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1 Introduction

One of the major triumphs of theoretical physics in this century has been the discovery
and exploitation of integrability in AdS/CFT. (For recent reviews, see for example [1-3].)
This integrability is remarkably robust. In particular, it seems to persist for the so-called
B-deformed AdSs/CFTy theory [4]-[17], and even for a 3-parameter deformation [6]-]9].
However, much remains to be understood about the integrability of the deformed theory,
and we have sought to make progress toward that end.

We focus here on the problem of deriving the Bethe equations. For the undeformed
theory, the all-loop asymptotic Bethe equations [18] have been derived [20, 21, 27] from
the AdS5/CFTy S-matrix [19]-[26]. For the 3-parameter deformed theory, corresponding
all-loop asymptotic Bethe equations were proposed by Beisert and Roiban in [9]. A long
outstanding question has been whether it is possible to derive these deformed Bethe
equations from some deformed S-matrix.! Here we answer this question in the affirma-
tive: the deformed Bethe equations can be derived from a certain Drinfeld-Reshetikhin
twist [28-31] of the AdS5/CFT, S-matrix, together with c-number diagonal twists of the
boundary conditions.

A key point is that, although the undeformed S-matrix factorizes into a product of
two su(2|2) factors, the deformed S-matrix cannot be so factored. Indeed, the twist matrix
connects the two su(2|2) factors, and cannot be factorized into a product of separate twist
matrices for the two su(2]2) factors. To our knowledge, such “non-factoring” twists have
not been considered previously in the literature, and it is not obvious how to diagonalize
the corresponding transfer matrix. Indeed, since the transfer matrix no longer splits into
a product of commuting left and right pieces, one would naively expect that such a twist
leads to very complicated Bethe equations. Hence, before addressing the problem of actual
interest, we first consider the simpler case of the su(2) principal chiral model with a non-
factoring twist. We develop techniques for this model which we subsequently use to solve
the twisted AdSs/CFTy problem.

The outline of this paper is as follows. In section 2 we present a heuristic argument
to infer the specific non-factoring Drinfeld-Reshetikhin twist of the su(2|2)? S-matrix and
twisted boundary conditions which should lead to the twisted Bethe equations in [9]. In
section 3 we consider the su(2) principal chiral model with a similar non-factoring twist.
We develop an algebraic Bethe ansatz method for diagonalizing the transfer matrix and
deriving the Bethe equations. In section 4 we consider two copies of the Hubbard model
with a non-factoring twist, which is technically very similar to the twisted AdS5/CFTy
problem. Using the method of the previous section together with the algebraic Bethe ansatz
for the Hubbard model developed by Martins and Ramos [32], we diagonalize the transfer
matrix and derive the corresponding Bethe equations. Finally, in section 5, we consider the
problem of actual interest; namely, the AdS5/CFT, S-matrix with a non-factoring twist.
We obtain the eigenvalues of the transfer matrix from the preceding results, and write
down the corresponding Bethe equations. In section 6 we show that these Bethe equations

'Recently these equations were obtained from a twisted transfer matrix solution of the Y-system [16]
corresponding to operatorial twisted boundary conditions [17].



agree with those proposed in [9]. We close in section 7 with a brief discussion of our results.
Some technical details are treated in appendices A and B. We show in appendix C that
the proposed twisted S-matrix and twisted boundary conditions reproduce the wrapping
correction not only for the Konishi operator [15] but also for generic multiparticle states
both in the su(2) and sl(2) sectors analyzed in [16, 17]. We demonstrate in appendix D
that the transfer matrix is spectrally equivalent to a transfer matrix which is constructed
using instead untwisted S-matrices and boundary conditions with operatorial twists. It is
the latter type of transfer matrix which is considered in [17]. Finally, in appendix E we

transform our twisted Bethe ansatz results from the “su(2)” grading to the “sl(2)” grading.

2 Deformation from a psu(2,2|4) perspective

The first indication of the equivalence between type-IIB string theory on an AdSs x S°
background and N = 4 supersymmetric four-dimensional Yang-Mills theory was their
common global symmetry: namely, psu(2,2(4). On the string-theory side it is the super-
symmetric extension of the isometries of the background geometry, while on the gauge-
theory side it is the model’s superconformal invariance. This common symmetry algebra
enables one to compare observables: both the energy levels of the string states and the
anomalous dimensions of gauge-invariant operators are organized in the same psu(2,2|[4)
multiplet. Recent studies suggest that the complete solution of the spectral problem can
be formulated in terms of the Y-system of psu(2,2|4), too [33]. Unfortunately, however,
there has not been much progress yet in solving directly the Y-system beyond the leading
weak-coupling order [34], or outside of the string semiclassical domain [35].

Alternatively, quantization based on the light-cone gauge has proved to be successful so
far: In solving the string o-model one chooses a generalized light-cone gauge, which turns
the model into a massive integrable quantum field theory in a finite volume (prescribed by
the light-cone momentum), where excitations satisfy the level-matching condition. In the
infinite volume limit these excitations scatter via a factorizing scattering matrix, which can
be uniquely determined from the remaining psu(2,2[4) — su(2|2) ® su(2|2) global symme-
try together with crossing symmetry [19]-[26]. The resulting S-matrix can be used for any
value of the coupling, and defines the theory completely: The full particle spectrum can be
read off from its singularity structure, it governs the finite-size corrections to the energies,
and via the Thermodynamic Bethe Ansatz it describes the complete spectrum for any fi-
nite volume. Unfortunately, the psu(2,2|4) symmetry is broken in this description by the
light-cone gauge and is realized only implicitly in the spectrum. The analogue of this phe-
nomenon can be found on the gauge-theory side: In calculating the anomalous dimension
of an operator, a BPS “vacuum” state is chosen tr(Z) which breaks the superconfor-
mal psu(2,2]|4) symmetry down to su(2|2) @ su(2|2). The broken symmetry then controls
the scattering of the “excitations” tr(Z%~#=2y; Z¥x3) over the background, and determines
their scattering matrix. The boundary condition is provided again by the physical meaning
of the trace: namely, the total momentum has to vanish. Similarly to the string case, the
psu(2,2[4) symmetry is not manifested in the scattering matrix, but rather in the structure
of the one-loop Bethe ansatz and implicitly in the anomalous dimensions of the fields.



Integrable deformations of the psu(2,2|4) structures appear both on the string-theory
and on the gauge-theory sides. In both cases, the su(4) part of the symmetry is Drinfeld-
Reshetikhin twisted [28-31] by three parameters/charges corresponding to the Cartan gen-
erators. On the gauge-theory side, the authors of [9] present the deformed psu(2,2|4)
one-loop Bethe ansatz equations and conjecture the all-loop generalizations. These Bethe
ansatze can be equivalently described by the asymptotical solution of a twisted Y-system,
which presumably originates from the twisted psu(2,2|4) symmetry.

As the S-matrix approach has turned out to be very powerful in the undeformed case,
we pursue it for the deformed case too. For this we must understand how a twist of the
broken psu(2,2|4) symmetry shows up at the unbroken su(2|2) ® su(2|2) level. To this end,
we first analyze a toy model: an su(4)-invariant spin chain. There we identify two effects:
a twist of the scattering matrix of the excitations, and a twist of the boundary conditions.
Implementing the analogous twist at the psu(2,2[4) level, we can infer the form of the
twisted AdS/CFT scattering matrix together with the twisted boundary conditions. In
sections 5, 6 and appendix C we test our proposal against the Bethe equations of [9] and
the Liischer corrections.

2.1 Twisted su(4) spin chain

We first recall how to break the su(4) symmetry down to su(3) by choosing a pseudovac-
uum, and how the su(3)-invariant scattering matrix appears in this context. We then turn
to the twisted problem.

Suppose we would like to solve the spectral problem for an su(4) spin chain with N

sites. It is defined in terms of the su(4)-invariant S-matrix
S(u) =ul@I+iP, (2.1)

where [ is the 4-dimensional identity matrix, and P is the 16 x 16 permutation matrix. We
are interested in the eigenvalues of the transfer matrix

N
t(u) = trg(Ta(u)) = trq (H Saj(u)) . (2.2)
j=1

These eigenvalues can be calculated by the nested algebraic Bethe ansatz method. Here we
are interested only in the first step of the nesting. This means to choose a pseudovacuum
state

0y =1,...,1) = |1V, (2.3)

and to analyze the excitations (2,3, 4) over this background, which are invariant only under
the unbroken su(3) subgroup. In keeping with this residual symmetry, we decompose the
monodromy matrix as

T(u) = g , (2.4)



where the Cj’s together with D;.; annihilate the pseudovacuum; i.e., Cj(u)|0) =
D;4j(u)|0) = 0. The diagonal elements of the monodromy matrix (which contribute to
the trace) act diagonally?

Au)|0) = a(w)|0),  Dy(u)|0) = Si1(w)"|0) = dy(w)[0), (2.5)

and the B;’s create the three su(3) excitations. A general multiparticle B-state has the

form
Bi1 (1)1) e BiK (UK)‘O> ; (26)

and we would like to diagonalize the action of A and Dy on these states, as this is needed to
obtain the transfer matrix eigenvalues. To do so, we need the commutation relations of the
various operators, which can be obtained from the STT = TTS relations. The B-particles
are exchanged as

Bi(w)B;(v) = (u — 0)B;(v) Bi(u) + iBi(v) B;(u) = S (u — v) Bi(v) Bi(u),  (27)

showing that they scatter on each other with the su(3)-invariant S-matrix, which we denote
by S. The action of A on the multiparticle state can be computed from
A@B;w) =" " T AW - ' Biw)Aw) (2.8)
u)B;(v) = i(v)A(u) — i(u)A(v) . .
J v—u v—u’
In computing the eigenvalue, we focus on the first “wanted” term and neglect the sec-
ond “unwanted” one, as its contribution will vanish when v; satisfy the Bethe equations.
Similarly, the wanted terms resulting from acting with Dy; are

(u i v) [(u = v)B;j(v) Dyi(u) +iB;(v) Dgj(uw)] + ...

x Szl;”(u — ) B, (V) Dy (u) + . .. (2.9)

Dyi(u)Bj(v) =

Clearly, the action of Dj; mixes up the su(3) indices of a given state, and we have to
diagonalize the following expression

Dye(u)Bi; (v1) - Biy (vK)|0)

o< SE (u—wy) . SEIK L (u— k) By, (1) . By (vie) D (w)[0) + ... (2.10)

As Dy4;|0) = 0, the nonvanishing elements form a trace of the reduced su(3) transfer
matrix

Z Sp (=) S (u— v )d(u), (2.11)

which must be diagonalized in order to finally solve the su(4) eigenvalue problem. However,
we shall not pursue this problem further here.

2We use the convention S(u){i" = udy" 8" + i6po™.



We now would like to instead twist the su(4) scattering matrix by a Drinfeld-
Reshetikhin twist?

S 8§=FSF, F=esTum oMot (2.12)

where H; are the Cartan elements of su(4): (H;)pj = %(52‘,1951‘73‘ — 0i41,50i+1,%). Due to the
special form of the scattering matrix, only the diagonal elements are twisted

S(u)ii" = ul'wdof +id 0" (2.13)

which can be encoded in the matrix I'. We are interested in the eigenvalues of the twisted
transfer matrix

t(u) = tre(Tq(u)) = trg <

H:jz

) (2.14)

The pseudovacuum state [0) = [1,...,1) = |1V) is annihilated by the generators C; and
]j#j, and it is an eigenstate of the diagonal elements

A@)|0) = a(w)|0),  Dw(w)[0) = Si(uw)™]0) = dy(w)[0) . (2.15)

The eigenvalues are now different for each k, and depend on the twist as cik(u) =
(Pp1)Ndg(u). This indicates that the reduced symmetry is not even su(3), which can
be seen also from the way that the twisted creation operators B; are exchanged:

Bi(u)}:ﬁ’j(v) = (u— v)l“ijfj’j(v)fﬁ’i(u) -+ iBi(v)B’j(u) = S’Zl(u — U)Bl(v)ék(u) , (2.16)

exactly with the reduced twisted scattering matrix elements. From the point of view of the
reduced transfer matrix, the relevant commutation relation is twisted as follows

Dyi(w)Bj(v) o< (Tg1) ™' S (u = ) By (v) Dy (u) + ... (2.17)

It will result in the twisted reduced transfer matrix

Zs,’:lf; v) . S (u = vg) (D) X dy(w)

— Z s,’jyll (u—v1)... s,f;gflm (u—v) )N Ky (v), (2.18)

which must still be diagonalized at the su(3) level.
Focusing on the effect of the twist, we can see the emergence of two main features:
(i) the reduced twisted scattering matrix S is a reduction of the twisted scattering matrix
S; and (ii) there is a twisted boundary condition which depends on the number of sites N
and the number of particles K. The twisted boundary condition contains the twist factors
I'g1, which are unphysical from the reduced-space point of view, as it is spanned only by
(2,3,4). Let us see how we can implement a similar twist in the AdS/CFT realm, where
the full psu(2,2|4) scattering matrix is not yet known.
3The general notion of twisting for (quasi-triangular) quasi-Hopf algebras was introduced by Drinfeld [28-
30]. Reshetikhin considered [31] specific twists with elements F' constructed from the Cartan generators. It

is the latter type of twist which we use here. For other applications of such twists, see for example [36-39];
and for work related to quantized braided algebras, see [40-43].



2.2 Proposed twists for AdS/CFT

We would like to develop the AdS/CFT case in parallel to our su(4) example. The full
symmetry of the model which we wish to twist is the implicit psu(2,2[4) symmetry. Ac-
cording to [9], one should twist the su(4) R-symmetry subgroup (which corresponds to the
isometries of the S° part of AdSs x S°) by its charges Ry, R2, R3. Let us suppose that the
full psu(2,2]4) scattering matrix S were known. Let us twist it with the charges as follows

S = FSF, F = 65 Z?,j:l ij (Ri®Rj—R;QR;) (2.19)

Here S describes how in the gauge-theory side the excitations X7 = X, Xy = Y, X3 =
Z, W, D, ... scatter on each other; and the action of the charges on the scalars are given by
Ri|X;) = 6ij]1X;) . (2.20)

In describing the AdS/CFT integrable model, the pseudovacuum is usually chosen to be
|0) = |Z7). We are interested in the remaining degrees of freedom, which we consider to be
excitations over this background. Clearly, in the undeformed case this choice of the vacuum
breaks the psu(2,2[4) symmetry down to su(2|2) ® su(2|2), and this reduced symmetry is
what labels the excitations:

(1,2,3,4) ® (1,2,3,4), (2.21)

where as usual the R-symmetry acts in the first two components. Choosing X = 11 and
Y = 21, one can see that

Ri=1®h+h®1, Ry=1®%h—-—h®1, R3=0, (2.22)

where h = diag (%, —%,0,0).

The two effects of the twist implemented on S by F read on the reduced level as follows.
First, consider how the reduced scattering matrix is twisted. Since R3 = 0, the twist factors
given by 713 and 723 have no effect, while the vo twist propagates directly through. This
means that the reduction of the unknown twisted scattering matrix S must be simply the

Drinfeld-Reshetikhin twist of the reduced scattering matrix,

S~ — FSF F = ei’y12(R1®R2*R2®R1) — e2i712(h®1®1®h71®h®h®1) (223)

)

where S is the su(2|2) ® su(2|2)-invariant AdS/CFT scattering matrix. Second, consider
the twists of the boundary conditions for the particles, which come from the charge of the
background and the commutation relations of the operators. Both have the form

eQi(713R1+v23R2)J :eQi(’YlS —v23)(h®1) J+2i(y13+723) (1®Qh)J :621'(“/13—723)Jh ® eQi(713+“/23)Jh ’ (2_24)

where J, being the R3 charge of the background, is related to the volume of our theory.

As previewed in the Introduction, the twist matrix F' in (2.23) connects the two su(2|2)
factors in S, and cannot be factorized into a product of separate twist matrices for the two
su(2]2) factors. In order to learn how to handle such twists, we consider in the following
section the analogous problem for a simpler model.



3 Twisting the su(2) principal chiral model
We define the su(2)-invariant S-matrix S(u) by
S(u) = So(u) [ul @ T+ iP] (3.1)

where T is the 2 x 2 unit matrix, P is the 4 x 4 permutation matrix, and Sy(u) is some
scalar factor whose explicit value will not concern us here. This S-matrix acts on V ® V,
where V' is a 2-dimensional vector space. The S-matrix S(u) of the su(2) principal chiral

model is given by a tensor product of two copies of S(u) [44, 45]. That is,
Saavs(t) = Sap(u) Sz (u) - (3.2)

Our convention is to arrange the four vector spaces on which S acts in the order V, ® V;; ®
Vo ® V;. Hence,

Si234(u) = S13(u) Saa(u) . (3.3)
Starting from S12 =S ® [ ® [, one can sequentially construct

S13 = P23 S12Pa3,
So3 = P12513P12,
So4 = P34523 P34, (3.4)

where P1o = PRI ®I, etc.
In view of our proposal (2.23), we consider the Drinfeld-Reshetikhin twist

S(u)=FS(u)F, (3.5)

where the twist matrix F' is given by

F = eivl(h®ﬂ®ﬂ®hf]l®h®h®l[) (3.6)
where v, is a twist parameter, and h is the diagonal matrix
1 1
h— di < — ) _ 3.7
iog (5., (37)

As already mentioned, I is the 2 x 2 unit matrix. Note that F' cannot be factored between
the two su(2) factors.
We consider the transfer matrix*

E(u) = trgg Mad'j:m (u) , (3.8)
where the monodromy matrix is constructed from the twisted S-matrix as follows

j:w(u) :Saali(u)”'gaaLL(u)- (3.9)

4Ultimately, we shall need the eigenvalues of an inhomogeneous transfer matrix, with inhomogeneities 6,
at each site j. But once one understands how to solve the homogeneous problem, it is trivial to generalize
to the inhomogeneous case.



The matrix M,,, which acts only in the auxiliary space and serves to twist the boundary

conditions, is given by (see (2.24))

M = ! @ 3" = diag (ei(“f2+’73)/2’ ¢12=13)/2 ¢ilvs—2)/2, e*i(“/2+’73)/2> . (3.10)

where 2,73 are additional twist parameters. The twisted S-matrix S(U) by construc-
tion [31] obeys the Yang-Baxter equation, and therefore, the twisted monodromy matrix

obeys the usual intertwining relation®

Saabb(u —) ’]1 a(u )’j;)b(v) = ’Z;B(v) ’j:m(u) Sadbb(u — ). (3.11)
Also [5’ (u), M @ M } = 0; and therefore [46], the transfer matrix (3.8) has the commuta-

tivity property [f(u) ,tN(v)} = 0. The main problem is to determine the eigenvalues of the
transfer matrix. Since it is not evident how to solve this problem, it is helpful to begin

with the untwisted case.

3.1 Untwisted case: conventional approach

We now consider the untwisted case; i.e., v, = 0, and therefore both F' and M are 1. In
this case, the monodromy matrix is given by

Toa(u) = Spgqi(w) - S,qp 1 (u)
= Sa1(u)S, ( )+ Sar(u)S, j ()
= Sa1(u) ... Sar(u) Szi(u)...S;;(u)
= Ty (u) Ta( ) (3.12)

Hence,
AA AB BA BB
AB AB AC AD BC BD
T = .. = . . . . Nl
(CD)®<CD> CA CB DA DB (3.13)
CC CD DC DD
The transfer matrix therefore factors into a product of two commuting pieces

H(w) = troq Toa(u) = [A(u) + D(u)] [A(u) + D(u)] . (3.14)

We make the ansatz that the eigenstates of the transfer matrix are given by

m™m

H (u)|0) @ T Blaw)[0), (3.15)

k=1

where |0) and |0) are states with all spins up.

®QOur case does not seem to be related to quantized braided algebras where the Yang-Baxter equation is
also braided.



Evidently, the problem has factored into two copies of the XXX spin-1/2 chain, whose
solution is well known. The eigenvalues A(u) of the transfer matrix can therefore be easily

written down,
A(u) = So(u)*” | (u+1) H( - )—i—u ]1;[1< — )

e (u— iy, — i L (= i
et T () e T (7
u — U P u — U

In principle, one should derive the Bethe equations by carefully tracking the “unwanted”

(3.16)

terms, and demanding that they cancel; however, this is a tedious computation. In practice,
it is much simpler to impose the requirement that the poles of the eigenvalues should

cancel.% In this way, we readily obtain the following Bethe equations:”

<Uj+i>L:ﬁuj—uj/—{—i <ﬂk+i>L:ﬁak—dk/—|—i (317)
U vy uj—uj/—i uk KLk Z.Lk—llk/—i

For further details, see appendix A in [45] and appendix C in [47].

3.2 Untwisted case: new approach

We have described above the “obvious” way to solve the untwisted problem. However, this
approach cannot be used to solve the twisted problem, since then the transfer matrix does
not factor into left and right pieces. So, now we want to solve the untwisted problem again
but in a different way, without exploiting the factorizability of the transfer matrix. The
basic idea is to develop an algebraic Bethe ansatz for the “full” monodromy matrix (3.13).

Using the well-known exchange relations between A, B,C, D, together with the re-
sult (3.13), it is not difficult to show that (see appendix A)

uU—v—1 7

T Tisl) = " @) T + ' i) Tu ),
Ta() To) =~ ) Tal) + ' T T ).
Too(w) Tia(v) = “;fjim(v) Too(u) — ufvﬂz(u) Too(v),
Tos(w) Tis0) = " T o) () — ' Tig(u) Tasv), (3.18)

6 Actually, since here the eigenvalues (3.16) factor into a product

Alu) = Mu)A(u)

we encounter the following interesting subtlety. Omne possibility (which we believe is the correct one) is
to separately require the cancellation of poles in A(u) and A(u), which leads to (3.17). Alternatively, one
could require only the cancellation of poles in A(u), which is a weaker condition. This leads to additional
(spurious) Bethe ansatz-like equations which couple the left and right Bethe roots. We conclude that,
although the trick of obtaining the Bethe equations by requiring cancellation of poles can save a lot of
effort, it should be applied with care.

"These equations may look strange. However, they can be recast in the more familiar (symmetric) form
by shifting all the Bethe roots by i/2; i.e., uj — u; — /2 ,0; — 0; —i/2.

,10,



where now the subscripts refer to matrix elements of the monodromy matrix regarded as a
4 x 4 matrix of operators. In each exchange relation, the first (“diagonal”) term gives the
“wanted” contribution, and the second term gives “unwanted” contributions. With more
effort, one can also show that (see again appendix A)

Talw) Ta(0) = " Tal0) T+ T Ta )

s L BT - T ) = LTl T o),
Talu) Tiae) = i) ol + L ia(0) T

s L BT - T Tel) = LTl T o),
Tul) Ta(o) = " T Taat + ) Tl T

- L T T - L @ T+ LT Ta)
Tu(@ Tial0) = " Ty T + 0 (o) Tt 3.19)

- L B T - T T+ LT Ta(),

where again only the first (diagonal) term gives the “wanted” contribution.

We make the ansatz that the eigenstates of the transfer matrix are given by (cf., (3.15))
m ™

= [[ 7is(up) [ [ Taa(iw) (10) @ [0)) (3.20)
j=1 k=1

We observe that the vacuum state is an eigenstate of the diagonal elements of the
monodromy matrix,

Ti(u) (|0) ®@10)) = So(u)** (u+i)*" (|0) ®10)) ,

Tao(u) (10) ® [0)) = So(w)*" (u+ i) u™ (|0) ©10)) ,

T3(u) (10) @10)) = So(u)*" (u+i)"u" (10) @ |0)) ,

Tua(u) (|0) ® |0)) = So(u)** u?* (|0) ®(0)) , (3.21)

The transfer matrix is evidently given by the sum of the diagonal elements of the
monodromy matrix,

H(u) = Tia (u) + Toa(u) + Tag(u) + Tia(u) (3.22)

— 11 —



Acting with this operator on the states (3.20), we use (in the standard way) the first term
of the exchange relations (3.18), (3.19) together with (3.21) to obtain the eigenvalue,

t(u)|A) = SO(U)2L{(U + i)Qlen_L[l (u;f]u]_ Z> :: <U;fku2 Z>
)

k=1

s T (0w ) T (vt ; .
+u I | " I | " |A) + “unwanted” . (3.23)
— u; .

k=1

We observe that the eigenvalue coincides with our previous result (3.16), and so we again
obtain the Bethe equations (3.17).

3.3 Twisted case

We are finally ready to tackle the twisted case. We have verified that only the diagonal
clements of the monodromy matrix 7 (3.9) are affected by the twist (3.6). (This result
is a consequence of the special structure of the S-matrix.) Hence, we can hope that the
exchange relations (3.18), (3.19) suffer only deformations of the coefficients; and this is
exactly what we find. Indeed, with the help of Mathematica, we find

TawT(0) = (" a0 Tl - L Tl Talo))
TaTa) = () R T - L T Taw) . 621

- 12 —



Tala) Ta(o) = ("1 i) ol + Y i) T

o D BT Fa) Tal) - LT )
Tau) Tia(o) = (" Fiae) Tt + . i) T

s D B Tie) - Ta@ T - T ).
Tulo) Tiale) = i) Tuatw) + (7 i) Tl

- L AT - B T+ T Tal),
Tt Ta(o) =" i) Tt + " i) Tat)

- L B T = L T T+ LT (). (329)

Moreover, the vacuum eigenvalues (3.21) become

Ti(u) (0) @ 0)) = So(u)*" (u+1i)*" (|0) @ [0)) ,

Tro(u) (10) ®10)) = So(u)*> e (u + i) u" (|0) @ 0))

Tas(u) (10) @10)) = So(u)** e (u+ i) u" (10) @ (0)) ,

Taa(u) (|0) ® [0)) = So(u)*" u*" (|0) ©10)) . (3.26)

The twisted transfer matrix (3.8) is given by
H(u) =02 t)/2 T (1) + 0272 gy (u) 4 €872 2 Tg (1) + e O2 4127, (u) . (3.27)

Using a similar ansatz as before (3.20), namely,

=[] Zis(w; H ) (10) @ 10)) (3.28)
j=1 k=1

we find that the eigenvalues of the twisted transfer matrix are given by

A(u) _ SO(U)QL{(U_|_Z-)QLei('yg-i-ﬂ/g)/Zei'yl(m—m) H (U;f]u— Z) H <u;ilku; Z>
; J

Jj=1

m .
+(u + i) Eubeir—18)/2gm L g—im(mtrn) H (u—u] _Z>

(250

Nyl ei(s—2)/2g—imL givi(m-tri) U —uj 41 U — U — 1t
+(u+ i) ule H( u— II "«
=1 k=1
RN T g N Uk

,13,



Remarkably, although the transfer matrix does not seem to factor into two pieces, the

eigenvalues do:

Ay — 2L L u—uj—i 1L u—uj+i
(u) = So(u) C1(u+2)j1;[1< 0 +etu H u

N U— U —1 1 L U — U+ 1
X |ca(u+ 1) kl—[l< w— i, >+02 H( P ) , (3.30)
where
e = ei'yg/Zei'ylL/Ze—i'ylm . = ei'yg/Qe—i'ylL/Zei'ylm ] (331)

We can obtain the Bethe equations (as in the untwisted case) using the shortcut of requiring

that the poles cancel,®

(uj + Z> — 7272 —iy1 L 2271m H — Uy +1
'LL] 'LL] — ’U/J/ — Z

J 75]
. N L
(uk T Z> — e~ ginlL ;—2imm H gy — gy + (3.32)
ﬁk Kk k—uk/—z

The eigenvalues (3.30) and Bethe equations (3.32) are the main results of this section. Grat-
ifyingly, these results are simple deformations of the corresponding untwisted results (3.16)
and (3.17), respectively.

The generalization to the case of an inhomogeneous chain, with inhomogeneity 6; at

site [, is now straightforward. It amounts to making the replacements

L L L
(u+ i)k — H (u—0,+1), u »—>H (w—0), So(u)*r HHSO(U—HZ)Q (3.33)
=1 =1 =

in the expression (3.30) for the eigenvalues. Thus, the eigenvalues are given by

L
=[] So(u—6,)? (3.34)
=1

r L m . L m
—U; — 1 _ U— U +1
X Cln(u—91+Z)H< u_Ju >+c11H(u—91)H< u_]u )
=1 j=1 =1 j=1 J
L e — g — = O (u— g+ i
X CQH(U—91+Z)H< u—ku >+021H(u—91)1—[< u—ku >
=1 k=1 F =1 k=1 k

8The result (3.32) is similar in structure to the Bethe ansatz result of quantum braided algebras [40-43].
This may indicate that quantum braided algebras can be equivalently described by unbraided algebras, but
with twisted R-matrices.
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The equations for the auxiliary Bethe roots become

L .
H Uj — 91 +1 _ 7272 —iy L 2271m H Uj — Uy +i
Uj — 91

—U/—Z
I=1 7' A

L . .
H <Uk.— 0, + Z) — o~ imlL p=2imm H Up, — U + 1 (3.35)

-1 Uk — 61 Kk U — uk’ — Z
Finally, the Bethe-Yang equations corresponding to the middle node are given by
e P = K(6))

L
— _t(2H13)/2 gim (m—mn) H So(6 — 91)2(9k — 0+ z')2

£k

T O =y — i\ e (O — g — i

xH( b —u, >H< be—i ) (3.36)
j=1 J k=1

where L is the length of the ring with the L particles of rapidities 61,...,0r.

4 Twisting two copies of the Hubbard model

We have seen that, for the su(2) principal chiral model, we were able to obtain the Bethe
equations for the case of a non-factoring twist by developing an algebraic Bethe ansatz
based on the “full” monodromy matrix of the two S-matrix factors. In this section we
shall follow the same approach for two copies of the Hubbard model with a non-factoring
twist, which is technically very similar to the twisted AdS5/CFTy problem. For a single
copy of the Hubbard model, the algebraic Bethe ansatz was worked out in the paper by
Martins and Ramos [32], which hereafter we denote by MR.

Let S(A\,p) be the 16 x 16 R-matrix of the Hubbard model, which was found by
Shastry [48, 49]. In the notation of MR

S(A’ M) = ’PRQ(A’ M) ’ (4'1)

where Rgy(A, 1) is given in MR (18), and P is the graded permutation matrix,

4
P = Z p(a e ab @ €ba (4.2)
a,b=1
where the gradings are given by
p(l) =p4)=0,  p(2)=p@B) =1, (4.3)

and ey, are the standard elementary matrices with matrix elements

(€ab)ij = 6a,ilb.j - (4.4)
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Paralleling our discussion of the su(2) principal chiral model, we introduce the tensor
product of two such S-matrices,

Saabb()‘v M) - Sab()‘7 :u') Sab()‘7 :U') . (45)

We consider the Drinfeld-Reshetikhin-twisted S-matrix

S\ p)=FSA\pF, (4.6)
where the twist matrix F' is again given by

F = ¢ (heIQIoh—IQhohSI) (4.7)

except h is now the diagonal matrix
1 1
h = di < 0,0, — ) 48
iag | 5 (4.8)

and I is the 4 x 4 unit matrix. Note that F' cannot be factored into matrices acting
separately on the 13 space and the 24 space.
The main problem is to determine the eigenvalues of the transfer matrix

f()\) = strgg Maa’j;a()\) , (4.9)

where the monodromy matrix is given by

7:1@()‘) :Saali()VO)“'SadLL()‘?O)7 (410)
and the matrix M, is given by
M = ¢2h @ el (4.11)

We follow the same approach as for the twisted su(2) principal chiral model. The first step
is to understand the untwisted case.

4.1 Untwisted case

We now consider the untwisted case; i.e., v, = 0, and therefore both F' and M are 1. In
this case, the monodromy matrix is given by (see (3.12)),

Toa(N) = Tu(N) Ta(N) (4.12)

We label the matrix elements of T, () as in MR (21); and similarly for the matrix elements
of T; (), except we also decorate those with a dot. Hence,

B B, By F B B, By F
Cy A Arp BY Cy Ay Ayp B
T\ = @ | -5 T 4.13
( ) CQ A21 A22 B; C.’Z 14'21 14'22 B; ( )
c Ccy ¢35 D c Ccy C5 D

,16,



We regard 7(\) as a 16 x 16 matrix of operators. We denote these operators by their
matrix elements, i.e., 7; 1(A), where j,k € {1,...,16}. In particular,

Ti,1(A) = B(Y) B, Tio(\) = BA) Bi(\),  Tiz(\) = B(A) Ba(N),

Tis(\) = BB,  Tio(\) = Bo(\) B(N). (4.14)

Since the one-particle states are given by MR (44), it is reasonable to consider the
tensor-product states

D) = [T1 5(M)F" + T19(\1)F?] [Tl,g(xl)fl + ﬂ,g(xl)ﬂ} (I0y®0)) . (4.15)

The exchange relations of the diagonal elements 7; ;(\) with the creation operators
Tio(p), T 3(1), T1,5(1n), T1,9(p) are discussed in appendix A. We explicitly record here just
the “wanted” (diagonal) terms,

Zi;(N) Tip(w) = figy(A ) Tua(p) Tig(A) + ..
TLJ()\) 7-173(/1/) = gl(j)()‘nu) 1,3(/1/) T]m] ()\) + .. B
Zji(N) Tis (i) = friy (N 1) Ts () Tig(A) + -
T ;N Too(w) = guy (A ) Tio(w) Tg(A) +...0 G =1,...,16, (4.16)
where k(j) and I(j) are functions of j such that?
j=4(k—1)+1, j=1,...,16, k,l€{1,2,3,4}, (4.17)
and we have defined f;(A, 1) and g; (A, u) by
B ~daa( )
Q) =am) = 0
ial()‘7ﬂ)
)‘7 = )‘7 = - 9
fosm) = gy == o)
Zal()‘nu')*
)‘7 = )‘7 = - b )‘7 )
faOop) = g2 ==y PR
iaS()‘7ﬂ)
= = — 4.1
f4()‘7:u') 94()‘7M) 047()\7M) ( 8)

Moreover, a; (), u) are defined in MR (A.1)-(A.9), and b(\, u) is defined in MR (27).
We observe that the pseudovacuum state |0) @ |0) is an eigenstate of the diagonal
elements of the monodromy matrix,

TN (10) ©10)) = [or) (V) dunyV]“ (0@ [0) , G=1,....16,  (4.19)
where we have defined ¢;(\) by

o1(A) =wi(A),  d2(N) = ¢3(A) =w2(N),  da(N) = ws(N), (4.20)

9Hence, (k,1) = (1,1) for j = 1; and (k,1) = (1,2) for j = 2, etc.
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and w;(A) are given by

wl()\) = 042()\, 0) 5 wg()\) = —iag()\, 0) s wg()\) = 047()\, O) . (4.21)

The transfer matrix is given by

t(A) = T11(N) — T22(N) — T33(A) + Taa(N)

—[T5,5(A) = T6.6(N) — Tr,7(A) + Ts s(N)]
—[Z9,9(A\) — T10,10(A) — T11,11(A) + T12,12(N)]
+713,13(A) — T14,14(N) — T15,15(A) + T16,16(N) (4.22)

where the signs are due to the supertrace. Acting with this operator on the states (4.15),
we use (in the standard way) the first term of the exchange relations (4.16), together with

the pseudovacuum eigenvalues (4.19), to obtain the eigenvalue. Upon factoring the result,

we obtain
- o () o (2505

e (Y )

L iaz(A, ) L [ —ias(A\ )
x[m()\) (ag().\h)\))—i-wg()\) ( ar (0 Ay) )

—w L —i0 ()\, )\1) (1) :
o (7080 i) s

where, as in MR (51),
AV D) =140, AP A) =1+b(0\ A1), (4.24)

On the basis of MR, we assume that this result can be extrapolated to the general case:
n (ian(N, \) —iog(A, Aj)
A(\) = N 2042( g L
( ) [wl( ) ]1_[1 <Oég()\j,)\) +W3 1_[1 Oé7 )\ )\

o ] (_Oj( A(ffj )) A ) ]

Jj=1

d i (A NG —iag(A, )\
[ pate )\],)\ e ar(\ Af)
[ —iar(\A) 1 ‘
—w ADN D] 4.25
2( H(ag)\/\)> ({k})] (4.25)
As expected, this is just the product of two copies of the result for a single copy of Hub-

bard, given in MR (89). Note that A (), {\;}) are the eigenvalues of the auxiliary trans-
fer matrix MR (92). They are given by MR (99), and there is a similar expression for

AD, ).
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The Bethe equations can again be obtained using the shortcut that there should be a
cancellation of the poles in the eigenvalues of the transfer matrix; this leads to MR (90),
(102),

(wl()\j)>L _ A(l)()\ {)\k}) _ ﬁ B
wa(A)) g l

=1

1
b, Aj)

. L "
w1 (A, )) 1) 1
. =AY (N { ) = _ . (4.26)
(wz()‘j) ! 1131 b(jun. Ay)
To obtain this result, one needs the following properties of the functions «
ag(p, A) = —ag(A, ), an(p, A) = az(A, 1), (4.27)

which follow from their definitions, given in MR appendix A. The Bethe equations for the
auxiliary problem are given by MR (100), and a similar set for the dotted roots.

4.2 Twisted case

We turn now to the twisted case, for which the monodromy matrix is given by (4.10). The
exchange relations suffer only deformations of the coefficients. In particular, the “wanted”
terms become (cf. (4.16))

TN Tia(p) = e SO o O w) Tia() T, (0) + -

T (N Tia(p) = e 0 2g00 (N, ) Tis(w) T (A) + -

T (N Tis(n) = 90N frin (O 1) s (1) T (N) + -

TN Tio(p) = €901 g0 (A ) To() Tis(A) 4o » G =1,...,16,  (4.28)
where we have defined

G=1, G=¢@=0, G=-1. (4.29)

The pseudovacuum eigenvalues are now given by (cf. (4.19))
= 2 i N —Cro L 2 .
T35V (10) ©10)) =€k =TI 6,5, (3) gy (V] (10) @10)) , 5=1,...,16. (4.30)

We remind the reader that k(j) and [(j) are defined by (4.17).
Proceeding as in the untwisted case, one easily finds that the eigenvalues of the twisted

transfer matrix (4.9) are given by

- - (A, \) —iag(\, \j)
A _ L ZOQ R L 8
(\) [01 wi (A E < o )\]’)\ +C1 w3 (A 1_[1 ar(\, )
(V) A\ A
ws(\ H( o> )A (A {M})]
7j=1
L o (o L —iag(A, )\ )
X | Cco w1 +CQ w3
[ j1< wA>> ;E( ar(A, X))

n
—e (" ]

—iaq (A, )\
j=1 Oég )\ )\ )
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where
el = ei'yz/Qei'ylL/Qe—i'ylh/Q - ei'y3/2€—i'ylL/26i'yln/2 ) (432)
It is very important to observe that the matrix 7 given in MR (26) does not get
deformed by the twist. Hence, the eigenvalues of the auxiliary transfer matrix also do not

get deformed. Again using the shortcut, we find from (4.31) that the Bethe equations are
given by

o - )\ * s
e2/2im L2 j—imin/2 <w1( J > = A (N, A -
wa(Aj) i Ak} = lI;II b(pus A

(4.33)

’,:13

) L
. » ivns2 [ Ww1(Aj
e13/2 =i L/2 gim /2< 1(.J;> :A( A]’{)‘k}

wa (A ey B (17, A ) '

Their structure is similar to those for the twisted su(2) principal chiral model (3.32). The
Bethe equations for the auxiliary problem are again given by MR (100).

5 Twisting AdS5;/CFT,

We finally come to the AdS/CFT case. Let S(pi1,p2) be the graded su(2]|2) S-matrix
in [22, 27, and let S(p1,p2) be the su(2]2)? S-matrix,

Saapi(P1,02) = Sab(p1,92) Sy (P1, p2) - (5.1)

We consider the Drinfeld-Reshetikhin twist of this S-matrix

S(p1.p2) = FS(p1,p2) F (5.2)

where the twist matrix F' is given by (see (2.23))

F = ¢ (heIQloh—I0h@hal) (5.3)

Here h is the diagonal matrix!©

11
h = diag (2,—2,0,0> , (5.4)

and I is again the 4 x 4 unit matrix. In appendix B we verify that the twisted S-matrix
has the standard crossing symmetry; hence, the scalar factor Sy is exactly the same as
the untwisted one and independent of the deformation parameter. The (inhomogeneous)
transfer matrix is given by

£(A) = straa MaaSuai (A1) - Span i (A PN) (5.5)

The difference between (4.8) and (5.4) is due to a difference in basis: as already noted in (4.3), in [32]
the gradings are (0,1,1,0), while in [22] the gradings are (0,0,1,1).
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where the matrix M, is given by (see (2.24))

M = eiln=12)Ih g cilyatr2)Th (5.6)

and J is the angular momentum charge.

Let us briefly recall the untwisted case 7; = 0. Based on the Hubbard-model results
in MR [32], Martins and Melo obtain in [27] the eigenvalues of the su(2|2) transfer matrix.
Hereafter we denote the latter reference by MM. Indeed, the eigenvalues of the transfer

matrix for a single copy of Hubbard are given by MR (89), MR (99), which can be rewritten
as MM (30). Martins and Melo argue that MM (30) leads to the eigenvalues of the su(2|2)
transfer matrix in MM (32).

Turning now to the twisted case, we use the same logic to conclude that our re-
sult (4.31) for twisted Hubbard implies that the eigenvalues of the twisted AdS/CFT
transfer matrix (5.5) are given by (cf. MM (32))

Dpi

N N m
A\ — I & SERCDRECVINICOR » SRE RO EraeY)
A(A)—ESO(A,pz) lli];[l[m )_x_(A)} n(A)j];[ln(A)mA)_ﬁ(Aj)

where

xt(A) —at(N)) Py xt(N) + x+1()\) — [ — 2@9

() + oy A g }

g S {mlnw ] | AT
] i CVR SR U

my x*( j) _ ﬁl()\)
+H?7(A)[ 1
P 2= ()
N[]— Lo F(p) — ot N m zt(N) — L
- e~ Wat ) | [T (i) — 2 ()] n(p:) i) 7 ety
re I, 7™ ] bty oy 117 [ww)—xl@)”

N
Il
M
|
5
—
>
=
3
—
2
<

N T _
X 02H = (pi) —x+()\)} n(pi) T7 n()\)x A) —a (A
i Lzt () —a= (N ] n(A) 5 Tat (V) — a2t ()
B R I B o St e O I SRR I
N m et e) ) | T et ) — et () | et )+ Ly i
+ ﬁn(A) [ﬁOj) - r+1(A)] ﬁ TN+ oy T 5
L) =y L W oy —
N 1 . N o
to IHF “A)ﬁ(p')“ﬁ(m - ﬁ(w 100 T, r (i) m*(A)] ] (5.7)
1 _ . ,
21 L1 o o o L8 ) =27 O n0) 537 [F () =
o1 = eMN2e=inm 20 =12)J/2 o) = gmMN/2gimm/26i(v3+72) /2 (5.8)
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The corresponding Bethe equations are therefore (cf. MM (33)):

! ~ )
0" = TN o, T 5
j = 17...7m1’
ﬁ [ww)—m )] o ﬁwww oy
€2 ; npi) = ) . -
=1 L7 Oy) =t (pi) =1 7 (M) + m+(1>}j) — 1= g
J= 1’ '>mla
ﬁﬂl_ﬁw)‘rﬁxnﬂl | AR T I
[l 2 - 7 ~ j ) I 25
j=1 My — 1‘+()\j) - $+(1)\j) - 229 Z;ll My — Mg — ;
- : 1 )
=t () = wrGp) T20 TRt ,
1 P S | M Y R S O
j=1 Hr— ( j) - at+ () T 29 Z;éll iy — ,Uk g

In terms of the notation in MM (45), (46), and using the fact n(\) = e**/2, these Bethe

equations become'!
N (1) m$? 2t (A ! Doy g
] [:ﬁ(Aj ) - (m)] 2 T oy TR T 2
ce? 1 - 1 - i
St ) — et ] s e S+ e =
J
j=1,...,m", (5.10)
N (2) m? $+()\(-2))+ 1 [ 4 0
e [ 2T =2 () 2 j @y TR T2
eoe'> ] L@y - 1@ )y S i
i=1L¥ ()‘j ) —at(pi) =1 T ()‘j ) (@) THET T g
J
j=1,...,m?, (5.11)
@ @) 4@ m® _(a o)
nﬁﬂ s f+<A<">>+29—ﬁﬂz() By
L1 ~(a0) /(o) 1 i ~(a) _ ~() i’
j=1 Mg z ()\J ) @) T 29 llz;ll My My g

I=1,...,m: a=1,2, (512)
where P = Zgzl pi is the total momentum. Following the change in notation in MM
(47)-(49), (51), so that

N =Ky, mgl):Kl—FKgg, m§2):K5+K7, mgl):Kg, mgQ):KG, (5.13)

and the coefficients (5.8) are given by
¢ = eME—Ks—KD)[2,i(=72)0/2 ) — pmin(Ka—Ki=K3)/2,i(05+72)J/2 (5.14)

1)

. 2 .
"Note that m; — m; g mg ) for j=12.
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egs. (5.10), (5.11) become (cf. MM (52))

Ky 1— g*

i
i Ty, up; — Uz + .
cre PP 40T _|| J 2 i=1,...,K; (5.15)
g _ _ 1
T 1 ULy — U0 — 9
954 iT1,j
Ko i
Ty, =T uz;j — U +
iP/2 4 3,J 3,j 2,07 o
clel / I | — iy J= 1,. ,K3 (516)
T35 =] U3y — U201 — o
K¢ i
Ty — T5i L
4~ Ts, U5, — U+
ce’P/Qll ‘ = J 2 j=1,...,Ks (5.17)
(3
—Ts5j L Usg — UGl — o
2
Ky 1— g i
_ T, .T7 w7 — Ug,l +
e PP ] 4; 7= || J 2, j=1,...,K; (5.18)
1-— Ur,5 — Ul —
i=1 i x =1 "%J 2

The undeformed egs. (5.12) become the same as MM (53), namely,

Kl 1 K3 3 KQ .
Uz — Ul + 4 Ul —U3j+ o H U] — U2k + 2 -1 K
i i . — L L) 2
jo1 U2 T UL T g S5 U2 T UBG T g oy W2 T U2k — 1
k£l

i Kz i Kg .
U, — Us,j + 4 Ul — U7+ o H Uug,] — Ug,k + ¢

i i i
1 U6 T Usj T g 5 U6 — U g UG T UGk —
k#l

Finally, we consider the equations for the type-4 Bethe roots (i.e., corresponding to
the middle node of the Dynkin diagram). These come from the Bethe-Yang equations
(cf. (3.36))

et = Apr)

Al - 2
= ci1e H [SO(pk,pi)iwLEpi) - f_(l)k) 77(]9@')}

P pi) — 2~ (pr) n(pr)
T e ) = et O e (o) 2t ()
) H n(pk)l“*(l?k) — a7t (A)) ]Hln(pk)x*(pk) —at(ly)’ >20)

where we have used our result (5.7) for A(\). Setting

L=-J (5.21)

as proposed by MM, substituting the result for the scalar factor from MM (36), and chang-

,23,



ing notations as above, we obtain (cf. MM (50))
2

N I

1 1 K4 xi’k _ 1.4 Z‘+ $,
i J+Ka— L (K3—K1)— L (K5— K P , i 4674, 2
PR THKa = (Ko = K1) =3 (Ks=KD)] — ¢, ¢ Il , 2 [o(pk; pi)]

_ ot g
e R N e
i#£k 4,k%4,i
2
Ks .— .. K 1— 9
Ly — L3, Ty T1,j
<] ~ I,
. X — 5[33" . 1 —
.]_1 47k J .7_1 mkalvj
2
Ks .— K:1— 9
X — I5.4 .
4.k 5,J Ty 7,5
X v 11 Y k=1 Ky (5.22)
I —T55 51—
j=1 4.k J Jj=1 mka77j

For the undeformed case ; = 0, one recovers the corresponding Bethe equations of Beisert
and Staudacher [18] by setting P = 0 and recalling the result for the angular momentum
charge

1 1
JZﬁ—K4—|-2(K3—K1)+2(K5—K7), (523)

where we denote by £ the parameter used in [9, 18] to identify the length of the chain.

The twisted transfer matrix eigenvalue (5.7), which we have obtained from diagonaliz-
ing the twisted transfer matrix (5.5) based on the twisted scattering matrix (5.2) and the
twisted boundary condition (5.6), is equivalent to the transfer matrix eigenvalue proposed
in [16]; and for the special case of B-deformation, it is equivalent to the result in [17].

6 Comparison with BR

The paper [9] of Beisert and Roiban, to which we refer by BR, proposes a three-parameter
(71,72,73) deformation of the all-loop asymptotic Bethe equations of Beisert and Stau-
dacher [18]. The (-deformation [4] corresponds to a special case with N' = 1 supersymme-

try,
Y1 =72 ="73=270. (6.1)

The deformed all-loop Bethe equations are given by BR (5.39)

7 Kj/

A . e — e+ M
Ay =1, AU [T 11 ujk uj v MH =1, (62
ji=1 k=1 Wik T Uitk T oMy
(7' k")# (k)
where
aE o M
=] " U@ =03 =" () = Ur@) = ][ Sax(@ap,2)  (6:3)
k=1 "4,k k=1

— 24 —
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Figure 1. Dynkin diagram of su(2,2[4).

and

T L Ky K3 Ks K7
U4($) = Us(x) < +> H S;llx(xaxl,k) H Saux(xavr?),k) H Saux(xaxfj,k) H Sa:llx(x>$7,k)-

v k=1 k=1 k=1 k=1

(6.4)
Moreover,
1—¢%/aix asl
Sac(wn ) = L LI gy T o) (6.5)

1—g?/ayxy’ P

For the “su(2)” grading with 7y = 12 = +1 which we consider here, M; ;s is the Cartan
matrix specified by figure 1 (see eq. (5.1) in [18]), and the twist matrix A is given!? by
BR (5.24). It then follows from BR (4.27) that

1
(AK)o = 5 [v2 (K1 — K3 + K5 + K7)

+v3 (K1 + K3 — 2Ky + K5 + K7) |, (6.7)

(AK); = (AK)g =0, (6.8)

(AK)1 + ,(AK)o = — [(3 = 12)J + 71 (i — K5 — K7)] (6.9
(AK); — ;(AK)O — (AK): + ;(AK)O, (6.10)
(AK)s — ) (AK)o = — [(75+ 7). — 1 (Ks — Ky — K3)] (6.11)
(AK); + ;(AK)O — (AK); - ;(AK)O, (6.12)
(AK); + (AK)y = 73 — ;% (K5 + K — Ky — Ks) . (6.13)

Note that eqs. (6.2) and (6.3) imply that the total momentum P is given by

P =—(AK),. (6.14)

We now compare the BR Bethe equations with the ones which we derived in the
previous section.

12This matrix is given in terms of the parameters (81, d2,d3), which are related to (vy1,72,7vs) through
egs. BR (5.2) and BR (5.3); i.e.,

Y1 = —01 — 209 — 53, Y2 = -0 — 53, Y3 = —01 +03. (66)
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The fact that egs. (5.19) are not deformed matches with (6.8) and (6.2) with j = 2,6.
In order to facilitate the further comparisons, let us rewrite eqs. (5.15)—(5.18) in the
form (6.2):

Ky 1 - +g Ko 7
1 Ty T uyj —uzp+ :
o 1iP/2 4,113 J 2 =1, j=1,...,.K, (6.15)
! 1 g? UL — U ; ’ Y ’
=1t T g gy, =1 T T
Ky + Ko 7
_ Ty, — T3 ug j — Uz +
—1 —iP/2 4, 2] 3,J 2,07 2 ;
cyle P/ || - ‘ ' ;=1 7=1...,Ks, (6.16)
im1 Tai — U35 U3 U1 4
Ky 4 K 7
‘ Ty, — T5 us; — Ug | +
1 —iP/2 4, 5,3 5,J 6,1 2 ;
Cy € / || - ) ) i =1 j=1,... K5, (617)
i=1 T T F5g 1y Us T UGL T g
2
Ky 1 - +g KG 7
IR Ty L7 'U/?7 i — u67l + .
= 14iP/2 4,775 J 2 -1, j=1,...,K7. (6.18)
2 g2 u o u - i b 7 9
-1 1— =1 T 617 2

Substituting for P using (6.14), and noting the identities (proved using (5.14), (5.23)
and (6.7)-(6.12)),

CIIGZP/Q 6Z(AK)l CIIB_ZP/Q 6Z(AK)3 ,

)

cQ—lefiP/2 — ei(AK)5 , cQ—leiP/Q — ei(AK)7 , (619)

we see that egs. (6.15)—(6.18) match with (6.2) with j = 1,3,5,7 respectively. Moreover,
the identity

crege’l = e(AK) (6.20)

implies that (5.22) matches with (6.2) with j = 4. In summary, provided we take P as
in (6.14), the Bethe equations of section 5 match with those in BR.

7 Discussion

We have shown that the Beisert-Roiban Bethe equations (6.2) for the 3-parameter defor-
mation of AdSs5/CFTy can be derived from the S-matrix with the Drinfeld-Reshetikhin
twist (5.2)—(5.4), together with the c-number twist (5.6) of the boundary conditions. This
result places the twisted Bethe equations on a firmer conceptual footing. Our result also
reproduces the proposed twisted transfer matrix eigenvalue of [16]. As explained in ap-
pendix C, this result also justifies the deformed S-matrix elements used in [15] to compute
the anomalous dimension of the Konishi operator in (-deformed N' = 4 SYM via the
Liischer formula. Indeed, we can recover with our approach the Liischer correction for all
known cases in the literature, both su(2) and sl(2).

We demonstrate in appendix D that the transfer matrix is spectrally equivalent to
a transfer matrix which is constructed using instead untwisted S-matrices and boundary
conditions with operatorial twists. It is the latter type of transfer matrix which is
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considered in [17]. A similar spectral equivalence was noted for the [-deformed su(2)
sector at one loop in [5]. Finally, in appendix E we transform our twisted Bethe ansatz
results from the “su(2)” grading to the “sl(2)” grading, and show that the results agree
with both [9] and [17].

The scattering matrix is a fundamental object in integrable systems and can be checked
by various means. As its semiclassical limit corresponds to time delays, it would be nice
to check our proposal against a classical string theory calculation based directly on the
Lunin-Maldacena [6] background.
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A Derivation of the exchange relations

An important ingredient of the algebraic Bethe ansatz approach is the set of exchange
relations which are obeyed by the matrix elements of the monodromy matrix. Here we
explain how to derive the exchange relations used in this paper.

A.1 su(2) principal chiral model

The exchange relations for the spin-1/2 XXX quantum spin chain are well known (see, for
example, [50, 51]). We shall need the relations between the diagonal operators A, D and
the creation operator B

A(u) B(v) = " B(v) A(u) + " _ vB(u) Av), (A1)
D BE) =" " " B Dw - " B)Dw), (A.2)

as well as relations among the diagonal operators,

[A(u) , A(v)] = [D(u), D(v)] =0, (A.3)
D(u) A(v) = A(v) D(u) + ! (B(v)C(u) — B(u) C(v)) . (A.4)

u—v
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The same relations hold for the corresponding dotted operators A, B, C, D; and the dotted
and undotted operators commute with each other.

The exchange relations between the diagonal operators 7;; and the creation operators
712,713 can be classified into two types, depending on whether they make use of (A.3)
or (A.4). The former are very simple, and are given in (3.18); the latter are more compli-
cated, and are given in (3.19).

The first exchange relation in (3.18) can be easily derived using (A.1) and (A.3):

Tin(u) Tis(0) = A(w) A(u) B(v) A(v)
A(u) B(v)A(u) A(v)

u—v u—v
uUu—v—

_ "To(0) T + ' Tis() T (), (A5)

u—"2v U —

and the remaining relations in (3.18) can be derived in a similar way.
The derivation of the first exchange relation in (3.19) also begins in a similar way:

Toa(u) Tis (v) = A(w) D(u) B(v) A(v)
A(w) B(v) D(u) A(v)

u—v u—v
uUu—v—1 . . )

- B) AwD(w) Aw) + " Tu(@)Tu(e).  (A6)

u—"v u —

We next observe that the first term on the r.h.s. can be re-expressed using (A.4) as follows

_ B)A@w) |Aw) D)+ © B@)Cw) — ' B)Cw)

Finally, we use again (A.1l) to re-write the final term in (A.7) as

i(i(tu—_vv;i) B(v) A(u) B(u) C(v)
— _z‘(z(tu—_vv;i) ) 1_‘; i Z,A(u) B(v) — . :} B Z,B(u) A(w)| B(u) C(v)
= T T(o) - " ! ) Tl (o). A8)

Combining the results (A.6)—(A.8), we arrive at the first exchange relation in (3.19). The
remaining relations in (3.19) can be derived in a similar way.

,28,



We remark that one can generate many other ( “bad”) exchange relations which differ
from those given in (3.19). What singles out those in (3.19) is that the diagonal term gives
the “wanted” contribution, while the rest of the terms give “unwanted” contributions. To
get this right, it helps to know the desired final result, which was first found by other
means in Sec 3.1. A further useful check is that these exchange relations have simple
deformations (3.25), which does not seem to be the case for “bad” exchange relations.

A.2 Two copies of the Hubbard model

The exchange relations between the diagonal operators B, A;;, D and the creation operators
Bj are given in MR (34)-(36). For example,

BO) By ) = 20 B ) B - T VB0 B, =12 (A9)
5By = =" B0 40+ I B0 a50, T=12 (Ao)

where there is no sum over repeated indices. We shall also need exchange relations among
the diagonal operators (see (12.D.1) in [52]),

B B(u) =B BON. (A.11)
A5 B = B A — " (B 000 - BN C) . j=12, (A12)

ag(A, )
A0 D) = Do) Ay ) = " (€30 B0 = G500 By )+ =12 (A3
DOV B0 = B D) = 240 ) (F ) €)= Flo) €0) (A1)
=8O (B 3) Cal) — B3O Cal)+ Ba) GO — Bal) GOV

The same relations hold for the corresponding dotted operators.

The exchange relations between the diagonal operators 7 ; and the creation opera-
tors 712,713,715, 71,9 can be classified into four types, depending on which of the four
relations (A.11)—(A.14) they make use of. The relations of the first type which make use
of (A.11) are the simplest; while the relations of the fourth type which make use of (A.14)
are the most complicated. All of these relations can be derived using the same procedure
which we used for the principal chiral model.

Here is an example of the first type:

711N Ti2(p) = B(A) B(A) B(p) Bi ()
= B\ B(x) BO\) Bi(w) |
— BO) B ij&’j))Blw)B(A)— o) B3 Bl
= R ) - PR T, ()

where we have used (A.9) to pass to the third line.
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For an example of the second type, let us consider

To2(N) Tis(n) = BOY) Au(V) By(p) B()

= B.()\) By (1) A () B(p) |
- ff((ﬁ ’AA; Bilw) BA) - ff((ﬁ,’f)) Bi(V) B(w)| An(N) B(n)
_ ia?(/" >‘)

= ag(p,N) Bi(p) B(A) Ay (N) B(p) — ij;((i’;\))%76()\)ﬂ71(ﬂ), (A.16)

The first term on the r.h.s. can be re-expressed using (A.12) as follows

10 (M’ >‘)
059(/" >‘)

s A) o iason) -
= B BOY B An ) = (B ) - By cl(ﬂ))]
az(p, A
A

ics (1, V) 105 )1 ) T (V)
a9 (p,
B

Bi(n) B(A) A1 (X) B(p)

= Ti5(p) T22(A) + Jas (A, 1)

g, )\)
(M) Cr(p) - (A.17)

Bi(\) B(u)| Bi(X) C1(p)

Qs (M’ )\)Oég;()\, lu’)
" gl g, N A0 (A9

Combining the results (A.16)—(A.18), we arrive at the exchange relation

o
S,
>
=
o

ok, A) a2k, A)ars (A, )
ag(, ) T 2N 0 0y o) Ba()

e BN Taa( + 0 o) T

_as(p, Mas (A, p)
o Mag(A, o) TN T2 () (A.19)

An example of an exchange relation of the fourth type, which can be derived in a

Too(N) Ti5(p) =

similar manner using (A.10) and (A.14), is

_dar (A, p)

TosON) i) — Ts(0) Tos(N) + SN 1 00 T s ()

| ag(\, 1) ag(A, )

= ooy T T ) = LS () Tr0) = i o)
o T Tasli) = " (o) Tosr) — Tos ) Tasl) (A.20)
oy T s+ ) (s T = T T
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It is not feasible to present all 64 exchange relations in their entirety. Nevertheless,
the “wanted” (diagonal) terms of all these exchange relations are given in (4.16).

B Crossing symmetry

We verify here that the twisted S-matrix (5.2) has the standard crossing symmetry prop-
erty. For a single copy of the untwisted su(2]2) S-matrix in the elliptic parametrization [25],
the crossing relation [23] is given by

Cr1S14 (21, 22)C1S12(21 + wa, 20) = Lo, Oy ' S7h(21,20)C1S12(21, 20 — wo) = L1z, (B.1)

where C' is the 4 x 4 matrix given by

c::<“29 ), (B.2)
0 20 2
and o9 is the second Pauli matrix.

We write the full untwisted su(2]2)? S-matrix (5.1) as

S1234(21, 22) = S13(21, 22) S24(21, 22) - (B.3)
One can easily check that it obeys the crossing relation
CTC I (21, 20)C1CaS1934 (21 + wa, 22) = T1234, (B.4)

and a similar second relation. We write the twisted S-matrix (5.2) as

S1234(21, 22) = Fiasa S1234(21, 22) Fioza (B.5)
It should obey the same crossing relation, i.e.,
Cy ' Cy STy (21, 22)C1Ca8 1934 (21 + wa, 22) = Niaza - (B.6)

We find that the twist matrix F' (5.3) obeys the relation
O Oy Fig3s 010y = Froh, (B.7)

Using this identity, one can check that the crossing relation (B.6) is indeed satisfied.

C Liuscher correction

We show here that the proposed twisted scattering matrix and twisted boundary condition
reproduce the wrapping correction not only for the Konishi operator [15] but also for generic
multiparticle states both in the su(2) and in the sl(2) sectors analyzed in [16, 17].

Let us start with the su(2) sector. It consists of identical particles carrying the labels
11 = X. In the Liischer correction, we need the scattering matrix of the X particle on the
mirror boundstates. Since only the Ry charge gives a nonvanishing contribution on X, the

twist factor of the scattering matrix will be
F = emel®Rs _ qH®R2 , (C.1)

where in the last equality we focus on the S-deformation only: vio = %7 =73, and g = €™,
Evaluating Rs on the mirror boundstates gives the following twist of the S-matrix elements:
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|Br)r  |Br)ir |Fe)r | Fe)r |Be)r 1B |Ev) 1 |Fer
1 1 1 q g ! 1 1 1 g ! q

Taking into account that the scattering is diagonal in this sector, the wrapping correction
for N particles of type 11 will contain the N** power of the above expressions.
Additionally, we also have to remember that the mirror boundstate should satisfy the

twisted boundary condition, which for o3 = y13 = 57 reads as: ¢*/ ("®1)  In detail, we
have
|Br)r  |Bryrr |Fr)r [ Fr)ir Be)r |Br)ir |Fe)r |Fe)in
BC 1 1 1 1 BC 1 1 A

Combining the two results, we can equivalently describe our deformation with a different
twisted boundary condition (BC”) given by

|Br)r  |Br)rr |Fe)r | Fe)ir Be)r  |Be)rr |Ee)r |Fe)n
BCI 1 1 qN qu BC/ 1 1 q2J7N q72J+N

which completely agrees with the su(2) part of table 1 in [17]. As the scatterings in the
sl(2) sectors are not twisted, our twisted boundary conditions are equivalent to the sl(2)
part of table 1 in [17].

D Operatorial twists of the boundary conditions

We demonstrate here that our transfer matrix, which is constructed with twisted S-matrices
and boundary conditions with c-number twists, is spectrally equivalent to a transfer matrix
which is constructed with untwisted S-matrices and boundary conditions with operatorial
twists. It is the latter type of transfer matrix which is considered in [17]. Moreover, we
show directly that the same twisted Bethe equations can also be derived starting from the

latter transfer matrix.

D.1  su(2) principal chiral model

For the case of the su(2) principal chiral model, the transfer matrix is given by (3.8). Let
us now streamline the notation, and denote aa by A, and jj by j for j = 1,...,L. The
transfer matrix (3.8) then takes the form

L
tHu) =traMaTa(w),  Ta(uw) =[] Sa(u), (D.1)
j=1

where
Saj(w) = Faj Saj(u) Faj . (D.2)
The F-matrix satisfies [31]

Fio Fi3 Fo3 = Fyg Fi3 Fio (D.3)
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as well as
Si2(u) Fi3 Fog = Fog F13 S12(u) . (D.4)

This equation means that the twist appears as a seam (defect) in the spin chain, whose
location can be changed without altering the spectrum [53]. To see this, we observe that
under spectral equivalence (=) the S-matrix and the F-matrix acting in different quantum
spaces commute,

Slg(u) Fi3 = F23(F13 Slg(u)) F2_31 = Fi3 Slg(u) . (D.5)
The same is true for F-matrices,
Fio Fi3 = Fo3(Fi3 Fio) Foy' = Fiz Fio. (D.6)

The transfer matrix (D.1) can therefore be written as

L

f(u) = tra MAHFAj SAj(u) Fyj
j=1

L L
=tra Mgy H FEU HSA](U)
j=1  j=1

= try MATA(U), (D.?)
where
~ L L
Ma=MAJ]F3;,  Talw) =] Sai(u). (D.8)
j=1 j=1

This shows that the transfer matrix (D.1) (which is constructed with the twisted S-matrices
S and the matrix M4 which acts only on the auxiliary space) is spectrally equivalent to

the transfer matrix (D.7) (which is constructed with the untwisted S-matrices S and the

matrix M4 which acts also on all the quantum spaces).'?

Let us now explicitly evaluate M4. The F-matrix (3.6) can be rewritten as

Faj = o1 (HaHj—HaH;) , (D.9)

where we have defined H = h @I and H = [ ® h. Hence,

L . .
H Fij — 2 [Ha ZJL:1 Hj—Hy Zf:l Hj . (D.10)
7j=1

Moreover, My (3.10) can be rewritten as

My = eiVQHA-FiVBHA ) (D.11)

13 A similar observation has been made by Foerster, Links and Roditi [36].
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Hence, M4 in (D.8) is given by
MA _ ei(“f2+2“/1 Zle Hj)HAJri(’YS*?“ﬂ Z;-;l Hj)HA

— i(tmS)h g =2 (D.12)

where the spin operators are given by

L L
S*=Y_H;, S°=) Hj. (D.13)

j=1 j=1

Evidently, M4 contains spin operators which act on the quantum space.
Finally, let us derive the Bethe equations corresponding to the transfer matrix (D.7).
Using (D.12), we see that this transfer matrix is given by

f(u) = eé[V2+73+2w(52—5z)]7'11(u) + eé[72—73+2w(5‘z+5z)]7-22(u)

—|—eé [“13*“/2*2’71 (SZ+SZ)]IZ%3(U) +e” 5 [’Yz+’¥3+2“/1 (SZfSZ)]IZM(u) ] (D.14)
Recall that the spin operators satisfy the commutation relations
[S%,B(u)] = =B(u), [S%,A(u)] = [S7,D(u)] =0, (D.15)

and similarly for the operators with dots. Hence, the commutation relations of the spin
operators with the creation operators are given by

(8%, T3(u)] = —T13(u), [S*, Ti2(u)] =0
[s’z ,:rlg(u)] —0, [s ,ﬂg(u)} — Tio(u). (D.16)

Moreover, acting on the pseudovacuum,
S0 010) = Y0 @), S0 l0) = (0ed). (D7)
Therefore, acting on a general state (3.20),
eSIAY = e (Emm)|A) e |A) = (5| (D.18)

Acting with the transfer matrix (D.14) on a general state (3.20), we see (using also the
untwisted exchange relations (3.18), (3.19) and the pseudovacuum eigenvalues (3.21)) that
the corresponding eigenvalues are given by the same expression (3.29) which we obtained
before. Hence, we arrive at the same twisted Bethe equations as before.

D.2 Two copies of the Hubbard model

For the case of two copies of the Hubbard model, the same argument as above implies that
the transfer matrix (4.9) is spectrally equivalent to

t()\) == StI‘ad Mad%d()\) s (Dlg)
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where the monodromy matrix To4(\) is not twisted, but the diagonal matrix M contains
spin-like operators which act on the quantum space,

M = 02t g ilys—m1n7)h ’ (D.20)

where the n* operator is defined in MR (136). The matrix h is now given by (4.8).
The operator n* has the following property given in MR (139)

[nz ,E(A)} = —B(\). (D.21)
Hence, the commutation relations of n* and 7)* with the creation operators are given by

* 72N = [0*, 73N =0, [0°,Tis(N)]=-T15(0), 07, Ti9(N)] = -T19(N),
[1°, Ti2(N)] = —T12(\), 07, T1i3(N)] = -T13(A), [0, Tis(N)] =[0",T1,0(N)] =0.

(D.22)
Moreover, acting on the pseudovacuum,
7°(10) @ 10) = L(|0) ®0)) . 7(10) @ |0)) = L(|0) ® 0)). (D.23)
Therefore, acting on a general state,
eNMIA) = T ETIIAY T |A) = VT (D.24)

Acting with the transfer matrix (D.19) on a general state, we find (using also the untwisted
exchange relations (4.16) and the pseudovacuum eigenvalues (4.19)) that the corresponding
eigenvalues are given by the same expression (4.31) which we obtained before. Hence, we
arrive at the same twisted Bethe equations as before.

D.3 AdS/CFT

For the AdS/CFT case, it now follows that the transfer matrix (5.5) is spectrally equivalent
to

t(A) = strag MaaSas0i(Asp1) - SadNN()‘va) ) (D.25)
where the matrix M, is given by

N = eila=) I+ lh g ilta+r2) Tl (D.26)

and h is given by (5.4). This leads to the same eigenvalues (5.7), and therefore the BR
Bethe equations.

E sl(2) grading

Here we transform our twisted Bethe ansatz results from the “su(2)” grading to the “sl(2)”
grading, and show that the results agree with both [9] and [17].
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We recall that the eigenvalues of the twisted AdS/CFT transfer matrix (5.5) in the
(2) grading are given by (5.7), which we now abbreviate as follows
N

Reur ) =TT 500020 [A1(3) = A2(0) = As(0) + Aa(V] [A1(3) = Ao(3) = Aa(A) +Aa()
1=1

(E.1)
In order to obtain the corresponding expression in the sl(2) grading, we perform a dual-
ization on the fermionic roots z™(\;) [20, 21, 54] by noting that the first Bethe equation
in (5.9) is an algebraic equation ¢(z™();)) = 0, where ¢(z) is given by

N B ma 1 ) i
o) = e [noate —o @ [ Lo ()~ )

N . mo 1 . i
_il;[l(x—x (pi))ll;[lx<m+x—m+29> . (E.2)

Note that we have included a factor ™2 to ensure that ¢(x) is a polynomial in z of degree
N + 2my. This polynomial has my roots z*(\;) and m; additional roots z*();), where

().
m1 = N + 2msy — mq. It can therefore be written also in the following factorized form

mi ml
x) = cH (z =2t (\))) H (x — x+()\j)) , (E.3)
j=1 j=1
where ¢ is some non-vanishing constant. The equality of (E.2) and (E.3) implies that the
function Q(z) defined by

mi

Q(x)_H(.%'—I'"" H .%' 1__’_

J=1

N
N ) ()
i=1

is independent of .

Q1/z*(N) =@

m2

N .
“(p; x|z ! — [ !
L )) [cliHlmpi)(x—x ) [To(o+ | )

e —
=1
i 7
L. 122/ 2

ES

(E.4)
The identities following from Q (zT(\)) = Q(z~(\)) and
(1/z= (X)) imply that

N + — mi — —+
_ oy NTTE ) — 2T () T (M) — 2T ()
Bk § A | Y

A) =2t (A))
N my = P [
- r= () = (o) 71 & W oy T
X [1 01}177(1?@)96 ()‘)_x+(pi)zl;[1x_()‘)+x—l(,\) iy + 2zg
= A (N) — Aa(N), (E.5)
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and
N+ + m
Y0 1 A A AR OB o ECY
— As(\) + Ay(N) = pN)™m N
R | ] | S
m - 1 ~ 1 N
y [—ﬁ Ny TR [ = W0y )]
- 1 ~ 1 i
e e L s e L)
iy [x—(x)r” l”l[ 1y — 2 ) ﬁx_()\) —a (py)
ery] Mooy o0y Loy o)
N m2 gt (N + A~ No1-— L
1 zt(\) 29 at (N~ (pi)
X | =¢ HU(M)H 1 ~ i + H 1
i=1 =1 +(>‘) + zt(\) e — 29 i=1 1 - xzt Nzt (pi)
= —A5(N) + A (V) (E.6)
respectively. Performing an analogous dualization for the roots zt(\;) in Aj(\) — Ag())
and —Az(\) + A4()\), and recalling that n(\) = \/ifgg, we arrive at the desired result for
the dual eigenvalues of the twisted AdS/CFT transfer matrix
N ﬁ’Ll by N _
i Lozt (A) =z (X) = (A) =2 (pi)
Aaz(N) = [ So(\pi)? U= n(pi
2(3) Zl;ll o) []1;[1 nA) 2= () — 2t ())) 21;[1 z=(A) —at(pi) (23
B O N L I AR Vit
1 5 ~ i
- n(A) = (A) —at(N)) x=(N\) + L + 94

et 1 -
a jl_[177()‘) T (Ag) = pron J i
N 1= 1 _ _ mi + 5\ _ 1
e W) | [27 (1) — 2~ (N) 127 (N) — -y
+¢Hl 1= ot et (o) L*(m) —w(A)} o A [x+(5\j) - xf@)”
) ppr () -2 (m)
) ) — v

X ~
21N e=() =2t () i
o] 1[ﬁ@%wﬂ&>mxﬂﬁ+rb—m—i
C2 z . -
1 T La= () — 2+t () i ™ N + oy — it
i gy 1 S 1
i o[ o e
2 1) e+ () - sy ] 51 )+ oy T g
N _ 1 _ _ m +(y.)y_ 1
+]1 L= aroe o | o) == W] 17 1|7 ) e (E.7)
T et | Loty == o0 J Mooy | gy - 0[]0 ™
i=1 T (N (pi) ! j=1 z ()\j) Tzt ())
where the twist factors can be expressed in terms of m; and My as follows
o = (13 H2)J/2 =i (1 —2m2)/2 (E.8)

= et (13=72)J/2 i1 (M1 —2miz) /2 ’
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If we identify ¢; (c2) with e’ (e'®r), the eigenvalue of the “left (rlght) wing” transfer
matrix matches the expression (8.1) of [17] with @Q = 1, once we map = — 2T, g — —g/2,
at(N) = yb (@ () = 2, = w) (i — w}), and N = K', iy = K{1, my = K1
(Thl = K%I, ’I’hg = K%H)I

K
=\ y
Ty, (v] @) = ! ,m+ T
i=1
K{I + 1.1 1 K
+ yl—z~ \/:v+ A T u} H [(x*—m;)(lfm*xzr) :v+]
A 1%’1*1* oot - Y L@t e -ata) o
i= i=
KH
+ gt o
yZ - \/;,ﬁr H x T, T,
— . X E.9
YA (E:9)

KIII K
1 1 1 + ! 1, 3i
[1e%} w; zJF g 1o y, 1 et wi zt + g
X q € 1t + +e U RTINS g4 L4 (s
- wi —x + Yi 1 =+ T g Wy=TT— + 7Ty
=1 =1 7 oa=1
where we use the identities:

1 1 21 - 1 — —
et e | T e L et @

ot 1
+ T, 1 1 _ _ _ T —x 1— )
Yi—x |: z +ac+ Yi vi :| o yi_ac+ ($ —x; )(1—1‘ mj_) T ( B )( :c_ac;F

)
g z (t—z;)(1- 717)
41 3@ =1 i
w; —T x++g Wi x—+g (E 10)
wi—zt— L4t T g 1 i .
g xt g v T g9

The Bethe equations corresponding to the eigenvalues (E.7) are given by:

N ~ - ma +/Y . 1~ o~ 7
O ] FT O
]: yeey 1ML,

~ ~ S 1 - . .
) = ) T Tt

2 j g g
cll—I~ - 1 , :1_[~ ~ c, l=1,...,m9,
j=1 = .%'+()\j) - (X)) - 2Zg Z;ll M — g — ;
. 2 + 3 1 7 . . .
my fip —x () — .+ me &~ i
cgﬂ (.j) ) M ﬁ’.” Mty e (B
s -ty - = wor B Pk —

at(N) 29 pA

which match the equations (8.2) in [17], via the identifications used above. Following
the change in notation in MM (47)-(49), (51), so that m; — mﬁ” , My +— mgl) My =
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2 (2)

my’ Mg — my  and
N=K;, m\" =K +K;, m=K;+ Ky, m" =Ky, m? =Ks,
then the coefficients (E.8) are given by
i(vs—2)J/2 i1 (Ks5+K7—2Kg)/2 i(3+72)J/2 ,—im (K1+K3—2K>2) /2

Cl =¢€ (& s Cy = € s

and the first two equations in (E.11) become

2

Kil— 9 K i
i Ty LT Ui; — U2l — 9 . >
cle zP/QH 4,;21,J H 3J L =1, j=1, VK

i1 - ot ep, 1= U — U2l o

i
T, — T; 3 ~—u — ~

4, 3, 2,07 2
cleZP/QH ! ]H =1 j=1,...,K;3

21£C4Z—£l73]11 '_u2yl+2

KG A
T, Uz . — U — ~

P/2 44 5,5 6, 2 .

026Z/H Zzly ]:15 5K5

42_ 5 1=1 Y _u6,l+2

2
Ky 11— Kg

ZAKQu Uo g + 1

2,0 — U2k

117 ’ =1, Il=1,..., K,
T

2

U] — U — 1
oy U2l 2.k

k£l

5 ) i Keg .
. Ul — Uz i — UGl — Uz i~ uﬁ,l—uﬁ,kJrl_l [—1 K
€2 H ZH lH .= 1 =1,..., ¢
- — 7,—|—2 - — —|—2 :1u6,l—u6,k—z

k£l

(E.12)

(E.13)

(B.14)

(E.15)

(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

One can recover the equations (E.11) and (E.20) also by dualizing directly (using the

relations (E.5), (E.6)) the corresponding Bethe equations in the su(2) grading, namely (5.9)
and (5.20). Setting again L = —.J, substituting the result for the scalar factor in MM (36)
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and changing notations, we obtain

L . Ko [p= _ pF 1- +g,
otk [J+ 3 (K3 —K1)+} (Ks—K7)] _ H[ 4k 4#] Ta,1%4,i [o( Nk

+ —
o1 | P4k — T4

. B
<1 WL ™2™, k=1 K (B21)

We can now recover the corresponding untwisted Bethe equations of Beisert and Stau-
dacher [18] in the grading 71 = 12 = —1 by setting P = 0 and recalling (see (5.6) in [18])
the definition of the angular momentum charge for that grading

J=L— (K3—Ky)— (K5 — K7). (E.22)

1 1
2 2
E.1 Comparison with BR

Since BR [9] does not explicitly consider the all-loop twisted Bethe equations in the sly
grading, a little more effort is required to make the comparison. The BR Bethe equations
in this grading are still given by (6.2), where now

Ui(e) = Uy '(z) = Uy (2) = Uz (2) = [ ] Sa(@as ) (E.23)

and

= L Ka Ky Ks
Uite) = Uo) (2, ) TT Sto00) TT Sumslo 1) TT St
k=1 k k=1

=1

K5 K7
X H Sa_ulx(xa xS,k) H Saux(x7 x?,k)- (E24)
k=1 k=1

(The quantities Uy, Saux , Us are the same as before, see (6.3), (6.5).)

For the sl grading with 71 = 72 = —1 which we now consider, M; ; is the Cartan
matrix specified by figure 2 (see eq. (5.1) in [18]). The twist matrix A is given by BR
(5.19)14

_ T T T T T T
A =0 (qpqqz - qqqu) + 02 (qqzqql ~ g qqz) + 03 (qq1 9 — qpqq1) ) (E.25)
“We note that eqs. (6.2) for 71 = 72 = —1 can be alternatively obtained by writing eqs. (6.1) in [55]
with n = —1, setting their twists as

el(Pi=dit1) _ —i(AK); ,

and, as suggested there, exchanging the twists ¢1 < ¢2, ¢z < Pa, P55 — @6, P7 — Ps.
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¥ O 8 0 K © &

Figure 2. Dynkin diagram of su(2,2[4) for ny = n = —1.

where we take the three charge vectors to be

q(n:( 0|+1’_2,+1’ 0’ Oa Oa 0)5
dp :(+1’ 07+17_17 07_17+17 0)7
ag =( 0/ 0, 0, 0, 0,+1,-2,+1), (E.26)

such that the Dynkin labels [q1, p, ¢2] in the grading n; = 72 = —1 (see, for instance, eq.
(5.3) in [18]) can be extracted as

qq, - K =q1, qy - K =p, dq - K= g2, (E.27)

where now K = (L| K1, Ky, K3, Ky, K5, K¢, K7). Explicitly, the twisting matrix A reads

0 —03 +203 —03 0 +01 —201 +61
+63 0 +63 —03 0 —d2 — 83 +262 + 63 —02
7253 753 0 +53 0 +01 + 202 + 253 —2081 — 469 — 253 +61 + 202
A — +63 +03 —03 0 0 —01—0d2 —3d3 +201 +202+d3 —61 — 02
0 0 0 0 0 0 0 0
—01 +62+93 —61 —202 —203 +61+d2+03 O 0 +41 —01
+261 —282 — 03 +281 + 402 + 203 —251 — 202 — o3 O —01 0 +01
—d1 +0d2 —81 — 2602 +91 + 62 0 +01 —01 0

It then follows from (6.6) and BR (4.27) that

1 ~ ~ ~ ~
(AK)O = 2 [’72 <K1 + K3 - K5 — K7 — 2K2 + 2K6)

+7v3 (—f{l —Kg—K5 —K7+2K2 +2K6)] R (E28)

(AK); — ;(AK)O = ; [(73 —72)J +m (Ks + K7 — 2K6)] ; (E.29)
(AK), = 2 [(AK>1 - §<AK>O} | (.30)

(AK)s + | (AK)o = (AK)1 — , (AK)y (E:31)
(AK); = 0. (E.32)

(AK)s + ) (AK)o = ) [ +92)T = (R + Ky — 213)] (5.3
(AK) = —2 [(AK)5 + ;(AK)O} , (E.34)

(AK); — ) (AK)y = (AK); +  (AK)y. (E.35)

As already noted in (6.14), the total momentum is given by P = —(AK)jy.
We now compare the BR Bethe equations with the ones which we derived above by
dualization. The fact that egs. (E.21) are not deformed matches with (E.32) and (6.2)
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with j = 4. Substituting for P using (6.14), and noting the following identities (proved
using (E.8), (E.22) and (E.28)-(E.35)),

¢~iP/2 _ i(AK)L iP/2 _ i(AK)s _

cile = , €2

CI2 _ ei(AK)z 02*2 _ ei(AK)G , (E36)

)

1 ’ C2ezP/2 _ 6z(AK)5 67@P/2 _ 6z(AK)7 ,

we see that egs. (E.14)—(E.19) match with (6.2) with j = 1,3,5,7,2,6 respectively.
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