Liischer

correction. We find complete agreement again.

n particular, the v twist is multiplied with the excitation number, and thus does not contribute to
the vacuum energy.
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Figure 1. Two possible locations of a defect. On the left it is located in space, and it introduces
a twisted boundary condition. On the right it is located in (Euclidean) time, and it acts as an
operator on the periodic Hilbert space.

We evaluate in section 5 the weak-coupling expansion of the NLO Liischer correction,
which corresponds to double-wrapping diagrams. We explicitly compute this correction for
L = 3, thereby obtaining the anomalous dimension of the operator TrZ? in the twisted
gauge theory up to six loops.

Finally, section 6 contains our conclusion and outlook.

2 Finite-size corrections of the vacuum energy

In this section we analyze the finite-size corrections for the ground state with a twisted
boundary condition. We consider an integrable (1 + 1)-dimensional quantum field theory
that possesses just one multiplet of particles with the same dispersion relation. The parti-
cles are labeled by «, and their interaction is described by the two-particle scattering matrix
SiZS’ (p1,p2), which does not admit any bound states.? We are interested in the ground-state
energy of a system of size L with a c-number twisted boundary condition in terms of the
scattering data. The twisted boundary condition is defined by means of a conserved charge
J, which commutes with the scattering matrix [J, S] = 0. The twists are implemented by
introducing a so-called defect line on the circle. It has the effect that, whenever a particle of
type a crosses the defect line from the left to the right, it picks up the transmission phase
e/ where 7 is the twist angle supposed to be real. If the particle moves oppositely,
then it picks up the inverse phase e~*7/a. This ensures that if we formulate the Bethe-
Yang equation by moving one particle around the circle and scattering with all the other
particles and with the defect line in both directions, then we obtain equivalent equations.
In deriving the finite-size energy of the vacuum with the defect line, E¢(L), we analyze
the twisted Euclidean torus partition function from two different perspectives, see figure 1.
By compactifying the time-like direction with period R and taking the R — oo limit, the
ground-state energy of the twisted system can be extracted from the twisted partition
function as
Jim Z%(L,R) = lim Tr <e—Hd(L>R) = BWER (2.1)

R—o0

2With a view to later applying this formalism to AdS/CFT, we do not assume relativistic invariance;
hence, the two-particle S-matrix need not be a function of the difference of the particles’ momenta.



In the alternative description in which the roles of Euclidean time, £ = —it, and space,
x, are exchanged, the defect will be localized at a constant imaginary time t = —ix of
the mirror model. It acts as an operator of the periodic Hilbert space of the mirror model
defined by the configurations on a fixed-t slice. The action of this operator can be calculated
from the transmission phase [40]. In the present case, the operator is simply e’ and we
can evaluate the twisted partition function alternatively as

Z4(L, R) = Tr(e HPL Ty (2.2)

where we use a tilde ™ to help distinguish quantities in the mirror model. In the first
subsection, we suppose that the volume L is large and expand the partition function at
leading and next-to-leading orders. In this way, we derive the LO and NLO Liischer-
type corrections for the ground state energy of the twisted system. Then, in the second
subsection, we comment on how one can evaluate the partition function in the saddle-point
approximation to obtain the twisted thermodynamic Bethe ansatz (TBA) equations.

2.1 Large-volume expansion

In this subsection, we evaluate the twisted partition function at LO and NLO for large
volumes (i.e., L is large, and R — o00). This means that we keep the first two nontrivial
terms in the expansion of the twisted partition function

li ~H(R)L inJy _ ivJa—&(pr) L " e (s~ EER)FEENL L ,
RLI};OTT(B e”) 1+Ze + Z e +..., (23)
ka k7l7(a7/6)

where k,[ are the labels of the allowed mirror momenta p; « is the color index of the one-
particle and («, ) is that of the two-particle state. The sum >’ is taken over the distinct
two-particle states. J is the conserved charge such that J, denotes its eigenvalue on the
one particle, while Ji, g) is its eigenvalue on the two-particle state. Finally, é(p) denotes
the energy of the mirror particle. Clearly, the defect does not affect the energy levels, but
nevertheless modifies the twisted partition function. Calculations based on the expansion
of the partition function for large volumes can be found for boundary entropies in [41],
while for the boundary ground state energy in [42].

2.1.1 Leading-order calculation

In evaluating the twisted partition function at LO, we analyze the one-particle contribu-
tions. In a finite but large volume, R, the momentum is quantized as

- R
PRt — — ph=keZ, (2.4)
2

which is independent of the color index a = 1,..., N. In the R — oo limit, the allowed mo-
menta become dense, and the summation can be turned into integration. The change from
the discrete label k to the continuous momentum variable p is dictated by the Bethe-Yang

dp
Zk: — R/ o (2.5)

equation above as



Taking the logarithm of the twisted partition function, the ground-state energy can be
obtained i
Ef(L) = - lim R log [Tr(e*mR)LeW)} . (2.6)
— 00

Expanding the log as log(1 +x) =z + O (m2) and keeping the first term, we obtain

EHL) = EV(L) + 0(e 08y EY(L) = —Tr(e") / ;lf: e~ €DL (2.7)
where the color summation gives Y, e?/e = Tr(e?’), which is basically the character of
the particles’ representation. The physical meaning of this formula is clear: The finite-
volume vacuum contains virtual particles, and they modify the vacuum energy by virtual
processes. The leading volume-dependent process is when a particle and anti-particle pair
appears from the vacuum, and then the particle travels around the world and annihilates
with the anti-particle on the other side. Clearly, in so doing, it crosses the defect line and
picks up the phase which, when summed up for the multiplet, results in the character.

2.1.2 Next-to-leading order calculation

At the NLO energy correction, we have to expand the logarithm of the partition func-
tion (2.6) to second order: log(l+z) = x — :’322 +O (2*). This will include the square of the
one-particle term and the two-particle term. The former, however, contains a factor R?
which would lead to a divergence in the R — oo limit, and has to be canceled against a sim-
ilar part of the two-particle term. We evaluate now the two-particle contribution and see
the needed cancellation. From the remaining terms, we obtain the NLO energy correction.

In calculating the two-particle term, we must first determine the allowed momenta. In
very large volume R, the momentum quantization conditions are given by the Bethe-Yang
(or, in other terminology, the asymptotic Bethe ansatz) equations. As the scattering mixes
the color indices, we begin by diagonalizing the two-particle S-matrix:

S (i )by =ty — ¢ PP 1 (23

The two-particle S-matrix has N? eigenvalues, and we denote their phases by 0 (D> 1)
for p = 1,..., N2 Unitarity implies 8, (Px,p1) = —0.(p1, pr) mod 2w. We assume that
the particles are fermionic: S(p,p) = —I, thus 0,(p,p) = m. Taking the logarithm of the
equations (2.8) for a given eigenvalue, we arrive at the Bethe-Yang equations

R 1
D 0,(pr,p1) = k
o Pkt o OulBr,P1) =k,
R 1
pr — - Ou(Dr,p1) = 1. 2.9
0 Pl o (ke P1) (2.9)
The fermionic nature of the particles excludes k¥ = [; and in summing up over two-

particle states, k > [ is understood. In changing to momentum integration, it is better
to reorganize the sum as >, f(k,l) = } Dok [k 1) — 5 >y f(k,k), since the summand
f(k, 1) = e/ =(E@e)+e@))L i symmetric. The diagonal part, —% > i f(k, k), has the one-
particle quantization rule (2.4); thus, changing to integration as in (2.5) the contribution



to the energy turns out to be:

E((]2’1)(L) _ ;Tr(e”‘]f/ ;Zief%(ﬁ)L’ (2.10)

where we used that >, g eNp) = > e = Tr(e)2,
We now transform % > iy f(k, 1) into a double integral. To this end, we compute the
Jacobian for the change of variables (k,l) — (pr, p1):

ok Ok

Pk On 1 |R+6u 0

= oy ph o Ol ) [R? + R(6,p — 8,1)] (2.11)
oL ol @m)? | =G R—8u| ( 7T)
Opr, 0Py

where 8, = 05,0, (Pr, 1) and 6, = 05,0,(Dr, P1)- As already mentioned, the terms which
contribute to the ground-state energy have to be proportional to R. Indeed the dangerous

R? term
(€77)2 /dpl/dp2 —(&(p1)+e(p2)) L (2.12)

" term of the expansion of the logarithm of the one-particle con-

2
tribution. The second term of the Jacobi determinant (2.11) is proportional to the volume

will cancel against the —

R, and contributes to the ground-state energy as

E&(L) = - / W e / B2 eIl S gy 5, (), (213)
s 27 m
where we have used that 0,,(p1, p2) is antisymmetric in its arguments; and that, as the twist
commutes with the scattering matrix [¢”7/, S] = 0, both can be diagonalized in the same
basis. We note that
> €105,6, (P, P2) = —i0p, Tr(e7” log[S(p1, ) - (2.14)
m
In particular, this implies that if the S-matrix is twisted (& la Drinfeld-Reshetikhin [32])
with another conserved charge S = FSF, such that [/ F] = 0, then the finite-size
correction is the same as in the undeformed case:

9, Tr(e"7 log(S)) = 05, Z e Tr, log(FuSaFy) = 0p, Z 7o log det(Fp Sy Fy)
= 05, Z e log det S, = 5, Tr(e"” log(S)), (2.15)

where we have denoted by F,, (S, ) the matrix F' (S) in the subspace where J has eigenvalue
Ja, respectively; and we have used the fact that det(F,S,F,) = det S, det Fo%

We conclude that the LO and NLO corrections to the finite-volume vacuum energy in
the twisted theory come only from the twisted boundary condition, and are given by

EY(L) = ES(L) + ES (L) + ESP (L)

; d =5 1 . AP e
= —Trl(ew‘])/ 2p e €L 4 QTTI(GZ'YJ)2/2PB2€(]))L
T s

N / 6;1;1 e—EnL / Cg; e PILi0y, Try (€7 log[S(f1.72)]) . (2.16)



where the omitted terms are of order of O(e 3401 and Tr;() for i = 1,2 means that
the trace is taken over the one- or two-particle states, respectively. This derivation is
an alternative formulation of the virial expansion of the partition function in statistical
physics. (See also the result for the O(n) case [43].)

Our result (2.16) can also be used to make the connection between the scattering de-
scription and other descriptions of the theory. Indeed, given an integral equation for the
ground-state energy, we can extract from it the S-matrix by expanding for large volume to

NLO.

2.2 Twisted TBA

We have so far supposed that the physical volume L is large, and we have calculated the
LO and NLO energy corrections. If the volume is not large and we are interested in the
exact description of the vacuum, we have to evaluate the contributions of multiparticle
states. This, in the untwisted case, is done by the TBA; and we shall now see how the
derivations are modified in the presence of the twist.

The first step in calculating the partition function is the determination of the mo-
mentum quantization of multiparticle states. This is done by solving the Bethe-Yang
equations by means of the asymptotic Bethe ansatz (BA). Here, in addition to the physical
momentum-carrying particles, one has to introduce so-called magnonic particles that take
care of the non-diagonal nature of the scattering. They are useful objects, since in terms
of them the scattering can be regarded as diagonal. One then analyzes the various “diag-
onal” scattering matrices and looks for bound states: i.e., complex string-like solutions of
the asymptotic BA equations. The scattering matrices of the bound states are determined
from the scattering matrices of their constituents. Let us label the particles (momentum-
carrying, magnonic and their bound states) by a multilabel n; and their scattering matrices
by Spm(ul,ub"), where ;" is some generalized rapidity of a particle of type n;. Greek in-
dices such as « will denote magnons only. The asymptotic BA equations for large particle
numbers (thermodynamic limit) takes the generic form

— 1= P CORTT T Som (s ui™) (2.17)
m |

where the mirror momentum vanishes for magnons p,(u®) = 0, and Sy, (v, u}) = —1. We
note that not only the momentum, but also the energy vanishes for magnons, €, = 0. Thus,
the magnonic equations can be inverted, without changing their physical meaning. We have
to choose such equations which give rise to positive particle densities in the thermodynamic
limit. In this limit, the partition function is dominated by finite-density configurations.
The density of the particles (holes) of type n can be introduced as p, = %Xg, (pn, = }Azfg ),
where AN,,(AN,,) denotes the number of particles (holes) in the interval (p,p + Ap), re-

spectively. In terms of these densities, the energy of the configuration is

Bl =R [ dppu0)enp) = R [ dupn(éntw). (215)



while the entropy is
Slp, 0] = RZ / du [(pn + pn)10g(pn + pn) — pnlog pp — pnlog pn] - (2.19)

The particle and the hole densities are not independent, and the derivative of the logarithm
of the asymptotic BA (2.17) connects them as

1, .
Pn + Pn — 9 aupn = /dul Z Knm(u’ u,)pm(u,) =: Kpm * Pm (2'20)
& m

L 9y log Spm(u,u'). If we had inverted any of the asymptotic BA

27
equations, then we would have obtained the sign-changed kernel here. By choosing the

where K, (u,u’) =

proper signs of the kernels for the magnons, we can ensure the positivity of all the densi-
ties. If we had started instead with the Drinfeld-Reshetikhin-twisted S-matrix, then Sy,
in (2.17) would be replaced by Spm, which differs from S, by constant phases; and these
phases would disappear from the kernel K,,,. Consequently, the TBA equations are inde-
pendent of twists of the S-matrix, as is the Liischer correction (2.15).

We have seen that the twist does not change the energy levels of the periodic mirror
system, but nevertheless modifies the partition function. Since the twist commutes with
the scattering matrix, the particles of the asymptotic BA equations which diagonalize the
multiparticle scatterings will have diagonal twist eigenvalues, too. Let us denote the eigen-
value of ivJ on a particle with label n by u,. The total contribution of the twist on the
multiparticle state is

plpl = RZ/dupn(u) L - (2.21)

In terms of these quantities, the partition function can be written as

ZUL, R) = Tr(e~ AL ATy — / [T dipn, paleStpoH4ule-LEG] (2.22)

Evaluating the integrals in the saddle-point approximation, the minimizing condition for
the pseudo-energies ¢, = log Z " turns out to be

€n + pin = €L —log(1 4+ e ) % Ky - (2.23)

Once we have calculated the pseudo-energies, the ground-state energy can be extracted

from the saddle-point value as
d du ~ —€
E§(L) = — E QWaupn log(1+e ). (2.24)

Clearly the only difference compared with the untwisted case is the appearance in the TBA
equations (2.23) of the chemical potential y,,, which is proportional to the charge of the par-
ticle. (TBA equations with chemical potentials have been studied previously; see e.g. [44].)

As the determination of the magnons and their charges is model dependent, we work
out the details in the following for the O(4) model, and then for twisted planar AdS/CFT.



3 Case study: O(4) model

In this section, as a warm-up, we elaborate explicitly the simpler case of the twisted O(4)
model, also known as the su(2) principal chiral model. We calculate the LO and NLO
Liischer corrections, derive the twisted TBA equations, and compare the two approaches
by expanding the TBA equations up to second order.
The O(4) model is a relativistic theory containing one multiplet of particles with mass
m. The dispersion relation E(p) = \/ m?2 + p? can be parameterized in terms of the rapid-
ity as
E(9) =mcoshnf, p(f) = msinh 76 . (3.1)

The particles transform under the bifundamental representation of su(2). The two-particle
S-matrix is the simplest su(2) ® su(2) symmetric, unitary and crossing-invariant scattering
matrix [45, 46]

S5(0)
(0 —0)?

where 6 = 01 — 05, and the scalar factor

5(0) = SO)®S0), S0)=01—iP, (3.2)

(5= 50()

So(0) =i . ‘ (3.3)
L} + 9)r(-9)

does not have any poles in the physical strip, showing the absence of physical bound states.
We analyze this theory on a circle of size L with a twisted boundary condition. We twist

the theory with independent twist angles v+ for the left and right su(2) factors, respectively:
eiﬂ/] _ ei'y_J0®]I+i'y+I[®Jo — ei'y_Jo ® ei“/+J0 _ diag(q’, q~71) ® diag(q, qfl)7 (3.4)

where Jy has eigenvalues +1 on the two components of the doublet, and § = €7, ¢ = e+,
We could also twist the S-matrix, i.e. change S — FSF', but this would have no effect on
the ground-state energy, as explained in (2.15).

3.1 Lischer corrections

We now proceed to evaluate the Liischer correction for the vacuum (2.16). As the theory
is relativistically invariant, the mirror dispersion relation is é() = \/m?2 + $2, which we
parameterize in terms of the rapidity as above: p(f) = msinh 6. In this parameterization,
the leading-order result for the ground-state energy is

E)(L) = —[2y[2]4m / d: cosh ) ¢ mLeosht (3.5)
where we used that
Tr(e™) = Te(e=)Tr(e* %) = (4 + ¢~ (g + a1) = [2Jg[2ls. (3.6)
It is useful to introduce the g-numbers

n

q"—q

q_qil _ qnfl _|_qn73_|_ +q37n+q17n, (37)

[n]q =

,10,



for which [n], — n in the untwisted limit ¢ — 1.

In the second-order correction, we have the term without the scattering matrix

1
ESV(L) = 12P221km / d; cosh 7f) ¢~ 2mbcoshmd (3.8)

2ta

In the other term, we have to diagonalize the two-particle S-matrix

10 00
2 L 042, 4= 0
S(0) = S5(0)S1(0) @ Sa2(0) , S1(0) = S2(0) = S0) = v . (3.9)
0 -1 047 9= 0
00 01
The twist matrix acts on the two-particle states as
e =N @ = Aw A = diag(¢®,1,1,4%) © diag(¢®,1,1,47?), (3.10)

and commutes with the scattering matrix. The twist and the S-matrix can be diagonalized
in the same basis, where the S-matrix eigenvalues take the form

041 041

S =S2A® A= S?diag(1,1, g oD @dagll, )" 1), (3.11)

For the Liischer correction, we need to calculate Tr(e?’(—idp)log S). As the scattering
matrix has the specific tensor product structure (3.9), we can write

Tr(e" log §) = Tr((A® A) (2log Sl @ T+ log S1 @ I + I ® log Sy)) (3.12)
= Tr(A)Tr(A)2log Sy + Tr(A)Tr(Alog S;) + Tr(A)Tr(Alog Ss)
= 2Tr(A)Tr(A)log Sp + Tr(A) Z Ailog A; + Tr(A) Z Ailog A; .

In Fourier space, the logarithmic derivatives take a particularly simple form:

1 - 2t
Koo(a) = 2m,89 log Sg(@) - Koo(w) = t—l—til s
1 0+i - )
K(0) = 1 K(w)=—t 1
)=, 0log )"\ — K(w) =, (3.13)

|w]
where we have indicated the Fourier transform by tilde, and t = e 2 . The integrand of

the second order Liischer correction is finally

Q;Tr(ei%’(—z‘ag) log S) = [2]2[2]2 Koo + (1212 + [2]3) K . (3.14)

In terms of these quantities, the second part of the Liischer correction is

ESQ,Z) (L) _ _[2]2[2](2] 7;1 d@l eme cosh w61 /de2 cosh 7'('62 eme cosh 7602
x { Koo(61 = 02) + (22 + 217K (61— 62) } . (3.15)
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3.2 Twisted TBA

Following the general procedure outlined in section 2.2, in order to formulate the twisted
TBA equations, we need to classify the particles: momentum-carrying, magnons and their
bound states. We also have to calculate their scattering matrices; and, additionally to the
untwisted case, we also must identify the twist charge on all the excitations.

3.2.1 Raw twisted TBA

In order to derive the mirror nested asymptotic BA equations, we start with an N-particle
state consisting of down-spin particles only. We label these particles by 0. They scatter on
each other as

Soo(8) = So(6)*, (3.16)

and they have the dispersion relation €y(p) = €(p). As the Jy eigenvalue of the lower com-
ponent is —1 on both su(2) sides, the chemical potential is pg = —iy— — iy4. We can now
introduce up-spins in the sea of down-spins. These are the magnons, which do not change
the energy and momentum, rather describe the polarization degrees of freedom. We label
them by 1 for the right su(2) factor, and by —1 for the left su(2) factor. Let us first focus
on the positive (right) part, and denote magnon rapidities by u. The magnons scatter on
the massive particles and on themselves as

0— ! —u —i
u+2 Su(u—u’):u u —1

So1(0 —u) =
on(f =) 0—u—1%’ w—u' +i’

(3.17)

respectively. The magnons do not have any energy and momentum €& (u) = p1(u) = 0, but
they do have chemical potential. Since a magnon swaps a spin from down to up, it changes
the charge by 2: p; = 2¢y,. This means that a state with m up-spins and N —m down-
spins, which contains N type-0 particles and m type-1 particles, has Jy charge —N + 2m.
Inspecting the magnon scattering matrices, we can conclude that a magnon and a massive
particle cannot form bound states. In contrast, magnons among themselves can bound.
Bound states in the thermodynamic limit consist of strings of any length M € N:

M+1-2j

uj=u+i 5 , j=1...,M. (3.18)

We label this string as M. Clearly, the M = 1 string is the magnon itself. The scattering
of the M-string and the massive particle can be calculated from the bootstrap,

9—u+§M

5 . 3.19
0—u— M ( )

M
SQM(H — u) = H501(9 — uj) =
j=1
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As Sopr(0 —u)Spro(u—60) =1, we conclude that Sopr(u) = Spro(w). Similarly, the magnon-
magnon scatterings are given by

M M

Saaer(w— ') = T T Sualuy — ) (3.20)

j=1j'=1

. 4 2
~fu—u =M = M| u—u' — 5(|M— M|+ 2)
u—w' + )M —M|) \u—u+ (M- M|+2)
y u—u' —5(M+ M —2) u—u' — (M4 M)
S \u—u 4+ H(M 4+ M- 2) u—u'+L(M+M) )

These bound states have no energy and momentum ép(u) = py(u) = 0, while their
chemical potential is the sum of their constituents’ pyr = 2Mivy, .

Similar considerations apply to the left excitations, which are denoted by —M. They
scatter only on themselves and on the massive particle, such that the scattering is inde-
pendent of the sign of M. The only difference is in the chemical potential, as the twists
are different on the two sides: p_pr = 2Mivy_.

Summarizing, we have particles for any M € Z. The only massive excitation that has
nontrivial energy and momentum has the label 0; all others are magnons. The scattering
kernels in Fourier space have the form

- 2t - - - t+tt
00 (t—Ft*l) ) on n0 ) nm + 41

(thrm - t\nfm\) - 5nm7
(3.21)
[wl
where t = e~ 2 and n,m > 0. For the other values, we have Ky, = Ko_,, K,0 = K_y0,
K pm=Knmand Ky = Ky = 0.
In the general procedure, one has to invert the magnonic equations before introduc-
ing the magnon densities. In so doing, one obtains the “raw” (canonical) twisted TBA

equations
€0+ po = Lég —log(1 4+ e ) x Koo + Z log(1+e M) x Ky, (3.22)
M#0
er + i = —log(1+e )% Koar + Y log(1+e M)« Kppay, M #0. (3.23)
M'#0

These equations for the untwisted (u = 0) case reduce to those in [47], although in slightly
different convention.

3.2.2 Universal TBA and Y-system

Using identities among the kernels, we now bring the TBA equations (3.22), (3.23) to a
universal local form. This means that the pseudo-energies can be associated with vertices
of a two-dimensional lattice, such that only neighboring sites couple to each other with the
following universal kernel

1

sIyn =oun — (K + 1)1/, s(0) = 2cosh 70’

(3.24)
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where Ipyn = dprp,v + On—1,v and (K + 1)]}[1N * (Knr + 0nL) = 0. We also have

(Kpn1 + 0p1) * s = — Koy, which can be easily seen in Fourier space where § = t+1—1’
Let us introduce the Y-functions:
Yo=e, Yy=eM, M#0. (3.25)

We take the equations (3.23) for Yjs, act with the operator oy n — s Iyny = (K + 1)]‘7[1]\,
from the right, and use the kernel identity Koy * (K + 1)]}11\4 = —sdp,1. Since the chemical
potentials are annihilated by the discrete Laplacian

1
(uN-1+ pNt1) — pN =0, (3.26)

pn * (sIyn — omn) = 5

they completely disappear from the equations, and we arrive at
10gYM = IMM’ log(l—}—YM/)*s, Myé() (327)

Finally, we take the equations for M = +1 and convolute them with the kernel s. We
combine these equations with the massive equation (3.22). Using the magic property of
the kernel Kgg = —2s x Ky, and exploiting that pg + %(/ﬂ + p—1) = 0, we obtain the
equation for the massive node

log Yy + mLcosh 8 = (log(1 + Y1) +log(1 +Y_1)) xs. (3.28)

Thus, the twists completely disappear from the “simplified” equations (3.27), (3.28). Nev-

ertheless, they enter in the asymptotics of the Y-functions as

1
li log Yipn = —2i 2
ol g 108 Yaeur = =207 (3.29)

since the kernels in (3.23) vanish in this limit. After all, it should not come as a surprise
that the Y-system is not twisted,

i
VirYir = U+ Yu)(1+Yarp),  YHO)=Y(0£,). (3.30)
The ground-state energy contains the contribution of the only massive node,
Ey(L) = —7; /d@ cosh w6 log(1 +Yp) . (3.31)

3.2.3 Asymptotic expansion

We now make a LO and NLO asymptotic expansion of the simplified TBA equa-
tions (3.27), (3.28) for L — oc.

At leading order, Y is exponentially small and the other Y functions are constant.
Let us expand the Y-functions as

Yar =Yl +ym) +..., (3.32)

and determine all functions iteratively. The Y-system at leading order will be split into
two independent constant Y-systems. The solutions with the correct initial and asymptotic
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behaviors will determine the exponentially small leading-order ) in terms of Y41. Then, in
calculating the NLO yjs functions, we can proceed independently for the two parts. Again,
the initial condition is provided by ), which appears as a multiplicative factor; while
uniqueness is provided by the vanishing asymptotics limy; oo ypr = 0. The y+; obtained
in this way will determine the NLO correction g, which is needed for the energy correction.

Let us now carry out these calculations. Using the fact that s* f = 5 fif f is constant,
we see from (3.28) that

1 1
log Vo = —mL cosh 6 + 5 log(1+ 1) + 5 log(1+Y_1), (3.33)
where the LO constant Y-functions satisfy the relations

Vm)? =0+ Yu-1)A+ V1), M#0, (3.34)

as follows from (3.27). The solution with the correct asymptotics (3.29) is?
Vi = [M]g[M +2]g,  YVour = [M]g[M +2;. (3.35)

Clearly, the twist dependence reenters through the asymptotic solution. This means that
at leading non-vanishing order

Y—O ~ yO _ \/(1 + y1)(1 + y_l)emecoshWG _ [2]q[2]qemecosh7r9’ (3.36)

which, when substituted back into the energy formula (3.31), reproduces the leading-order
Liischer correction (3.5). Actually, expanding the log in the energy formula (3.31) to second
order log(1+Yp) = Vo — ;yg reproduces also ESQ’U in (3.8). Thus, we need to expand the
Y -functions to NLO to obtain the remaining E(()Q’Q) in (3.15).

We see from (3.28) and (3.32) that the massive node has the NLO expansion

W V1 >>

Yo=Y (1+sx% n ) ) 3.37

0 370< <1+y1y1 1+y_1y 1 (3.37)

We need to calculate y1;. We expand the TBA equations (3.27), keeping only the linear
terms in v,

Vi+1 Vi—1
— 5% + ), k#£0. 3.38
Yk (1 4 ykﬂykﬂ 1+ yquk 1 # ( )

We solve this equation by Fourier transform

[k + Uglk +3]q [k = gl + 1

(t 4+t~ )in Uk + U1, (3.39)
kot 22 2

where we have also used the result (3.35) and the identity 14 [k — 1]4[k + 1], = [k]2. Being
a second-order difference equation, the generic solution contains two parameters. These

3The twists v+ have small positive imaginary parts in order to suppress large-M magnonic contributions
to the partition function (2.22).
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parameters can be fixed by demanding that limg_.. 7y = 0 and Yo = limy_g Viyr. The
result is

[k + 1],

I = ol 42,

(k+2)g — KgtHVo, G =rla — ), (3.40)

which is just the deformed version of the O(4) solution [47]. Thus, for the needed y11, we

o= <t1 —~ [;3 >37o, jo1= <t1 — [;3 >5)0. (3.41)

]q ]q'

have

Performing inverse Fourier transform,

K03> < K03>
=Ky — Vo, i=— Ky — V. 3.42
Y1 < 01 [3]q * 0 Y-1 01 [3]q_ * 0 ( )

Substituting back into (3.37), we obtain

Yo=[2)g[2lae ™™ (1-4.5% [ (s — 3l Kon) 215+ (Kos — 3K on) [213%] # (2l [2lge o)

(3.43)
Comparing the double-convolution term with E(()Q’Q) in (3.15) in Fourier space, we obtain
complete agreement.

4 Twisted AdS/CFT

In this section, we apply the previous methodology to the twisted AdS/CFT model. After
defining the model by its scattering matrix, dispersion relation and twist matrix, we derive
the LO and NLO Liischer corrections. As the model has infinitely many massive bound
states @ € N, in the NLO Liischer correction we have a sum of the form ZOQOI,QQ:y We first
elaborate the summand @1 = Q2 = 1 in detail, and we then treat the general case, which
entails detailed knowledge of all scattering matrices S®192. We next derive the twisted TBA
equations by evaluating the charges of the magnons and their bound states in the thermody-
namic limit of the mirror asymptotic BA. The twist, just as in the O(4) model, disappears
from the universal equations, which lead to the untwisted Y-system. We expand the TBA
equations to NLO and compare to the Liischer correction, and again find perfect agreement.

The AdS/CFT integrable model has an su(2]2) ® su(2|2) symmetry. The elementary
particle transforms under the bifundamental representation of su(2|2). For one copy of
su(2|2), Latin indices a = 1,2 label the bosonic, while Greek indices a@ = 3,4 label the
fermionic components of the four-dimensional representation. We will introduce twist

in the bosonic subspace by the generator Lg, which has nonvanishing diagonal matrix
elements: (L)} =1 and (Lg)3 = —1.
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The symmetry completely determines the left/right scattering matrix, which has the
nonvanishing amplitudes

,I — X
Sut =S8+ St =ar="2 \/ 2 \/ SU = —ay, (4.1)
,I — 'Il

See = S0+ G =as =— So6 = —aa, (4.2)
Sg"bﬁ = —epePaz, Saﬁ = —€aB€ Dag (4.3)
Sgg =das, Sgég =ay, Sgg = aio, Sgg = ag,

where a,b € {1,2} with a # b; o, 5 € {3,4} with o # [3; and the various coefficients can
be extracted from [48].* For Q1 = Q2 = 1 we shall need explicitly only a1, since — as a
consequence of some identities among the various coefficients — we shall be able to express
the Liischer corrections purely in terms of it. The scattering matrix depends independently
on the momenta of the particles p; and po via
Jr .
zt L1 12
= e s T — X — = 45

- T T g’ (45)
where g = VA/(21) and A\ = g2, N is the 't Hooft coupling. The full scattering matrix
has the form

-1
S11(pr,p2) = Sty (prop2) | Shhiaps (28, 73) @ Shhgp (0, 05)| (4.6)

where S11 S1(2) (p1,p2) is the scalar factor

1
u—u +° 1-— _
11 2 ] T
531(2)(%?/) "l — 55 Y1 - 2o, (4.7)
9 x| Ty

with o being the dressing factor. We note that S11 denotes actually the inverse of the AFZ
S-matrix [48], since we are using the relativistic convention 1 = e [I; S(p.pj) , as in
section 2, instead of e'Pl = H S(p,pj).

The dispersion relation can be easily expressed in terms of 2% as

ig [ 4 1 _ 1
E=— — — . 4.
5 (m o7 +x—> (4.8)

In analogy with the O(4) model, we introduce different twists for the two su(2|2) factors,
which we label by o = =+,

e =10 @ ¢+l = diag(q,47,1,1) @ diag(q, ¢ 1, 1, 1), (4.9)

where again ¢ = e+, ¢ = €/7-; and 4 are related to the deformation parameters ~; used
in [29, 30] by v+ = (13 £72)5

The scattering matrix has poles, which signal the existence of bound states. These
states transform under the 4Q-dimensional totally symmetric representation of su(2[2) for

“Indeed, az,...,aio are given by the coefficients of the ten terms in eq. (8.7) in [48], respectively.
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any (@ € N. The dispersion relation of the bound states can be obtained from (4.8) by
changing the shortening condition to

* e : 4.10

e+ = g (4.10)

The matrix part of the scattering matrix can be fixed [49] from the Yangian symmetry [50],
while the scalar factor can be determined [51] from the bootstrap principle.

=

The mirror model has the analytically-continued scattering matrix: = £

p) — x=(p),
where p = —iF. Since the physical domains of p and p are different, the bound states
are different, too. The mirror bound states transform under the 4Q-dimensional totally

antisymmetric representation of su(2|2), and the twist charge acts as
eN+lo = diag(lg_1,Tg41,qlg, ¢ 'Tg). (4.11)

The scattering matrix of the antisymmetric bound states are related to those of the sym-
metric ones by changing the labels 1 < 3, 2 «» 4 and simultaneously flipping z* « =¥
inside the matrix part. Combining this with the previously mentioned notational differ-
ences, we can use the following scattering matrices to calculate the Liischer correction:

_ @@1Q2/ 1@ Q1Q
S = 530) (Seuap) © Ssuapzy) s (4.12)
where
Q1 Q2 ;
53(15)22(?11,?12) = H H S;ll(z)(u}l,ui), ui =+ (Qn +1— 2jn)g , (4.13)
Ji=1j2=1

and 53%1(%22) denotes the symmetric-symmetric bound state scattering matrix in the con-

ventions of [49].

4.1 Liuscher corrections

The derivation of section 2 is not general enough to describe the AdS/CFT problem. We
have to incorporate two new features: the existence of fermions, and of multiple species of
particles that are labeled by the charge (). The fermionic nature can be taken into account
by changing the trace to the supertrace. This is equivalent to imposing antiperiodic
boundary conditions on the fermions, which can be implemented by an ™ twist, where
F' is the fermion number operator:

STrq (") =Tro((=1)"e"”) =Trg (™ *77)) =STrq (e~ 10)STro e+ 70) = ([2],—2)([2],-2)Q.
(4.14)

Clearly, the supertrace vanishes in the untwisted ¢ — 1 limit. The generalization of
the derivation of section 2 will contain the scattering matrices SQ192. They arise from
two-particle states with charges Q1 and ()2. As the species are different, we should not
constrain the summation on the quantization numbers ), _;, and must keep all Zk,l’ as
they label distinct two-particle states. One can verify that the dangerous R? terms from
the determinant cancel against the cross terms coming from the square of the one-particle
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contribution. Otherwise the derivation goes along the same lines as before. As a final
result, we obtain the LO and NLO Liischer correction as follows:

B = =% STrg(en”) / P s, (4.15)
Q
1 4 d,
E((]2’1) _ 2§ :STI“Q(BWJ)2/2:_ —2éq(p)L (4.16)

dp dp : (5 ,

BP0 = > [T staen [t )ig, S, 0,067 log S . ) (417
Q1,Q2=1

cf. egs. (2.7), (2.10) and (2.13), (2.14), respectively. Here and below it is understood that

In evaluating these expressions, we note that the mirror dispersion relation is defined

via p = —iF and € = —ip. This dispersion relation can be then encoded into
- (= - 2p 1 1
o) _ p_ - _ ot
e = 4 g—x o +x+’ (4.18)

where the shortening condition (4.10) is satisfied.
The leading Liischer correction for the vacuum (4.15) receives contributions from each

particle
1 dp o
B = ~(2l - 22 - L@ [ eFor. (4.19)
Q
The simple part of the NLO correction (4.16) is also straightforward to compute

ey _ 1 4 o—2éQ(P)L

By = (2, —2)%([2]4 - 2) ZQ / Q)L (4.20)

(2,2)

In order to calculate the E; "-part of the NLO correction, we need the supertrace of the

logarithmic derivative of the mirror S-matrix (4.12):
STr (ei'y‘LO ® e+l ]og S) . (4.21)
We now diagonalize the twist matrix and the scattering matrix on the same basis,

e-to g e+lo — A @ A = diag(Ai,. .. ,An) ® diag(Ay, ..., 4,),

S = A® A =diag(Aq,...,A,) @ diag(Aq,..., Ay), (4.22)
where A; are the eigenvalues of Sngé) and n = 16Q1Q>. Calculation similar to the one

in the O(4) model gives
STr(e"' log S) = STr <A ® A(log SQ(I?QH ® 1+ log SQl(m) @T+1®log Sil(%é))) (4.23)
= STr(A) STr(A) log SG1572 + Z (STr (A)A; + STr(A)AZ-) log A; .
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Using the derivative of this expression, we can express the NLO Liischer correction (4.17)

in the following form:

o¢] d~ 5 . d~ - -
ESQ,Z) _ Z QlQQ/ QZ:eLEQl(pI)/ QfefLe%(m)iam X
Q1,Q2=1

[Q1Q2(2 — [2]¢)*(2 — [2]¢)* log 53(12?2(]51,152)

21" (A2 = [2),) + A4i(2 - [29)°) log AP @m)] (4.24)

4.1.1 NLO Liischer correction: the case ()1 = (2 =1

To warm up, let us evaluate the NLO Liischer correction for the simplest Q1 = Q2 = 1 case.
We focus on the matrix part in (4.24). Performing the calculation explicitly, we obtain

(2 = [2]4)%105, {([3]y — 1) log a1 + log [a1a3 (a1 + 2as)(a3 + 2a4) — 4azas)]
—2[2]4log(asas — aroag)} + (¢ < 4), (4.25)

where we used (—1)f = (1,1, -1, —1). Using the explicit expressions for the coefficients
found in [48], we observe the following identities

asag — a10a9 = a1 , (a1 + 2&2)(&3 + 2(14) —4darag = —ay . (426)

Substituting these identities into (4.25), we obtain a very simple expression for the matrix
part of the NLO Liischer correction for 1 = Q2 = 1 in terms of only ay,
2], 2] dpr _1z(5 dD2 1z (5s) I
) 2 2_19]. 2 [ q q / Lel(p1)/ Lfl(pQ) 8~ 1 .
( [ ]Q) ( [ ]Q) (2_[2]q+2_[2]q> 27‘[‘6 27Te v P1 Oga’l(p17p2)
(4.27)

4.1.2 NLO Liischer correction: the general case (Q1,Q2)

Although the above approach can also be used for the cases (Q1,Q2) = (1,2),(2,2) for
which the explicit S-matrices are available [52], it is impractical for higher-dimensional
cases. Clearly, a more powerful approach is needed to treat the general case. Observe
from (4.24) that the NLO Liischer correction involves the quantity >.(—1)%7A; log AlQlQQ,
and a similar quantity with A; replaced by A;. We exploit the fact that the su(2[2)
part of the v, twist 7/ = I ® e"+0 involves nontrivially only the su(2)p factor in
su(2) ®@su(2)r C su(2|2), as is evident from (4.11). Since su(2)r ® su(2)p is the symmetry

of the scattering matrix, we can perform an expansion in the left (s) and right (sg) spins:

D (1P Ailog APV = N STY[(I@ e tH0) log S9192 (s, sR)]
i (sL.sR)

= Z (—1)%r (251 +1) [2sp+1], log det §QQ2(5; sp), (4.28)

(sL,SR)
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where S@192(sy,sp) is the 2-particle S-matrix in the sector with left and right
su(2) spins s; and sg,” and we calculated the traces as Trs, (I) = 2s; + 1 and
STrs,, (eM+0) = (—1)?*r[2sR + 1], respectively. The sum is over all the possible values of
sy, and sg for the given values of ()1 and Qs.

The problem of computing the NLO Liischer correction therefore reduces to the de-
termination of det S?192(sy, sg) for general values of @ and @, and for all the possible
corresponding values of sy and sg. This is a formidable technical challenge. It turns
out that — remarkably — these determinants have simple compact expressions, which are
constructed from a small number of elementary building blocks.

We propose that, with both particles in symmetric representations and (1 ,Q2 > 1,
the determinants are given by the expressions in table 1. In order to save writing, we have
introduced the following notation

-+ + — +o.+ — oy — @
Uole_x2 U1=\/x1, U2:\/x2 ngxl%_1 SQZUI “7 g

S Ty wy ayxy — 1 u1—u2+iz?’

A (4.29)

where ij are the parameters of the ); bound-state representation, and u; + 221' = ij + xli .
J

Note that there are only three possible values of the right-spin, namely sp = 0, ;, 1, as 2sg

counts the number of fermions in the basis of the Hilbert space. If at least one of either
Q1 or (Y9 is 1, then the corresponding results are collected in table 2. A brief account of
how these results were obtained is presented in appendix A.

Substituting the results from tables 1 and 2 into (4.28), and carefully simplifying the
resulting expression, we obtain

Z(—l)FiAi log A%'9? = [3],(Q1Q2 log UpU1 Us + K2192) (4.30)
—[2]4((4Q1Q2 — Q1 — Q2) log Uy + 2Q2(2Q1 — 1) log Uy
+2Q1(2Q2 — 1) log Uz + (Q2 — Q1) log Us + 4K9192)
+[14((5Q1Q2 — 2Q1 — 2Q2) log Uy + Q2(5Q1 — 4) log Uy
+Q1(5Q2 — 4) log Uz + 2(Q2 — Q1) log Us + 5K9192) |

where we have defined

Qi1—1 Qi—j-1
KQ1Q2 Z (Qe—Q1+2j+1) Z log SQ,—Q1+2j+2k - (4.31)
=0 k=1

In deriving the result (4.30), we have made use of the fact that log Sg is an antisymmetric
function of @ (i.e., log S_g = —log S, up to an irrelevant additive constant), which in par-
ticular implies that K91Q2 = [C@2Q1 We emphasize that (4.30) holds for any Q1,Q2 € N.
An analogous result can be derived for 3°,(—1)% 4; log Al.QlQ2 by replacing ¢ — ¢ in (4.30).

®In other words, det S(sr,sr) = [[, Ai(sL, sr), where A;(sL, sr) are the eigenvalues of the 2-particle S-
matrix corresponding to eigenstates which are also su(2)r ® su(2)r highest-weight states with given values

of s;, and sgr. For further details, see appendix A. As usual, the spins sy, sg are non-negative integers or
half-odd integers.

— 21 —



SR detSQlQZ(SL,SR) S

L UoU1U2S2; 252544 - - - SQi+Qa—2 51Quzl, 5(1Q12] +2), ..., 5(Q1 + Q2 — 2)
; UOU1U2 é(Ql + QQ - 1)
L (UolhUa)! 5225L+15(;§SL+3~--5391+Q2_2 5(1Qu2l +1),...,5(Q1+ Q2 —3)
2 (UoUiU2)° (UEI{S) Staral+250ual4a- - Sb1+0u—2 2(1Q12] =1) >0
0 1 5(Q14Q2)
0 (UolhUs)’ Sas, Q1+ Q2—2)
0 (UoUrUs)” Sas, S3e, 12 2(@Q1+Q2—4)
0 (U0U1U2)5 SQSLS§S§+2SSSL+4-'-52214-@2—2 ;(|Q12| +2)a"'a é(Ql +Q2 *6)
4 21
0 (UolrUs) (UIZJ?S) S|3Q12|+QS\4Q12|+4 T Sé?1+Q2*2 §|Q12| #0
d21

UoUrUz (UZU?S) SiQul+251Qul+a - - SQi+@a—2  3(|Q12] —=2) >0

0 (UoUrUs)® 38388 ...5% 0, —» 0= Qo

Table 1. The values of det S?192(sy,sg) for Q1,Q2 > 1 and for all possible sg and sy, where
do1 = Igi\ =+1, and Q;; = Q; — Q;. See (4.29) for further notations.

SR det S9192 (51, sp) SL,
1 UOU1U2 %(Ql + QZ - 2)
5 UgUilUs 5(@Q1+Q2—1)
021
bWl (%) L@l - 1) = 0
1 2(Q1+ Q2)

021
(Ul U2)? (U?]??’) 51Qu2] # 0
021
UoUrUs (U?][l]?’) 5(|Q12l —2) >0

UOU1U2 0= Q12 (Ql = Q2 = 1)

o o o O

Table 2. The values of det S9192(sy,, sg) for all possible sg and sy, if either Q1 or Qg is 1.
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Thus, in order to calculate the Liischer correction, we have to plug (4.30) into the
formula (4.24):

[e.e] o0 ~ o0 =~
A1 e oy [ dBy e
E(()2’2) = E Q1Q2/ 21;1 eLte(pl)/ 2]737267&@2@2)
Q1,Q2=1 oo -

X 10, {(2 —[219)° [[3]q (Q1Q21og UgUrUs + /CQlQQ)

~[2]o ((4Q1Q2 — Q1 — @2) log Uy + 2Q2(2Q1 — 1) log Uy
+2Q1(2Q2 — 1) log Us + (Q2 — Q1) log Us + 4/CQ1Q2>
1], ((5Q1Q2 = 2Q1 — 2Q2)log Uy + Qa(5Q1 — 4) log Uy

+Q1(5Q2 - 4) log U2 + 2(@2 — Ql) log U3 + 5]CQ1Q2>}
+(g < q)

+Q1Q2(2 — [2]4)*(2 — [2]¢)” log 53(12?2 (]51,]52)} . (4.32)

We shall compare this result to the TBA output in section 4.4.4.

4.2 Twisted TBA equations

In [11-13, 19, 20], the authors derived the TBA equations for the AdS/CFT model with
the most general chemical potentials. Hence, the TBA equations for the vy-deformed
theories correspond to some special cases. However, since we must determine precisely
the charges/chemical potentials of the various excitations in terms of the deformation
parameters, we now briefly sketch the derivation.

In order to derive the TBA equations, we have to recall the various types of excitations
(both massive and magnonic) and their scattering matrices; and we must calculate their
twist charges. We label the fundamental massive particle as () = 1, corresponding to the
(33) label of the fundamental representation. The S-matrix of this kind of particles is in
fact given by (4.7) and they can form bound states for any @ with string-like complex
roots defined like in (4.13). We label such a massive composite particle by @ and the
scattering matrix of such particles is (4.13). Since the twist charge acts trivially in the
(3,4) subspace, the massive particles are not charged: pg = 0.

We now focus on the magnonic excitations. They encode the color su(2|2) structure of
the scattering, and come in independent left and right copies. We first consider the right
part. We label a magnon, which introduces label 2 in the sea of massive 3-particles, by y.
It scatters trivially on itself, but nontrivially on the massive particles

_ Q
Siy(u,y) = x”(u) — y\/itgzg ’ Soy(u,y) = H Siy(uj,y) - (4.33)
j=1

The twist charge of the y particles is p, = —iy,.

,23,



We can also introduce the label 1 in the sea of 2-particles. These particles are labeled
by w. They scatter nontrivially only on the y particles and on themselves:

Syw(y’ w) = S*l(v(y) - ’U)) > Sww(w’ wl) = S2(w - wl) ) (434)
where v(y) =y +y~!, and S, (u) is defined as in (4.29), namely
Sou) = 9: . (4.35)
U+

The twist charge of these particles is pu,, = 2i7v. .

As the scattering matrix Sy, (y, w) has a difference form in the variable v(y) = y+y !,
we might use the parameter v instead of y. The inverse of the relation, however, is not
unique. Defining y_(v) = (v — iv4 —v2) with the branch cuts running from oo to
+2, we can describe any y with Sm(y) < 0 for v € [-2,2]. Clearly yi(v) = y_(v)~}
describes the other Qm(y) > 0 case; and in the scattering matrices Sy, which de-
pend on y, and not on v, we have to specify which root is taken. As a consequence,
we have two types of y particles y|d with § = +; and the scattering matrices split
as Siy(u,y) — Siys(u,v) = S1y(u,ys(v)). Clearly, the y|d magnons scatter on the
momentum bound states as Sq5(u, v) = [1; S1y5(uj, v).

Let us now focus on the magnonic bound states. Detailed investigation showed [53]
that v and w particles can form bound states for any positive integer M. It consist of 2M
v-particles vi(yyo_2jy) = v+ (M + 2 — 2]) forj=1,....,.M with y; = (y:]l)*7 and M
w-particles with synchronized parameters w; = v + (M +1-2 ]) for j =1,...,M. The
scattering matrix of the v|M particle with all other particles is snnply the product of the
scatterings of each of its individual constituents

M+1 M—
Soinri(v,q) H Syi—i(vmy2-2j,4 HSwz wj, q H yl+i(vn—25,9) - (4.36)

The twist charge of the bound state simply sums up to p, = 2M (—iy4) + M2iy, = 0.

The w-type particles can form bound states ~among themselves: an N-string of
w-particles can be formed as w; = w4+ (N + 1 — 23) The scattering of the N-string with
any other particle is

N
Sw\Nz w q H wi wj7 > (437)

while the twist charge is p, v = 2Niv4.
We summarize the various scattering matrices and chemical potentials in table 3.
Once we know the chemical potentials, we can calculate the kernels

1
Kjj (') =, 0ulog Sjjr(u, '), (4.38)

and write the TBA equations one by one. To ensure positive particle densities, we have to
invert the equations for v|M and for y|—. The equation for the massive nodes then read as

€Q2 = Lng_log(l‘f‘e_te )*KQ1Q2+ Z log(1+e_e(vx\M)*Kv|MQ2—5log(1+6_62‘6)*Ky|5Q2 ’

a=%
(4.39)
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Q2 v| Mo w| Ny Y| 62 7

Q1 5012 SQiuM: 1 SQu 162 0
My Sy, Qs SolMyv|Ms 1 S| My yls2 0
w|Ny 1 1 SwiNiwNe  Sw|Nyyls. 2Ny
Ylor  Sysi.  Sysivide Sylsyw N 1 —iy

Table 3. Scattering matrices of the various particles and their chemical potentials for any of the
two su(2|2) wings.

Note that for particles of type v|M and y|d, we must include contributions of the two
su(2|2) copies, which we denote by a@ = +. The remaining equations are valid for the two
su(2]2) factors separately, so we omit the « index:

€vjpr = —log(1+e Q) %« Kg, o +log(14 e M) x Kyjaprojar — dlog(1+ e 10) % Ky 50
€w|N = —Hw|N — log(l + eiew‘N/)*Kw‘N/ w/N — 510g(1 —+ 6761"5) *Ky‘(gw‘]\r, (4.40)
€yls = 1T — pyjs — log(1 4+ e 722 ) x Kg, 5 + log(L + e “IM) x Kyjar g5 — log(1 4+ €™ IV ) % Koy inys -

Once these equations are solved, the ground-state energy can be obtained as

> du , e
Bo() == 3" [ S ouia.los(1+e ). (1.41)
Q2=1

In [19, 20] the authors analyzed the TBA equations with generic chemical potentials,
and formulated the requirement under which the Y-system remains unchanged. Our chem-

ical potentials, which correspond to y-deformations, satisfy their requirement.

4.3 Universal TBA equations and Y-system

The TBA equations can usually be brought into a local form. As already remarked, this
means that the pseudo-energies can be drawn on a two-dimensional lattice, such that only
neighboring sites couple to each other with the universal kernel

g

= 4.42
4 cosh 95"’ ( )

SIMN:(SMN—(K—{—l)JleN, s(u)

where Inyn = Opr41,8 + Op—1,v and (K + 1)5/[1]\, *x (KN + 0nz) = 0pr. To simplify the

notation, we introduce the following Y -functions®

Yo=e9, Yo = e«M Yov = eIV, Y5 = —evls (4.43)

Clearly, we have two copies for the magnonic Y-functions: Y;)O“M, YJ})" N Y5 where o = £
refers to the two su(2]|2) copies. Acting with the operator (4.42) on the TBA equa-
tions (4.39), (4.40), and using kernel identities such as (K + 1);/y * Kn = séy1 as

well as the special properties of the chemical potentials fi,ny—1 — 2ftyN + fwnv41 = 0

To compare with [13, 14], we note that Y, |x = Y{,“i, You = Yﬁﬁw and K} @2 :f(fﬂfh AF - Also,
Kn(u) = 1 9 log Sn(u), where S,(u) is defined in (4.35); its Fourier transform is K, = sign(n)t,

2mi du
_ el

t=e 9.
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and fi,1 = —24,, we arrive at their simplified form [14]. For later purposes, we write the
simplified equations for v|M and w|N magnons, and a useful combination (hybrid) of the

un-simplified equations for @) and y particles [16]

mﬁbQ:—L@Q+mg1+n%p(K§g?+%*Kﬁr%%>

. 1-Y*
+ Z [log(H—th) * s xKyq, +1og(1+ Yo, 1) * s—log 1_yf*S*K5§2
a==+
1, 1-ye 1 1 1
+, log - yl; *Kq, + ) log(1 — Yf‘)(l — Yf)%KyQQ} : (4.44)
+
L 1 —i—YvO"l
log YOV = —log(1 + Yo,) x Kg, + 2log(1 + Yo,)  K&2! x s + 2log Liye *5 (4.45)
w|l
ve
log ya = log(l + YQQ) * KQQy , (4.46)
v
log Yy, = —log(1 + Yarq1) * s 4+ Inn log(1 + Yy) * s + dar1 log 1 Y_O‘;S’ (4.47)
— 1y
11
—
log Vi = IMNlog(l—l—YﬁN)*s—i—éMllogl L xS, (4.48)
~ ve

where in the convolution * we integrate over the interval [—2,2] only. To conform with
part of the literature, we have renamed some kernels KM@ = o[ M Qs K8M = Kqo\ms
Ky = Ky_qg + Ky+ @, Kgy = Kgy- — Kgy+- The ground-state energy is given by
summing the contributions of the massive nodes only:

= du , _
Eo(L) = — Z / 27T3upQ log(1+Yg). (4.49)
Q=1

Evidently, as in the case of the O(4) model, the chemical potentials and so the twists
completely disappear from the simplified equations: They show up only in the asymptotics
of the Yy, v functions, as limy o log Y,y = —fiy|n- It follows that the Y-system relations
are not modified by the twists, as was supposed in [37]. Equations (4.48)—(4.49) together
with the asymptotic prescription give the complete solution for the finite-size energy of
the twisted AdS/CFT model for any coupling g. We now check this solution against LO

and NLO Liischer corrections.

4.4 Asymptotic expansion

We now expand the simplified TBA equations to leading and next-to-leading order. We
expand any Y -functions as

V=Y1+y+...). (4.50)

We solve iteratively these equations similarly to the O(4) case: At leading order, all the
massive nodes Yy are exponentially small, which splits the Y-system into two independent
subsystems which have constant asymptotic solutions. These constant values then deter-
mine the LO exponentially small expressions for Vg. At NLO, we obtain linear integral
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equations for the y corrections of the two subsystems, whose initial values are provided by
the asymptotic Vg functions. The solution of the linearized equations determine the NLO

correction for the massive nodes yg, which provides the NLO energy correction.

4.4.1 Leading-order expansion

At LO, the massive Vg functions are exponentially small, and we can neglect the convo-
lutions involving all log(1 + Yg). The magnonic V¢, ygl Mo yg‘ y functions are constants.
From (4.46), we see that ¢ = Y. It then follows from (4.47) and (4.48) that the equations
for Y, and Y are the same as those for one of the wings of the O(4) model (3.27).
From the asymptotic behavior, we see that the solution for v|M is the same as in the
undeformed model, while the solution for w|N is that of the deformed model:

= MOM+2), V= INLIN+2,,  Yoy=[NGIN 2. (45

w

Since 1 s = 3, the equations (4.45) for Y¢ can be solved as

ooy | 2 (4.52)
A 1+ye, 2 '
where we have further streamlined the notation by defining
0]y =nlg,  In]- =[nl;. (4.53)

The sign in (4.52) can be fixed by the last equation in (4.40), and is consistent with the
vanishing of the ground-state energy (4.56) in the undeformed (g, — 1) limit. We now
use that 1xKyg =1 (see (6.12) in [13]) to write

logYg=—Lég+ Z [log<1+ 5‘|1>+10g(1+ ﬁQ_l)%—log(l—yla)(l—J}lﬁ)].

a==+
(4.54)
Using the asymptotic solution (4.51), (4.52), we obtain the leading-order result for Yy

Vo =(2-[20)(2 - [2]5)Q% . (4.55)

Substituting back into the energy formula (4.49), the LO correction reads as

Eo(L) ~ E, Z/”m- (22 ZW/@%%(mw

which agrees with the result (4.19) that we obtained from the Liischer calculation.

4.4.2 NLO expansion

Expanding the energy formula (4.49) to NLO, we obtain

Z/ p10g1+YQ Z/ Yo(l+yq) +Z/dp1 3. (457)
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1)

The quadratic term nicely reproduces our previous result (4.20) for ESQ’ , since using
again (4.55) gives

Z / Zﬁ; 2—[2] ZQ4 / i (45)

In order to evaluate -
(2.2) dp
E L)=— 4.
SCES W e (459

we must first calculate yg. This will be given by the solution of the following linearized
set of TBA equations:”

YQ: = You (Kscf(lzc)g2 25 % Ka?mlfl’@) + [A;i‘uygjl * 5 * Ky + A5 g, 1Y0jQa—1 % 8
a=d=

Y =Yg 1Q (T T (T e T
- *sx K22 + *Kg, + *K , (4.60)
1= a2 - 1)K oy )R
y?"_ + yg =2 (Aguyﬁl — Ag|1yg\1) * S — yQ2 * KQ2 + QyQ2 KQ21 * S, (4.61)
y+ ye = Vo * KQ,y (4.62)
ye =g
Yohar = (Ag‘M_lyng_l + A3|M+1yng+1> 5= Varpxs a4 ks, (463)
¢
e} — [ A® « AQ « 5 yi - yg A 4.64
YulN = \ AuN-1Yw|N—1 T AuNt1Yuw|N+1 ) * S T ON1 1-ye xS, (4.64)
where
« — 3|M — M(M + 2) Aa — 7vOéU|N — [N]CV[N + 2]04 (465)
My, T M 41)2 T TN T g ye T [N )3

We start with the equation (4.64) for yg‘N. The difference between o« = 4+ and o = —
is only in the asymptotics (4.51), (4.52). Since one equation can be obtained from the other
by interchanging ¢ < ¢, we do not write out explicitly the o index. Replacing y+ — y—
n (4.64) with the contributions from the massive nodes (4.62), and using the explicit form
of the asymptotic solution, we obtain an equation similar to the one for the O(4) case:

Yw|N = <[N - E]l[[]];r * 1] Yw|N-1 + [N ;Vlﬂj;f];_ 3] wa-I—l) * S+ 0n1C1 % S, (4.66)
where
c1 = [2][2_] QyQ * KQy ) KQy(u, v) = KQy(u, v) (@(v + 2) — @(v — 2)) , (4.67)

and O(v) is the standard unit step function. We solve the difference equation in Fourier
_ el
space. We use that § = (2cosh ‘;)_1 = (t+t 17! where t = ¢ ¢ . The solution which

"We note that in [17] there is an erroneous term in eq. (2.7): —Y{ * s should be instead —Yg x Kq, as
n (4.61).
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decreases for large N (to respect the asymptotics of Y,,|x) and is compatible with the iy

Gt (IN+1ns [N+
Bul = [2]( VR 1‘[N+21tNH>' (468)

term is

We now analyze the equation (4.63) for yg“ - This difference equation is not the same

as for the undeformed O(4) model, as it has inhomogeneous terms,

M-—-1)(M+1 M+ 1) (M +3
YoM = <( ]\)/_,(2 )yv\Mfl + ( (M)4(—2)2 )yv|M+1> *x 85— VM1 %S+ 0M102 %S,
(4.69)
where )
= Koy - 4.70
2 [2] _ 2yQ * Qy ( )

Taking the Fourier transform, we obtain the difference equation

(M —1)(M+1) (M+1)(M+3)

t+t Gy = _

yv|M+1 _yM+1 +dpr16o . (4.71)

The general solution with two arbitrary parameters A; and As reads as

; _(MHtM_1 M+1tM+1> A_ij)kﬂt“(t?k—k—z)
vIM M M +2 B (e A

k—2 2
+ (M]; Lo _ %i;t—l—f”) (A Z y’““t (t )(f;ji) k>> (4.72)

The parameters can be fixed from limps—,c gyps = 0 and from the M =1 term as

1 L Ve 1th 2 (172 (k +2) — k)
Ay =2 —A Ay = ) 4.73
=) A > e (1.73)

The NLO hybrid equation for yg, is (4.60); we plug into it the equations (4.61)
and (4.62), and obtain

AO{ AO[
_ 1 . .
Yo, =Yg, * <K3(12?2+23*K%1 1’Q2)+ g ll—vl Yo * ¥ Ky, — yw‘l * skKyq,

o
a=1,2 ye y
le*Kgfll . Yo, * K, QlyA 1Q Vo, * Kquy . Yo, * Kq, .
* sxK,0,+ s*x K 22— *K *K
-1 B 20g - 1) T 2y - T
+A3|Q2—1y3|Q2—1 * 5] : (4.74)

Since y,|; and y,,); can be expressed in terms of Y, we see that the solution for yq, has
the general form

Yy = You * Kglsi® + Vg, x MU, (4.75)
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Consider the first term Vg, * Kg(lf)b It is easy to see that its contribution to the

integrand in the energy formula (4.59)

Vs 90, = Vo, Vo * Kais?) (4.76)

with Vg, given by (4.55), matches with the “scalar part” of the integrand of the Liischer
correction E82’2) in (4.24). We now proceed to analyze the remaining contribution in (4.75),
and show that it gives the “matrix part” of the integrand of the Liischer correction.

4.4.3 NLO TBA correction: the case Q1 = Q2 =1

To warm up, let us evaluate the NLO correction for the Q1 = Qo = 1 case; thus, we
calculate M!!. In so doing, we can freely put Yo, = 0 for Q)2 > 1. The corresponding
solutions read as

2 R 1

Yuwt = [2][_] oY1 * Kiyk <K1 T3 Kg) ; (4.77)
2 R 1

Yol1 = 2] - 2321 * K% <K1 - 3K3> ,

Y+ —y- = V1 x Ky,

2 . 3 |3 1 1
et = [2]—2y1*K1y*< <2_H> K1_<2_[2]> K3> Y R

It is convenient to substitute these solutions directly into (4.60), i.e.,

. e . +
v\lyﬁl*S*Kyl_ y+ S*K11—|— y= y+ * K1+ y= y+

=) K +
U1 1% Z _ 3’1$ (y+ ) (y+ )

*Ky1

(4.78)
Using the explicit form of the asymptotic solutions, (4.77), one can see that the terms
involving the convolution with K3 completely cancel. Exploiting further that K, «K; =
K} (which can be shown using relations from section 6 in [13]), we arrive at

2 . . .
=Vix Kl + Y [2 2[ ]0‘_ 2) (V1 % Kiy* Ky + V1 x K1xKyp — 291 % KL % s%Ky1)

Oé

([;“ )yl*K * s %K1 [2]2_2y1*f(1y;s*f(;;].(4.79)

This expression further simplifies to

2l . . 2 . .
yi= yl*K;}(Q)Jr;[ {2 (@2, —2) Vix(K 1 2K, +K1*Ky1)—|—[2]a 723)1*(}(;; * sk Ky — Kiyks x K1) |
(4.80)
In the second term, using K1,%K; = K1l and K!! = K1%K,1, we can write
K s sxKy — Kiyks« KLt = Kjyx(Ky % s — s % K1)%K,;1 =0, (4.81)
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as both s and K7 depend on the differences of their arguments, and therefore their convo-
lution is commutative. In the previous term in (4.80), we can obtain

1 vy —xf ) —1/x5 up —ug —2i/g
K%Ky + K1% Ky = 0y, lo bt g
r LT ot g(xl_—l/xz af —zy wr—ug+2i/g

1 x7 —axd |af 1
= mﬁul 10g< iL 2\/ 1> = - .aul 10ga1(ul,u2), (482)

T1 — Ty €Ty T

where we have used identities from section 6 in [13] and eq. (3.7) in [14], and we have
recalled the definition in (4.1) of a;. The final expression for the Q = Q" = 1 contribution
to the energy (4.59) is therefore given by

1 9.,
yl*K +y1*M11 M = 2m.5ul logal(uhUQ)Z 2

) ), (4.83)

which completely reproduces the result (4.27) obtained directly from the Liischer correction.

4.4.4 NLO TBA correction for any Q1, Q-

We now consider the general case. Let us recall the result (4.74) for yq,

ya yw|1 * S*KyQ2

AO{
-1, v|l ~
QQZle <K3(12?2+28*K3L’1 1Q2)+ Z [1_ 1 yv‘l*s*Kbe
a=1,2

+
Vo, x K&

Yo, * K, QlyA *KlQQ le*KQly;K le*KQ1A
ye—1

2 K2
e 20g-1) T2 )T

AL Qu-1Y0/Qa—1 *S] ) (4.84)

* SJA(KyQQ +

and analyze it term by term. Since we have already checked in section (4.4.2) the matching
of the first term with the scalar part of the Liischer result, we start by considering the second
term of (4.84), which can be rewritten as
Q12
2V, * 8% K219 = 2Vg, x Koy % s%Kyq, + 2V, * ) KQu-qiezjrixs, (4.85)
=0
where we used the property s x Ko = K¢ * s, valid for any (). Now we consider the terms
in the square brackets of (4.84), again suppressing the index a. Using the solution (4.72)
for M =1 and taking its inverse Fourier transform, we can express the first term as

AU|1 3 Yo, * KQuy <K3
Yol * SKK, = * — K1>
1 v T 9 911 2-2 3
1Yo,
3
where the term in the second line can be rewritten, by wusing the identity
(Kpt1+ Kp—1 +ndp+10) s = K, as

+ * [(Q1=1)Kqg 11— (Q1+1)Kg,1] }*SQKsz, (4.86)

Q1 —

le * KQ1—1 * S;KyQ2 + Q1(2 [ ])

T 2-12 Vo, * K@ xKyq, -
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The K3 contribution in the first line of (4.86) cancels, as we have already seen in the
Q1 = Q2 = 1 case, with the successive term in (4.84)

A 1 R .
_ y w|l yw|1 * s*KyQ2 = — (2 _ [2])23)Q1 * KQly* (Kg — [3]K1) *S*KyQ2 s (4.87)
while the terms with K7 give
3] —3 R .
(2 N [2])23@1 * KQly*Kl * S*KyQ2 . (4.88)

Summing this contribution to the first two terms in the second line of (4.84), we obtain

2
2-[2]
[2] . 2 .
+2 — 2] Yo, * K@ -1 x sxKyg, + 2 [2] Vo, * KqQuyks * K@, -1, (4-89)
where we used the identities K;? = K1*xKyg + Kg—1 and Kg} = Ko, ,*xK1 + KQ_1.8 As
already noticed for the case (1 = Q3 = 1, the first line in the expression above vanishes

(Vau * Kquyxs * K1k Ky, = Vo, * KQuy*x K1 x s7Kyq,)

because K7 x s = s x Kj. The successive two terms in the second line of (4.84) give

— 12 Yo, * 10y, logay

2r(2 — [2]) P (un,ua), (4.90)

where we used the identity (4.82) generalized for any @1, Qo,

. X 1 xl_Ql _ x;—Q2 mil—Ql 1 0103
Kow Ko, tKa Ky, = | ;0u log o e\ g [ T i O loB AT (w1, w2)

(4.91)
Let us turn to the last and most complicated term. Using the inverse Fourier transform
of (4.72) for M = Q2 — 1, we can write it as follows

Q1—1
Av|Q2 1Yv|Qa—1 *x 5= Q %2 * Z k k— Ql 2+1)KQ2%21+21671_(Q2_1)KQ2%21+21€+1] * S

Yo, * KQly .
*[(Qa — 1)K 1—(Qa+ 1)Ko, 1] * s, 4.92
where the second line can be expressed as
2 Yo, * Ko, y*s x K, + @ = Yo, x Kg,,*K (4.93)
— S _ . .
2 — [2] Q1 Quy Q2-1 Qa(2 — [ ) Q1 Q1y™ Q2

Now, taking into account that in summing over « the first term in (4.92) gets a factor 2

and the other terms get similar coefficients with ¢ — ¢, we can sum all the contributions

8The latter identity is reported in footnote 4 of [16]; the former can be derived analogously using equa-
tions (6.19) and (6.39) in [13]. The same equations, together with (6.14), can also be used to obtain (4.85).
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above to get the solution for yg, for generic values of @1, Q2:

Q12 Q1Q2
Ouy logay™ * (ur, ug)
= Vo, * {KQ(IQ2 +2 E 0: KQo—Qi+2j41 % s — “ i
Jj=

B Z Oy, log aQ1Q2(u1,uQ) Oy, log aQQQI(uQ,ul)*
2miQ2(2 — [2]) 2miQ1(2 — [2]a)

a==

Q1—-1
leQz Z k(k — Q1) [(Q2 + D Kq,—qit2k-1 — (Q2 — 1) K, +2k41] * },(4.94)

where we used the following identity

1 X —Q1 x+Q2 x+Q1 . 1/m+Q2
KQiKg, = . Oy log | "} 2 ! 2 = _ Oy log anQQ(ul,ug),
Qy* R Q2 u < ;rQl _ x;Q2 x;Ql _ 1/x;Q2 2mi
(4.95)
its hermitian conjugate (recall that z(u)* = 1/x(u*) in the mirror kinematics)?
1 :C*Q1 71,+Q2 *le*Q2 1 1,+Q1 —Q2 1
Ko *Ky,0,= . .04,10 ! 2 2 2 = Oy, lo aQ2Q1 U, up)™
Q1FHYQ2 2mi g<x'1i‘Q1 _ 2-@2 TQl.T;QZ 1 :C_Ql ;-Qz 2mi Ot & ( 2 1)
(4.96)
-2
and angQ (u1,u2) a?QQI(uQ, up)* = [a?lQQ (uq, ug)] . Moreover, we can write the sum of

the two convolutions involving the universal kernel s(u) in (4.94) as

Q1—-1
1
Q1Q2 Z k k- Ql) [(QQ + 1)KQ2 Q1+2k—1 — (Qz - 1)KQ27Q1+2;€+1] * S
Q12 1
K — ; = » QlQQ 4
+ jz% Q2—Q1+2j+1 %S 27TiQ1Q28 K , (4.97)

where we used the definition (4.31) of K?192. Remarkably, despite the long computation,
the final expression for yg, is quite simple and reads

1
Y, = le * - aul { log SS(IZQQ Q Q2 ICQlQQ 210g (ZQIQQ (ul,u2)
_ Z 1 [ ! log aQ1Q2 (u1,u2) + ! log (ZQ2Q1(U2 ul)*} } (4.98)
2 22l @ 0

Actually, identities (4.82), (4.91), and (4.96) are valid up to vanishing derivatives ,, log \/22;,

2

—Q2 +Qz2
Oy, log \/Zi% and 0y, log ZQ,QZ , respectively.
2 2
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Substituting this result, together with the result (4.55) for Vg, , into the formula (4.59) for
the energy correction, we obtain

- Z Q1Q2/ C;pl ! (pl)/oo C;]526—L5c22(152)
Q1,Q2=1 g —oo 4T
—[2 ] ( 40Q1Q2 log (J,QIQ2 Q1 log aQ1Q2 Q2 log QQQQQ”‘ + 4]CQ1Q2>

+[1 ] < 5Q1Q2 logaQ1Q2 201 logaQ1Q2 200 10ga2QQQ1*_|_5]CQ1Q2)]
+(q < q)

+Q1Qs(2 — [204)*(2 — [214)* log St <p1,p2>} (4.99)
Finally, through the following identifications
a9 — (U U) Y, a§19 = UUUs, a9 = UyURUSY, (4.100)

we find full agreement with the result (4.32) from the Liischer computation.

5 Weak-coupling expansion

In this section we calculate the weak-coupling expansion of the ground-state energy of the
twisted AdS/CFT model. In order to perform the weak-coupling expansion, we use the

parameterization
+oo_ (P—iQ) 4g?

7 (p) = % <\/1 Q2 + F1 (5.1)
which follows from (4.10) and (4.18). At leading order in g , and so at weak coupling, we
have 5 iQ

_ __p—1 + g 3
T = +0 , = _7 40 . 5.2
g (9) 51ig TOW) (5.2)

5.1 LO contribution, single wrapping

The LO correction can be calculated from (4.56) by using the expansion of the exponential
term appearing in )g:

L o 2(L+7)
QP ZO + Q)i+ (5.3)

In particular ¢y = 1, while the hlgher order terms can be easily generated with Mathe-
matica. Using the fact that ! f = §dv St (1 anﬂ, we perform the integral in (4.56)

*dp 1 [ 2k—2 o
/_Oo o (72 + Q) < L ) (2Q)1 2 . (5.4)

by residues
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The summation over () gives rise to a series of (-functions:

E§ (L) = ~(2~ ()2~ [2lg) D 220 (“LL - 2) Gtg-s9” " (55)
=0 +7-—1

This result is exact up to g* where the NLO Liischer correction starts to play a role.
We evaluate the leading ¢g*“-order contribution of the NLO Liischer correction in the next
subsection.

5.2 NLO contribution, double wrapping

The simplest term of the NLO correction comes from (4.58) and contains yé. Its contri-
bution at order g*” can be calculated using eq. (5.4) to be

EPV(D) = (2 - )2 - Rl (;‘ﬁ i f) s (5.6

The most complicated term is E(2 2)( L). We have to evaluate (4.59) based on the

solution given in (4.98). The twist dependence comes in two distinct ways as:
2,2 1 1
BRI = 2= e - B [aw + 5@ (1w )]et 6
[2]g [2l4

We first calculate B(L) for any value of L. The weak-coupling expansion of the functions

a2QlQ2 and azQQQl* are given by
2i()1
9, logad P (51, 52) = O(¢%), 9, logad*? (pa, 1) = Lt O*).  (58)
pY

We substitute these results into (4.98) and then into (4.59), we perform the integrals as
n (5.4), and sum up the independent terms to obtain:

B(L) = =2~ <2LL__12> <2LL> Cor—1G2L-3 - (5.9)

This gives the complete answer for the given (2 — [2],)(2 — [2]4)(4 — [2]4 — [2]4) dependence
of the double-wrapping correction at leading nonvanishing order for any L.

We now proceed to calculate A(L). It acquires contributions from the first line of (4.98),
which we denote by Ay ), Ax and Ay, respectively,

where
dpr _1. dp2 _1e (5. .

Agey(D) = > Q1Q2/ 1;1 Leg, (pl)/ 21;2@ Leqs (P2) g5 logSCfé;fQ(phm) (5.11)

Q1,Q2
-9 Z QlQQ/d];_l —Leg, (pl)/iff fLEQQ(pz)Za ICQlQQ(pl Pa) (5.12)

Q1,Q2

dp dp
=2y QIQQ/ 1;1 e~ Leay (Pl)/ 22;2 e~ b (P2) g5 log a9 (fy, o) - (5.13)
Q1,Q2
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In order to compute A;, we expand a1Q1Q2 to leading order in g:

1
Op, log a?' ¥ (pr, o) = Qle +0(g%). (5.14)
Substituting the result back into (5.13) gives
2L —2 2L
Ai(L) = -2k _olor—3- 5.15
1(L) (L_1><L>C2L2C2L3 (5.15)

Observe that the transcendentality of A(L) and B(L) are different. It seems the deforma-
tion 2 — [2] carries transcendentality 1. A similar effect was observed already in [38, 54].
To calculate Ag), we have to expand the logarithm of the dressing factor

log SS(Z) (p1,p2) in the mirror-mirror kinematics. According to [13], it has the structure
log 53(12?2 (p1,p2) = —log SQl(Q)2 (1, p2) — 2log B9 (p1, po). Hence, we can write
1 Q2> ~ 1 Q1Q2(5. =
2ﬂ_z~aﬁl log 551(2) (P1,P2) = —Kq.Q. — 7_”-8131 log & (P1,P2) - (5.16)

Explicitly performing the weak-coupling expansion of (6.14) in [51], we obtain (see (B.4))

) [ 1 T, ..

i0p, log X192 (P, fia) = —y [¢ (1 — (P —HQ1)> —1/1<1+ o (((P1 = D2) + Q1 +Q2)> +c.0} ;
(5.17)

where ¥ (z) = 0, (log'(z)) is the polygamma function. The su(2) scalar factor results in

KOS =Ko =~ [w (; (i(s—F1) Q1 + Q2)> +w<1+ ) (1(152—151)—@1+Q2)>(5.18)
o e+ Qi+ Q) )~ (145 (-0 + @1+ Qa) ) e
Finally,
95, K02 =~ L4(Q1 — D2 + (@1~ Qa)? + G — 7)) x (5.19)
x <w (14—;(1'(252—?51)—@14—@2)) —w<;(i(ﬁ2—ﬁ1)+Q1+Q2)>> +} .

Denoting the contributions to A2y by As and Ay, (), we have that

Asl(2) (L) = AZ(L) + Asu(2) (L) ) (520)
where
= -2 Z Q1Q2/d€: “lea (pl)/céljf ~Leq, (P2) 105 logEQlQQ(pl D2), (5.21)
Q1,Q2
dpr _1. dp2 1. (5 .
A(L) = Qle/ Z:Tl Lea (pl)/ 21;26 @aP)or K, 0, (1, b)- (5.22)
Q1,Q2
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Using methods explained in appendix B, we evaluated the integrals by residues. To
demonstrate the structure of the result, we write out explicitly Ay, (see (B.10) and (B.13)):

As(L)=—227%F (25 ) Car—3 Z Z (L +J - 1) (iiljj)! (—Q)* Q1 + 1)

Q1 j=0

S 9—2L+2 N
o Z Z ( j ) (L*l*jl)!(_Ql)

Q1,Q2 Jj1,J2=0
L+*1 272L+1 L e
o (- Qo) By RLmi () 4 Qy +1). (5.23)
J2 (L —1—j2)!

These terms can be expressed in terms of multiple zeta values (MZV) by rewriting!”

P(Q+1) = (=1)"nl(¢(n +1) Zy ), (5.24)

and performing the sums explicitly. We will, however, not pursue this calculation further
here as we did not find an explicit answer for generic L. The integrals can be evaluated
similarly for A,, ) and Ax with a similar structural final result, although some care must
be taken to the ()1 — Q2 dependent term for ()1 = Q2. In the next subsection, we present
explicit results for the smallest nontrivial length: L = 3.

5.3 Specific calculations for L = 3

The LO wrapping correction (5.5) for L = 2 is divergent, as we have for j = 0 the term
Car—3 = (1. Similar observations were made in [38, 55]. We therefore focus now on the
first nontrivial case, namely L = 3. The LO correction for this case goes as follows:

3 15 945 3465
EMNG3) = —(2-[2,)(2- 2, 6 _ s 10 _ )2
£06) = - - 20) 606" — 106"+ 08" — e o' (5.25)
The simple double-wrapping contribution (5.6) at leading order is
(2,1) oy _ (9 _ 206 2 63 12
EED(E) = (2 [2°2~ 22 o0 o', (5.26)
In calculating the term E(()Q’Q)(?)), we recall from (5.7) that
2,2 1 1
EPE) = 2 PP - 2?40+ BO) (L y b, )|0% 6
2]q [2]4
From (5.9), we have
15
B(3) = — . 2
3) 9565365 (5.28)
We calculated the contributions to A(3) one by one. The simplest is
15
A = — 2
1(3) 956 C3Ca (5.29)

as follows from (5.15). In the more complicated terms, we calculated the integrals by
residues as explained in appendix B. Then, in summing up the expressions, we employed

the following strategies:

For n = 0, one has to replace ¢(1) with vz.
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e We performed the sums analytically by replacing the polygamma functions with
harmonic sums using (5.24), and then rearranging all the sums into MZVs. These
MZVs could then be expressed in terms of elementary ones, which contained only
products of simple zetas with transcendentality less than or equal to 7.

e Alternatively, for terms involving polygamma functions depending on Q1 + @2, we
replaced the polygamma functions with their integral representations

P (2) = /0 . (5,%06: e > it (5.30)

1—et
and performed the summations ZOQOI,Q2:1 explicitly. The remaining integral over ¢
could be evaluated numerically with very high precision (100 digits), and the result

could be expressed in terms of products of zeta functions (and the Euler constant
vE) with the help of the online MZV calculator, EZ-Face.!!

e Finally, for polygamma functions depending on Q1 — @2, we evaluated the sums
numerically as ZOQOI,ngl = 22%01 zg;: —1—2?51:%):1, and again expressed the
result in terms of zeta functions using EZ-Face.

We found the following results:
441

A
=(3) = 1024C3C4 telo C2C5 90487
315
A
su(2)(3) 512(3(4 4096 (75
9 21 63
A = . 31
K(3) 256< 1024C3C4 NCCR NG (5.31)
By summing up, we obtain the total A contribution
9 o 63
A(?)) = Az(?)) + Asu(2) (3) + AK(?)) + A1(3) = _25663 — 1096 (7. (5.32)

Thus, the total anomalous dimension is

Eo3) = BV 3) + EFV3) + EFY3) + ..

— - e - P ( s - 54598+2§2<7gm—3245665<9912+.._)
(2= )2~ [21g) (2 + 2y — ) o0 +
+2 = P~ 207 (g @+ 4007 97 (5.33)

where we recall that 2 — [2]; = 4sin(")? and 2 — [2]4 = 4sin("; )? in terms of the defor-
mation parameters v+ = (3 + ’)’2)3, as in our case L = 3.

The result (5.33) is indeed the total anomalous dimension, since the vacuum energy
does not receive any contributions from the asymptotic Bethe ansatz. Remarkably, even
though at intermediate stages of the computation there appear terms involving even zeta

functions and Euler’s constant v, all such terms finally cancel.

"EZ-Face is documented in [56].
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6 Conclusion

We have computed the NLO finite-volume correction to the vacuum energy in twisted
AdS/CFT by two apparently independent approaches: Liischer (4.32) and TBA (4.99).
The fact that both approaches yield identical results provides a strong consistency check on
the AdS/CFT S-matrices and TBA equations that have been developed in the literature,
as well as on the final result. This result is expressed in terms of a double infinite sum
of contributions from the infinitely-many types of massive mirror bound states. Our
computations check the complete (both horizontal and vertical parts of the) Y-system,
and go beyond the five-loop calculations presented in [17, 57, 58|, which checked at the
single wrapping order only the vertical part.

Our result is valid for any value of the coupling constant. However, by making
a weak-coupling expansion, we have obtained a prediction (5.33) for the anomalous
dimension of the operator TrZ? in the twisted gauge theory up to six loops. It should
be possible to check this prediction directly in perturbation theory by taking into account
both single-wrapping and double-wrapping diagrams. To our knowledge, this is the first
complete computation of double wrapping in the literature. It may be interesting to
investigate also the strong-coupling limit.

The key results needed for the NLO Liischer computation were the determinants
of the (untwisted) AdS/CFT S-matrices in all the su(2); ® su(2)r sectors, presented
in tables 1 and 2. The simplicity of these results suggests that they may have some
group-theoretical formulation. In particular, it should be possible to find a general proof,
presumably based on su(2|2) Yangian symmetry.

It would be interesting to extend our analysis of finite-size corrections in twisted
AdS/CFT, which has so far been restricted to the ground state, to excited states be-
yond the LO result of [38]. It would also be interesting to understand the origin of the
divergence of the LO and NLO results for L = 2, which was already noticed in similar
contexts in [38, 55]. Finally, one can now begin to contemplate triple and higher wrapping.
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A Determinants of S-matrices in the su(2)r ® su(2)g sectors

We describe here how we obtained the results in tables 1 and 2 for det S(@1:92) (s, sp), the
determinants of the AdS/CFT S-matrices in the su(2);, ® su(2)g sectors, which enter into
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the NLO Liischer computation. Our straightforward approach was to explicitly compute
these determinants for small values of Q1 and Q2 (up to 8), and then infer the general
pattern.

For the cases (Q1,Q2) = (1,1),(1,2),(2,2), we used the explicit S-matrices from [52]
to directly compute the eigenvalues. For the cases (Q1,Q2) = (1,Q), we used results
from [59]: from eq. (56) there, it follows that (up to the overall factors),

2.3 4
as ay Gy
-1 1
det S(1.Q) Q ,0 @+ det | a3 a3 ai |,
Q-1
aj aji aj
-3 —1
det S(l’Q)<Q2 ,0) = Q2 aid. (A1)

One can verify using the explicit values of ag that!?

1 a? ab
ag =  det (ag ag) = UpyU Uy,
6 6

- Q
3 4
a3 as a
7.8 3 A Qg
as a +1
Qdet(? g) :g_ldet a3 a3 aj :U§U1U§’U37
as ag @2 a3 o
4 ay Gy
Q-1
9 ato = UoUsUs , (A.2)

where the notation is defined in (4.29). It is then easy to see that the expressions in table 2
are consistent with the results (A.1), (A.2).

For general values of (Q1,Q2), we made use of the formalism developed in [49]. As an
example, let us consider the case (Q1,Q2) = (2,3). Since the state of a single Q-particle
(the 4Q-dimensional totally symmetric representation of su(2|2)) has the su(2); ® su(2)g

decomposition
Q Q-1 1 Q-2
Vex V4V xVeqg Ve xVO, (A.3)
the decomposition of the corresponding 2-particle states can be obtained from the tensor
product
<v1 X VO Ve x V4 VO ><V0> ® (v3 VO VIx V3 + V2 x v0> . (A4)

+

12We note a couple of typos in appendix B of [59]: a3 should not have the factor 272" in the denominator;

and a3 is missing an overall minus sign.
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where in this appendix we denote by x the tensor product of the su(2); and su(2)g
representations. For concreteness, let us focus on the computation of det S (273)(1, ;) The
tensor product in (A.4) can be decomposed, by the Clebsch-Gordan theorem, into a sum
of irreducible representations of su(2); ® su(2)g. In this decomposition, there appear
four representations with (sz,sr) = (1, 2) which are the relevant ones for computing this
determinant. These four representations come from the following channels:

1 (V) e (Vixve)

2. (Vixvi)e (vixv?)

3. (VOx v (Vixvi)

4 (vé x v%> ® <v3 x v0> . (A.5)
The corresponding highest-weight states [1)/9"%?) (s sg)) with s, = my = 1 and

SR =Mp = ; are given (up to an overall normalization factor) by

(15 )) o 0.8 — 1.0

(2‘”(1 ) 0, 1)}
(15 ) o L0
(15 )) < 0.t - Lo (A.6)

respectively, where the states |k,[)!I are defined in [49]. It is convenient to introduce a
basis |e;) of these so-called type-1I states with N =k +1 = 1:

ler) = 10,1)7,
lea) = 10,1)3,
lea) = 10,1)3',
lea) = 11,0)7,
les) = [1,0)%,
les) = [1,0)%". (A7)

Although these states are orthogonal, they are not normalized.'® Indeed, defining
n; = (e;le;), (A.8)

it readily follows from the definitions of the states [49] that here n; = (2,2,1,6,2,2). An
orthonormal basis |€;) is therefore given by

B 1
&) =

lei), (€ilej) = dij - (A.9)

13We are grateful to M. de Leeuw for pointing this out to us.
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The S-matrix acts as
Slei) =D le)Uji - (A.10)
J
Numerical values for the coefficients Uj; can be computed using formulas in [49], for given
numerical values of momenta pi,ps, coupling constant ¢, and representations Qq, Q2.4
Hence, we can obtain the corresponding coefficients f]ji in the normalized basis

Uji = (&;15]&;)

n; _
_ \/n{ Uji = Z MUy Mt (A.11)
¢ k,l

where we have introduced the diagonal matrix M;; = \/n;d;;. A useful check is that the
matrix Uj; (unlike Uj;) is unitary.

¢§Q17Q2) (

We use (A.6) to express the highest-weight states | sr,Sr)) in terms of the

normalized basis

’w§Q17Q2)(SL7 SR)> — Z ’éz>cll s CZ‘] = <é1”[/}§Q17Q2)(SL, SR)> s (A12)

i

where the states themselves are normalized,
(99D (s, 5m) [0 (s, 5m)) = 01 (A.13)

We can finally construct the S-matrix in the (sz, sg) sector,

S}?I’QQ)( ¢(Q1’Q2 (s1,8R)) = Zcflﬁijcﬂ- (A.14)

]

< §Q17Q2)(

SL,SR) = spySr)|S|

Another useful check is that the matrix Sﬁl’@)(s L,Sr) is also unitary. Computing nu-
merically the determinant of this matrix!'®

det §@1:92) (51 55) = det <S(Q1’Q2)(8L,SR)> , (A.15)

we find for the case in question (namely, (Q1,Q2) = (2,3) and (sz,sg) = (1, ;)) that the re-
sult coincides with (UgUyUs)* S2, in agreement with table 1. Other cases (Q1, Qz) and other

sectors (s, sg) can be treated in a similar way. Note that sectors with sgp = 1, , 0 are con-

; 27
structed with states of type I, I1, I1I, respectively. After some effort to accumulate results for
sufficiently many cases, the general pattern summarized in tables 1 and 2 became evident.

Before closing this section, it may be worthwhile to frame the problem that we have
addressed here in a more general context. Consider an S-matrix (solution of the Yang-

Baxter equation) that is invariant under a group G, which here is su(2);, ® su(2)g. As is

We note that version 1 in the arXiv of [49] contains a number of typos, most of which are corrected in
the journal. However, some typos remain in the latter. In particular, in (5.14): Q,;; = b;d; — bjd;. Also,
in A™" in (5.17): in the (2,2) element of the big matrix, ¢; should be instead ¢; and in the (2,1) matrix
element, the sign in front of [M + (11 —l2)/2] should be plus instead of minus. Finally, in (A.8), the formulas
for b1,...,bs should have sign plus instead of minus; and the formulas for d2 and d3 should not have 7 in
the denominator. We are grateful to G. Arutyunov and M. de Leeuw for correspondence on these points.

15We use the convention that the determinant of a number (i.e., a 1 x 1 matrix) is the number itself.
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well known (see e.g. [60, 61]), the S-matrix is a matrix S, defined in the tensor product
of two vector spaces V, ® V4 in which representations II, and II; of G act,'6

[Ma(9) @ y(g) , Sar) =0,  ge€G. (A.16)

The representation space decomposes into a sum of irreducible representations of G pa-
rameterized by highest weights Ay, which here are (sz, sgr),

Voo V=Y V(Ag). (A.17)
k

Since the S-matrix is G-invariant (A.16), it has the corresponding spectral resolution

Sap = ZkaAk , (A.18)
k

where Py, is a projector onto the irreducible subspace V/(Ay).

In the seminal work [60] on the construction of rational S-matrices, it was essential to
assume that the Clebsch-Gordan series (A.17) is multiplicity free (i.e., a given irreducible
representation appears at most once), in which case pj, in (A.18) is a scalar. For AdS/CFT,
the decomposition (A.17) is unfortunately not multiplicity free: the Clebsch-Gordan
series contains multiple irreducible representations, as we have seen in the example (A.5).
Hence, p; becomes an r x r matrix, where r is the multiplicity of the corresponding
irreducible representation with highest weight Ay. In the AdS/CFT case, pj is the matrix
that we have defined in (A.14). The problem of explicitly determining this matrix can be
quite complicated even for rational S-matrices, see e.g. [61]. In the present work, we have
restricted to the problem of computing its determinant.

B Details of the weak-coupling expansion

B.1 Weak coupling expansion of the dressing phase

The dressing phase in the mirror-mirror kinematics is given by [51]

—ilog ¥0,0.(y1,y2) = ©(yi y3) — QWi ys) — @(yy,y3 ) + @(y1,y3)

1 - ~ o
+2 [ \Il(yl 7y2 ) + \Ij(y;r7y2 ) - \Il(yl 7y;r) + \Il(yl 7y2 )]
1 - ~ o
— [Py ) + W yn) = Wy ) + Wy hur)] (B)
11 OT(Qa= 590y + o =y — 1)) (1= 4 \/yf%
og S
10T(Qut 90y + & —vs — 1+)) 1= ) Vv
where : . .
d 1 T(1+ Ly —wy
Werm) =i f 3 log LU PRl e ) g )
o 2miwg —x2 TT(1—if(x +a] —wr—wy )

6The representations I, and II, need not be irreducible representations of G. Indeed, in the AdS /CFT
case, they are sums of irreducible representations, as in (A.3).
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and for ®(xy,z2) we just note that it starts in any kinematics at least with g%. We
calculate the O(1) expansion of the phase (B.2). Using the property ¥(z1,z2) = ¥(x1,0)—
(1, 25"), being valid if |2o| # 1, and that for |zo| > 1 it starts at g2, it is easy to see that
we need to calculate W(zy,z2) = W(z1,0) for |z2| < 1, i.e. for 3. Since we are interested
in the derivative of the expanded functions with respect to the first argument 01, we need
to expand —;(\I/(yf, 0) + ¥(y; ,0)) only. Rescaling the integration variable ws by ¢ and
evaluating the leading residue for small g, we obtain

Wit,0) = ilog 0L TRPTFICD) L g ) < ilog L 2P TIQD)
L1 - 5(p1 +1iQ1)) L(1—5(p1 —iQ1))
(B.3)
The logarithmic derivative of the whole dressing phase is then
1 Q1Q2(5, 1 s Lo -
— ;05 log 2 (P1,P2) = o 1=, (p1+iQu) | +¢ 1+2(2(P1—p2)+Q1+Q2) +c.cl|,
(B.4)

where c.c. denotes complex conjugate, and we used that ¢ (— 5 (p—iQ))+cc=1(1- ;(p—l—
iQ)) + c.c for integer Q.

B.2 Performing the integrals by residues

We demonstrate here how we performed the integrals by evaluating Ay, (5.21). In view
of the result (B.4), we start by evaluating the term with ¢(1 — (1 + iQ1)) + c.c..
Its contribution factorizes for the indices 1,2 into a product of two factors. The more

complicated factor is
> dp 1 T, T,
Sat[ T (- smrian) o1+ j@-ian)] . @)
—oo 2T [, ) 2 2
Q1 e+ Ql
Let us analyze the pole structure of the integrand. Additionally to the two “kinematical”
poles at p = +i(Q, the polygamma function has poles for ¢)(—n) if n > 0. These poles are

located on the lower half plane (LHP) for the first and on the upper half plane (UHP) for
second polygamma function:

;(Q1 F2Fip) = -0 —— = Fi2n41)+ Q). (B.6)

We now use the trick in [62] of exploiting the reality of the integrand to rewrite the

integral as
o [ dp 1 i

and close the contour on the UHP. In so doing, we have to pick up the residue at p; = iQ)
only:

> O (1= (1 +iQ))
— o, OF N
: Q1 @ (Lp_ ! (]512+ Q1)L 51 =iQ1
L1/ o o | |
N ( K 1) o1y CQETEIEQi e, (B
Q1 j=0 !
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We now note that the QQo-dependent terms give

oo 0o g~ S)
dpa 1 2L =2\ 5 o 190  o1-2r [ 2L —2
ZQ%/ o 2L:Z< Q727 =2 Cor-3-
Q2=1 —00 2m (p2 + QQ) Qo=1 L—-1 L—1
(B.9)

Hence, the factorizing contribution to Ay, which we denote by A(zl ), is given by

L—-1 .

B 2L — 2 L+j—1Y\ 272042 i (L—ie

AL — _g1-2L - ZZ . 2—L—j, (L—j—1) 1.
L =

(B.10)

)

Let us concentrate now on the nonfactorizing contributions, which we denote by A(Z2 .
Using again the reality trick, we can write

@ _ dpr [ dps 1 1 L
e QQ%Q%/ [ % 3 aprim e (T+a(@r i)

(B.11)
and close the py integration contour on the UHP. By picking up the only residue at po = i@,
the result is

L—1

, a5 L+ 2(Q1+ Q2 —i(p2 — P

_ ZZ <L+] 1) (5:21L:r;!(_Q2)2ij(le) <Q2+1+;(Q1+iﬁ1)> . (B.12)

Q2 j=0

The next integral we close on the lower half plane and pick up the residue at —iQy:

L1 L+]1—1 9—2L+2 .
D o (P

Q1,Q2 j1,j2=0
L+ -1 272L+1 L L
» j-2 . '(—Q2)2 L=j24)RL=j1 =32 2)(Q1_|_Q2—|—1). (B.13)
J2 (L —1—j2)!

Adding the two terms Ay, = A(El) + Ag) gives the result we presented in (5.23).
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