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We investigate finite-size giant magnons propagating on γ -deformed AdS4 × CP3
γ type IIA string theory

background, dual to one parameter deformation of the N = 6 super Chern–Simons-matter theory.
Analyzing the finite-size effect on the dispersion relation, we find that it is modified compared to the
undeformed case, acquiring γ dependence.
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1. Introduction

Investigations on AdS/CFT duality [1] for theories with reduced or without supersymmetry are important not only conceptually, but
also for describing realistic physics. An example of such correspondence between gauge and string theory models with reduced super-
symmetry is provided by an exactly marginal deformation of N = 4 super Yang–Mills theory [2] and string theory on a β-deformed
AdS5 × S5 background suggested in [3]. When β ≡ γ is real, the deformed background can be obtained from AdS5 × S5 by the so-called
TsT transformation. It includes T-duality on one angle variable, a shift of another isometry variable, then a second T-duality on the first
angle [3,4].

Another interesting example is the duality between the γ -deformed AdS4 × CP3
γ type IIA string theory and one parameter deformation

of the ABJM theory [5], i.e. N = 6 super Chern–Simons-matter theory in three dimensions. The resulting theory has N = 2 supersymmetry
and the modified superpotential is [6]

Wγ ∝ Tr
(
e−iπγ /2 A1 B1 A2 B2 − eiπγ /2 A1 B2 A2 B1

)
. (1.1)

Here the chiral superfields Ai , Bi (i = 1,2) represent the matter part of the theory. As in the N = 4 super Yang–Mills case, the marginality
of the deformation translates into the fact that AdS4 part of the background is untouched. Taking into account that CP3 has three isometric
coordinates, one can consider a chain of three TsT transformations. The result is a regular three-parameter deformation of AdS4 ×CP3 string
background, dual to a non-supersymmetric deformation of ABJM theory, which reduces to the supersymmetric one by putting γ1 = γ2 = 0
and γ3 = γ [6].

The dispersion relation for the giant magnon [7] in the γ -deformed AdS4 × CP3
γ background, carrying two nonzero angular momenta,

has been found in [8]. Here we are interested in obtaining the finite-size correction to it. To this end, in Section 2 we introduce the γ -
deformed background, consider strings on the Rt × R P 3

γ subspace of AdS4 × CP3
γ , and find the exact expressions for the conserved charges

and the angular differences. In Section 3 we perform the necessary expansions, and derive the leading corrections to the dispersion
relations of giant magnons with one and two angular momenta. In Section 4 we conclude with some remarks.

2. Exact results

Let us first write down the deformed background. It is given by [6]2

ds2
IIA = R2

(
1

4
ds2

AdS4
+ ds2

CP3
γ

)
,
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ds2
CP3

γ
= dψ2 + G sin2 ψ cos2 ψ

(
1

2
cos θ1 dφ1 − 1

2
cos θ2 dφ2 + dφ3

)2

+ 1

4
cos2 ψ

(
dθ2

1 + G sin2 θ1 dφ2
1

) + 1

4
sin2 ψ

(
dθ2

2 + G sin2 θ2 dφ2
2

)
+ γ̃ G sin4 ψ cos4 ψ sin2 θ1 sin2 θ2 dφ2

3 ,

B2 = −R2γ̃ G sin2 ψ cos2 ψ

×
[

1

2
cos2 ψ sin2 θ1 cos θ2 dφ3 ∧ dφ1 + 1

2
sin2 ψ sin2 θ2 cos θ1 dφ3 ∧ dφ2

+ 1

4

(
sin2 θ1 sin2 θ2 + cos2 ψ sin2 θ1 cos2 θ2 + sin2 ψ sin2 θ2 cos2 θ1

)
dφ1 ∧ dφ2

]
,

where

G−1 = 1 + γ̃ 2 sin2 ψ cos2 ψ
(
sin2 θ1 sin2 θ2 + cos2 ψ sin2 θ1 cos2 θ2 + sin2 ψ sin2 θ2 cos2 θ1

)
.

The deformation parameter γ̃ above is given by γ̃ = R2

4 γ , where γ appears in the dual field theory superpotential (1.1).

2.1. String solutions

In our considerations we will use conformal gauge, in which the string Lagrangian and Virasoro constraints have the form

Ls = T

2
(G00 − G11 + 2B01), (2.1)

G00 + G11 = 0, G01 = 0. (2.2)

Here

Gmn = gMN∂m X M∂n X N , Bmn = bMN∂m X M∂n X N ,

∂m = ∂/∂ξm, m,n = (0,1),
(
ξ0, ξ1) = (τ ,σ ), M, N = (0,1, . . . ,9),

are the fields induced on the string worldsheet.
Further on, we restrict our attention to the Rt × R P 3

γ subspace of AdS4 × CP3
γ , where θ1 = θ2 = π/2, φ3 = 0, and

ds2 = R2
(

−1

4
dt2 + dψ2 + G

4
cos2 ψ dφ2

1 + G

4
sin2 ψ dφ2

2

)
,

B2 = bφ1φ2 dφ1 ∧ dφ2 = − R2

4
γ̃ G sin2 ψ cos2 ψ dφ1 ∧ dφ2,

G−1 = 1 + γ̃ 2 sin2 ψ cos2 ψ.

To find the string solutions we are interested in, we use the ansatz ( j = 1,2)

t(τ ,σ ) = κτ , ψ(τ ,σ ) = ψ(ξ), φ j(τ ,σ ) = ω jτ + f j(ξ),

ξ = ασ + βτ , κ,ω j,α,β = constants. (2.3)

Then the string Lagrangian (2.1) becomes (prime is used for d/dξ )

Ls = − T R2

2

(
α2 − β2)[ψ ′2 + G

4
cos2 ψ

(
f ′

1 − βω1

α2 − β2

)2

+ G

4
sin2 ψ

(
f ′

2 − βω2

α2 − β2

)2

− Gα2

4(α2 − β2)2

(
ω2

1 cos2 ψ + ω2
2 sin2 ψ

) + αγ̃ G

2
sin2 ψ cos2 ψ

ω1 f ′
2 − ω2 f ′

1

α2 − β2

]
, (2.4)

while the constraints (2.2) acquire the form

ψ ′2 + G

4
cos2 ψ

(
f ′2

1 + 2βω1

α2 + β2
f ′

1 + ω2
1

α2 + β2

)
+ G

4
sin2 ψ

(
f ′2

2 + 2βω2

α2 + β2
f ′

2 + ω2
2

α2 + β2

)
= κ2/4

α2 + β2
,

ψ ′2 + G

4
cos2 ψ

(
f ′2

1 + ω1

β
f ′

1

)
+ G

4
sin2 ψ

(
f ′2

2 + ω2

β
f ′

2

)
= 0. (2.5)

The equations of motion for f j(ξ) following from (2.4) can be integrated once to give
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f ′
1 = 1

α2 − β2

[
C1

cos2 ψ
+ βω1 + γ̃ (αω2 + γ̃ C1) sin2 ψ

]
, (2.6)

f ′
2 = 1

α2 − β2

[
C2

sin2 ψ
+ βω2 − γ̃ (αω1 − γ̃ C2) cos2 ψ

]
,

where C j are constants. Replacing (2.6) into (2.5), one can rewrite the Virasoro constraints as

ψ ′2 = 1

4(α2 − β2)2

[(
α2 + β2)κ2 − C2

1

cos2 ψ
− C2

2

sin2 ψ
− (αω1 − γ̃ C2)

2 cos2 ψ − (αω2 + γ̃ C1)
2 sin2 ψ

]
, (2.7)

ω1C1 + ω2C2 + βκ2 = 0. (2.8)

Let us point out that (2.7) is the first integral of the equation of motion for ψ . Integrating (2.6) and (2.7), one can find string solutions
with very different properties. All of them are related to solutions of the complex sine-Gordon integrable model in an explicit way [10].
Particular examples are (dyonic) giant magnons and single-spike strings.

2.2. Conserved quantities and angular differences

In the case at hand, the background metric does not depend on t and φ j . The corresponding conserved quantities are the string energy
Es and two angular momenta J j , given by

Es = −
∫

dσ
∂Ls

∂(∂0t)
, J j =

∫
dσ

∂Ls

∂(∂0φ j)
. (2.9)

On the ansatz (2.3), Es and J j defined above take the form

Es = T R2

4

κ

α

∫
dξ,

J1 = T R2

4

1

α2 − β2

∫
dξ

[
β

α
C1 + (αω1 − γ̃ C2) cos2 ψ

]
,

J2 = T R2

4

1

α2 − β2

∫
dξ

[
β

α
C2 + (αω2 + γ̃ C1) sin2 ψ

]
. (2.10)

Let us remind that the relation between the string tension T and the ’t Hooft coupling constant λ for the N = 6 super Chern–Simons-
matter theory is given by

T R2 = 2
√

2λ.

If we introduce the variable

χ = cos2 ψ,

and use (2.8), the first integral (2.7) can be rewritten as

χ ′2 = Ω2
2 (1 − u2)

α2(1 − v2)2
(χp − χ)(χ − χm)(χ − χn),

where

χp + χm + χn = 2 − (1 + v2)W − u2

1 − u2
,

χpχm + χpχn + χmχn = 1 − (1 + v2)W + (vW − uK )2 − K 2

1 − u2
,

χpχmχn = − K 2

1 − u2
, (2.11)

and

v = −β

α
, u = Ω1

Ω2
, W =

(
κ

Ω2

)2

, K = C1

αΩ2
,

Ω1 = ω1

(
1 − γ̃

C2

αω1

)
, Ω2 = ω2

(
1 + γ̃

C1

αω2

)
.

We are interested in the case

0 < χm < χ < χp < 1, χn < 0,

which corresponds to the finite-size giant magnons.
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In terms of the newly introduced variables, the conserved quantities (2.10) and the angular differences

p1 ≡ �φ1 = φ1(r) − φ1(−r), p2 ≡ �φ2 = φ2(r) − φ2(−r), (2.12)

transform to

E ≡ Es

T R2
= (1 − v2)

√
W√

1 − u2

K(1 − ε)√
χp − χn

, (2.13)

J1 ≡ J1

T R2
= 1√

1 − u2

[
uχn − v K√

χp − χn
K(1 − ε) + u

√
χp − χnE(1 − ε)

]
, (2.14)

J2 ≡ J2

T R2
= 1√

1 − u2

[
1 − χn − v(vW − uK )√

χp − χn
K(1 − ε) − √

χp − χnE(1 − ε)

]
, (2.15)

p1 = 4√
1 − u2

{
K

χp
√

χp − χn
Π

(
1 − χm

χp

∣∣∣1 − ε

)
− [

uv + γ̃ v(vW − uK ) − γ̃ (1 − χn)
] K(1 − ε)√

χp − χn
− γ̃

√
χp − χnE(1 − ε)

}
,

(2.16)

p2 = 4√
1 − u2

{
vW − uK

(1 − χp)
√

χp − χn
Π

(
−χp − χm

1 − χp

∣∣∣1 − ε

)
− [

v(1 − γ̃ K ) + γ̃ uχn
] K(1 − ε)√

χp − χn
− γ̃ u

√
χp − χnE(1 − ε)

}
,

(2.17)

where we have used the formulas for the elliptic integrals given in Appendix A, and ε is given by

ε = χm − χn

χp − χn
. (2.18)

From (2.13)–(2.15) one can see that the conserved charges are not affected by the γ -deformation as it should be. Only the angular
differences are shifted.

Further on, we will consider the case when E , J2 and p1 are large, while E − J2, J1 and p2 are finite. To this end, we will introduce
appropriate expansions.

3. Expansions

In order to find the leading finite-size correction to the energy–charge relation, we have to consider the limit ε → 0 in (2.11), (2.13)–
(2.15), and (2.18). The behavior of the complete elliptic integrals in this limit is given in Appendix A. Taking this behavior into account,
we will use the following ansatz for the parameters (χp,χm,χn, v, u, W , K ) in the solution

χp = χp0 + (
χp1 + χp2 log(ε)

)
ε,

χm = χm0 + (
χm1 + χm2 log(ε)

)
ε,

χn = χn0 + (
χn1 + χn2 log(ε)

)
ε,

v = v0 + (
v1 + v2 log(ε)

)
ε,

u = u0 + (
u1 + u2 log(ε)

)
ε,

W = W0 + (
W1 + W2 log(ε)

)
ε,

K = K0 + (
K1 + K2 log(ε)

)
ε. (3.1)

A few comments are in order. To be able to reproduce the dispersion relation for the infinite-size giant magnons, we set

χm0 = χn0 = K0 = 0, W0 = 1. (3.2)

Also to reproduce the undeformed case [9] in the γ̃ → 0 limit, we need to fix

χm2 = χn2 = W2 = K2 = 0. (3.3)

Replacing (3.1) into (2.11) and (2.18), one finds six equations for the coefficients in the expansions of χp , χm , χn and W . They are
solved by

χp0 = 1 − v2
0

1 − u2
0

,

χp1 = v0

(1 − v2
0)(1 − u2

0)(1 − v2
0 − u2

0)

{
−2v0u0

(
1 − v2

0

)(
1 − v2

0 − u2
0

)
u1

+ 2
(
1 − u2

0

)(
1 − v2

0 − u2
0

)[
K1u0

(
1 + v2

0

) − (
1 − v2

0

)
v1

]
+ v0

(
1 − v2

0 − 2u2
0

)√(
1 − u2

0 − v2
0

)4 − 4K 2
1

(
1 − u2

0

)2(
1 − u2

0 − v2
0

)}
,
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χp2 = −2v0
v2 + (v0u2 − u0 v2)u0

(1 − u2
0)

2
,

χm1 =
u4

0 − 2u2
0(1 − v2

0) + (1 − v2
0)

2 +
√

(1 − u2
0 − v2

0)
4 − 4K 2

1 (1 − u2
0)

2(1 − u2
0 − v2

0)

2(1 − u2
0)(1 − v2

0 − u2
0)

,

χn1 = −
u4

0 − 2u2
0(1 − v2

0) + (1 − v2
0)

2 −
√

(1 − u2
0 − v2

0)
4 − 4K 2

1(1 − u2
0)

2(1 − u2
0 − v2

0)

2(1 − u2
0)(1 − v2

0 − u2
0)

,

W1 = −
2K1u0 v0(1 − u2

0) +
√

(1 − u2
0 − v2

0)
4 − 4K 2

1 (1 − u2
0)

2(1 − u2
0 − v2

0)

(1 − u2
0)(1 − v2

0)
. (3.4)

As a next step, we impose the conditions for J1, p2 to be independent of ε . By expanding RHS of (2.14), (2.17) in ε , one gets

J1 =
u0

√
1 − v2

0 − u2
0

1 − u2
0

, (3.5)

p2 = 2 arcsin

(2v0

√
1 − v2

0 − u2
0

1 − u2
0

)
− 4γ̃ u0

√
1 − v2

0 − u2
0

1 − u2
0

, (3.6)

along with four more equations from the coefficients of ε and ε logε . The equalities (3.5), (3.6) lead to

v0 = sinΨ

2
√

J 2
1 + sin2(Ψ/2)

, u0 = J1√
J 2

1 + sin2(Ψ/2)

, p2 = 2(Ψ − 2γ̃ J1), (3.7)

where the angle Ψ is defined as

Ψ = arcsin

(2v0

√
1 − v2

0 − u2
0

1 − u2
0

)
.

After the replacement of (3.4) into the remaining four equations, they can be solved with respect to v1, v2, u1, u2, leading to the following
form of the dispersion relation in the considered approximation

E − J2 =
√

1 − v2
0 − u2

0

1 − u2
0

− 1

4

√
(1 − v2

0 − u2
0)

3 − 4K 2
1(1 − u2

0)
2

1 − u2
0

ε. (3.8)

To the leading order, the expansion for J2 gives

ε = 16 exp

[
− 2

1 − v2
0

(
1 − v2

0

1 − u2
0

+ J2

√
1 − v2

0 − u2
0

)]
. (3.9)

By using (3.7) and (3.9), (3.8) can be rewritten as

E − J2 =
√

J 2
1 + sin2(Ψ/2) − 4

√√√√ sin8(Ψ/2)

J 2
1 + sin2(Ψ/2)

− 4K 2
1 exp

[
−

2
(J2 +

√
J 2

1 + sin2(Ψ/2)
)√J 2

1 + sin2(Ψ/2) sin2(Ψ/2)

J 2
1 + sin4(Ψ/2)

]
.

(3.10)

The parameter K1 in (3.10) can be related to the angular difference p1. To see that, let us consider the leading order in the ε-expansion
for it:

p1 =
4K1 arctan

√
χp0
χm1

− 1√
(1 − u2

0)χp0χm1(χp0 − χm1)

− 2√
(1 − u2

0)χp0

[
u0 v0 log(16) + γ̃

(
2χp0 − (

1 − v2
0

)
log(16)

)]

+ 2√
(1 − u2

0)χp0

[
u0 v0 − γ̃

(
1 − v2

0

)]
log(ε). (3.11)

So, it is natural to introduce the angle Φ as

Φ

2
= arctan

√
χp0

χm1
− 1. (3.12)

On the solution for the other parameters this gives
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K1 = (1 − v2
0 − u2

0)
3/2

2(1 − u2
0)

sin(Φ) = sin4(Ψ/2)

2
√

J 2
1 + sin2(Ψ/2)

sin(Φ). (3.13)

As a result, the relation (3.11) between the angles p1 and Φ becomes

Φ = p1

2
−

(
2γ̃ − J1

sinΨ

J 2
1 + sin4(Ψ/2)

)
J2 + J1

sinΨ

√
J 2

1 + sin2(Ψ/2)

J 2
1 + sin4(Ψ/2)

, (3.14)

where due to the periodicity condition we should set

p1 = 2πn1, n1 ∈ Z.

Finally, in view of (3.13), the dispersion relation (3.10) for the dyonic giant magnons acquires the form

E − J2 =
√

J 2
1 + sin2(Ψ/2) − 4 sin4(Ψ/2)√

J 2
1 + sin2(Ψ/2)

cosΦ exp

[
−

2
(J2 +

√
J 2

1 + sin2(Ψ/2)
)√J 2

1 + sin2(Ψ/2) sin2(Ψ/2)

J 2
1 + sin4(Ψ/2)

]
. (3.15)

Based on the Lüscher μ-term formula for the undeformed case [11], we propose to identify the angle Ψ (= p2
2 + 2γ̃ J1) with the momen-

tum p of the magnon excitations in the dual spin chain. Now the angular differences are shifted and the leading finite-size correction to
the dispersion relation is modified by cosΦ compared with the undeformed AdS4 × CP3. Also notice that this result is consistent with [8]
in the infinite J limit after redefining the momentum p appropriately.

Let us point out that (3.15) has the same form as the dispersion relation for dyonic giant magnons on Rt × S3
γ subspace of the γ -

deformed AdS5 × S5 [12].3 Actually, the two energy–charge relations coincide after appropriate normalization of the charges and after
exchange of the indices 1 and 2. The only remaining difference is in the first terms in the expressions for the angle Φ:

Rt × R P 3
γ : Φ = p1

2
+ · · · ,

Rt × S3
γ : Φ = p2 + · · · .

All of the above results simplify a lot when one consider giant magnons with one angular momentum, i.e. J1 = 0. In particular, the
energy–charge relation (3.15) reduces to

E − J2 = sin
p

2

[
1 − 4 sin2 p

2
cos(πn1 − 2γ̃ J2)e−2−2J2 csc p

2

]
. (3.16)

We want to point out that our result is different from [16] which has extra cos3(p/4) in the denominator of the phase Φ .

4. Concluding remarks

In this Letter we considered string configurations on the Rt × R P 3
γ subspace of AdS4 × CP3

γ . Imposing appropriate conditions on the
parameters involved, we restrict ourselves to string solutions, which describe the finite-size giant magnons with one and two angular
momenta. Taking the limit in which the modulus of the elliptic integrals approaches one from below, we found the leading corrections to
the dispersion relations. The obtained results are relevant for comparison with the dual field theory, which in the case at hand is the one
parameter γ -deformation of the N = 6 super Chern–Simons-matter theory in three space–time dimensions.

It would be interesting to understand how to reproduce the dispersion relation (3.15) by using Lüscher’s approach [13]. The dispersion
relation has a specific γ̃ -dependence for finite J2, and it is not quite clear how such a dependence follows from the S-matrix approach.
To this end, we need a generalization of the Lüscher’s formulas for the case of nontrivial twisted boundary conditions.
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Appendix A. Elliptic integrals and ε-expansions

The elliptic integrals appearing in the main text are given by

χp∫
χm

dχ√
(χp − χ)(χ − χm)(χ − χn)

= 2√
χp − χn

K(1 − ε),

χp∫
χm

χdχ√
(χp − χ)(χ − χm)(χ − χn)

= 2χn√
χp − χn

K(1 − ε) + 2
√

χp − χnE(1 − ε),

3 In [12], we left a numerical factor Λ in the definition of the angle Φ undetermined. Actually, Λ = 1. Also, the coefficient 1/2 in front of the last term of (4.5) in [12] is
a misprint.
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χp∫
χm

dχ

χ
√

(χp − χ)(χ − χm)(χ − χn)
= 2

χp
√

χp − χn
Π

(
1 − χm

χp

∣∣∣1 − ε

)
,

χp∫
χm

dχ

(1 − χ)
√

(χp − χ)(χ − χm)(χ − χn)
= 2

(1 − χp)
√

χp − χn
Π

(
−χp − χm

1 − χp

∣∣∣1 − ε

)
,

where

ε = χm − χn

χp − χn
.

We use the following expansions for the complete elliptic integrals [14]

K(1 − ε) = −1

2
log

(
ε

16

)
− 1

4

(
1 + 1

2
log

(
ε

16

))
ε + · · · ,

E(1 − ε) = 1 − 1

4

(
1 + log

(
ε

16

))
ε + · · · ,

Π(−n|1 − ε) = 2
√

n arctan(
√

n) − log( ε
16 )

2(1 + n)
− 2 − 4

√
n arctan(

√
n) + (1 − n) log( ε

16 )

8(1 + n)2
ε + · · · , n > 0.

We use also the equality [15]

Π(ν|m) = q1

q
Π(ν1|m) − m

q
√−νν1

K(m),

where

q =
√

(1 − ν)

(
1 − m

ν

)
, q1 =

√
(1 − ν1)

(
1 − m

ν1

)
,

ν = ν1 − m

ν1 − 1
, ν1 < 0, m < ν < 1.

References

[1] J.M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, arXiv:hep-th/9711200;
S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Phys. Lett. B 428 (1998) 105, arXiv:hep-th/9802109;
E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, arXiv:hep-th/9802150.

[2] R.G. Leigh, M.J. Strassler, Nucl. Phys. B 447 (1995) 95, arXiv:hep-th/9503121.
[3] O. Lunin, J. Maldacena, JHEP 0505 (2005) 033, arXiv:hep-th/0502086.
[4] S. Frolov, JHEP 0505 (2005) 069, arXiv:hep-th/0503201.
[5] O. Aharony, O. Bergman, D.L. Jafferis, J. Maldacena, JHEP 0810 (2008) 091, arXiv:0806.1218v4 [hep-th].
[6] E. Imeroni, JHEP 0810 (2008) 026, arXiv:0808.1271v4 [hep-th].
[7] D.M. Hofman, J. Maldacena, J. Phys. A 39 (2006) 13095, arXiv:hep-th/0604135v2.
[8] M. Schimpf, R.C. Rashkov, Mod. Phys. Lett. A 24 (2009) 3227, arXiv:0908.2246v3 [hep-th].
[9] C. Ahn, P. Bozhilov, R.C. Rashkov, JHEP 0809 (2008) 017, arXiv:0807.3134v2 [hep-th].

[10] C. Ahn, P. Bozhilov, JHEP 0807 (2008) 105, arXiv:0806.1085v3 [hep-th].
[11] C. Ahn, P. Bozhilov, Phys. Rev. D 79 (2009) 046008, arXiv:0810.2079v2 [hep-th].
[12] C. Ahn, P. Bozhilov, JHEP 1007 (2010) 048, arXiv:1005.2508v1 [hep-th].
[13] M. Lüscher, Commun. Math. Phys. 104 (1986) 177.
[14] http://functions.wolfram.com.
[15] A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and Series, vol. 3: More Special Functions, Gordon and Breach, New York, 1990.
[16] D.V. Bykov, S. Frolov, JHEP 0807 (2008) 071, arXiv:0805.1070 [hep-th].


