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ABSTRACT: We consider semi-classical solutions of membranes on the AdSy x S back-
ground. This is supposed to be dual to the A/ = 6 super Chern-Simons theory with
k =1 in a planar limit recently proposed by Aharony, Bergmann, Jafferis, and Maldacena
(ABJM). We have identified giant magnon and single spike states on the membrane by
reducing them to the Neumamm - Rosochatius integrable system. We also connect these
to the complex sine-Gordon integrable model. Based on this approach, we find finite-size
membrane solutions and obtain their images in the complex sine-Gordon system along with
the leading finite-size corrections to the energy-charge relations.
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1. Introduction

After many interesting developments in the duality between type IIB string theory on
AdSs x S° and N' = 4 super Yang-Mills theory, the AdS/CFT correspondence [[]—[] is
now being extended into the AdS,/CFTs;. The first three-dimensional conformal field
theory, consistent with all known symmetries of M2-branes was found in [ff]. It is invariant
under 16 supersymmetries, possesses SO(8) R-symmetry and is conformally invariant at the
classical level. In this model, the gauge field is nonpropagating. More recent proposal for
the worldvolume theory of multiple M2-branes uses a Lorentzian three algebra (constructed
from ordinary Lie algebra) [—[]]. There are more related developments recently [§-[L1].
An alternative proposal for the theory of multiple M2-branes was made by ABJM which is
N = 6 super Chern-Simons theory with SU(N) x SU(N) gauge symmetry and level k [[[J.
In the limit N,k — oo with a fixed value of 't Hooft coupling A = N/k, this theory is
claimed to be dual to the type ITA superstring theory on AdS; x CP3. For a small \, a
leading two-loop perturbation calculation has been studied and a new integrable structure
has been discovered [[[3, [4]. This motivates efforts to discover classical integrability in
string theory side. Indeed, BMN-like states [[f], integrability [[6, [7], and giant magnon
state and its finite-size effect [[[§, [J] in the & — oo limit where the target space becomes
AdSy x C'P3 have been reported.

With these developments, it is interesting to consider dual to M-theory on AdSy x S*
in A > 1 limit at £k = 1 by considering membranes on AdS; x S7. It is already known



that there exist M2-brane configurations on AdS; x S, which have properties, similar
to some string solutions on AdSs x S°. In particular, some of them have description in
terms of the Neumamm - Rosochatius (NR) integrable system [(]. The NR system has
been proposed for the string theory on AdSs x S® in B1-R3). It was also established
that they can reproduce the continuous limit of the integrable SU(2) spin chain 4. (See
also [29].) Besides, giant magnon (GM) and single spike (SS) like energy-charge relations
have been found [Pq—PJ). It is interesting if the above achievements can be extended to
include other string analogies. One possible task is to discover membrane configurations
which can be related to the complex sine-Gordon (CSG) integrable system. Recently, the
finite-size string corrections are actively investigated as a new window for the AdS/CFT
correspondence [9-BY. That is why, another direction of research can be to try to find
analogous finite-size corrections from M2-branes on AdSy x S”. In this paper, we extend
our string results obtained in [BY to the M2-brane case. Namely, we use the reduction
of the M2-brane dynamics to the one of the NR integrable model, to map all membrane
solutions described by this dynamical system onto solutions of the CSG integrable model.
In the framework of this NR approach, we find finite size corrections to the membrane
energy-charge relations.

The article is organized as follows. In section2 we introduce the partially gauge fixed
M2-brane action and constraints. After reducing to the R; x S7 subspace, we propose
membrane embedding coordinates appropriate for our purposes. In section3 we describe
how the NR integrable system arises from the M2-brane. In section4 we find relations
between the parameters of the membrane solutions described by this dynamical system
and the parameters in the corresponding solutions of the CSG integrable model. GM and
SS like solutions are considered as examples. In sectionb we describe finite size membrane
solution, its image in the complex sine-Gordon system, and the leading corrections to the
energy-charge relations analogous to the GM and SS strings on R; x S3. We conclude the
paper with some comments in section6.

2. Membranes on AdS; x S7

We begin with the following membrane action

S = / a3¢ {ﬁ [GOO — 2N Gy + NN G — (20°Ty) det Gij] + Tzom} . (2.0)

where
Gon = gun(X)0 XMa, XV, Co1a = cunp (X))o XM XN, X1,
am :6/85’”, m = (Ovi) = (0’172)7
(€%,64,€%) = (1,01, 02), M = (0,1,...,10),

are the fields induced on the membrane worldvolume from the background metric gpsny and
the background 3-form gauge field cyrnp, A™ are Lagrange multipliers, M = XM (&) are
the membrane embedding coordinates, and 75 is its tension. As shown in [[i]], the above



action is classically equivalent to the Nambu-Goto type action
1
=T / a3¢ ( — det G — 65m”p8mXM8nXN8pXPcMNp>

and to the Polyakov type action

T 1
SP = 22 d3§ |:\/ - ("}/mnGmn — 1) - gEmnpamXManXNapocMNp} s
where ™" is the auxiliary worldvolume metric and v = dety,,. In addition, the ac-

tion (R.1)) gives a unified description for the tensile and tensionless membranes.
The equations of motion for the Lagrange multipliers A™ generate the constraints

Goo — 2)\jG0j + )\ZA]GW + (2)\0T2)2 det Gij =0, (2.2)
Goj — NGy = 0. (2.3)

Further on, we will work in diagonal worldvolume gauge A’ = 0, in which the ac-

tion (R.1)) and the constraints (R.), (B-3) simplify to

Sar = / dBeLy = / d3¢ {ﬁ (Goo — (2A°T2)” det G | +T2C’012}, (2.4)

Goo + (2X°Ty) det Gy; = 0,
Goi = 0.

Let us note that the action (.4) and the constraints (2.5), (2.6) coincide with the usually
used gauge fixed Polyakov type action and constraints after the following identification of
the parameters 2A\T, = L = const (see for instance [[])).

Searching for membrane configurations in AdS; x S7, which correspond to the Neu-
mann or Neumann-Rosochatius integrable systems, we should first eliminate the membrane
interaction with the background 3-form field on AdSy, to ensure more close analogy with
the strings on AdSs x S°. To make our choice, let us write down the background. It can
be parameterized as follows

ds? = R? [— cosh? pdt? + dp?® + sinh? p (da2 + sin? adﬁz) + 4dQ$] )
c3) = R3 sinh? psin adt A da A dp.

Since we want the membrane to have nonzero conserved energy on AdS, the simplest
choice for which the interaction with the ¢(3) field disappears, is to fix the coordinates p,
aand B: p =0, a,F = constants. Thus, we restrict our considerations to membranes
moving on the R; x S7 subspace of AdS, x S” with metric

ds2y, = R*{—dt* + 4 [dy7 + cos® ¢ de?
+ sin® ¢y (dip3 +cos? 1hadis +sin® o (dip3 +cos® Psdips +sin® ¢sdes ) )] } -

The membrane embedding into Ry x S7, appropriate for our purposes, is

Zo = Re™E™) W, = 2Rra (€M) ") 0= (1,2,3,4), (2.7)



where r, are real functions of £™, while ¢, are the isometric coordinates on which the
background metric does not depend. The four complex coordinates W, are restricted by
the real embedding condition

SasWalWy — (2R)> =0, or  Sarary — 1 =0. (2.8)

The coordinates r, are connected to the initial coordinates, on which the background
depends, through the equalities

1 = cos Y, ro = sin iy cos o,

r3 = sin )y sin 1y cos 13, r4 = sin )y sin ¥ sin 3.

For the embedding described above, the induced metric is given by

Grn = —0(mZ00n) Z0 + SabOm WaOn) W (2.9)
4
= R2 — O topt + 4 Z (amraanra + Tgam(paangpa)
a=1

Correspondingly, the membrane Lagrangian becomes
L=Ly+ AM(5ab7‘a7‘b — 1),

where Ay is a Lagrange multiplier.

3. NR integrable system from M2-brane

Let us consider the following particular case of the above membrane embedding [R0]

Zy = Re™, W, = 2Rr, (&, n)ei[‘““TJr““(g’")], (3.1)
§ = aoy + B, n = oz +9r,

which implies
t=nr7,  @u(™) = @a(T,01,02) = waT + pa(&, M) (3.2)

Here k, wq, a, 3, 7, § are parameters. For this ansatz, the membrane Lagrangian takes the

form (0 = 0/0¢, 0, = 0/0n)

2 4
L= R {(4)\0T2Rcw)2 Z [(857"&8,77‘1, - 8,77‘a8§rb)2
a<b=1
+ (070 Oty — OnraOg 1) 212+ (Dg 110 Oy — O 110 Oe ) 212
+ (85Naanﬂb - anﬂaaﬁﬂb)2T2Tg]
! 2
+ Z [(4)\0T2Row) (D¢ Ontta — Oyradetta)* — (B0 tta+ 00y pta+wa) | 72

a=1

4 4
_ Z (ﬁagra + 58177’[1)2 + (I{/2)2} + Ay (Z 7‘2 — 1) .
a=1

a=1



In order to reduce the above Lagrangian to the NR one, we make the following choice

™ = T1(£)7 T2 = 7"2(6), w3 = :l:w4 =w,
rs = r3(n) = rosinmn, ry = r4(n) = rocosm, ro < 1, (3.3)
p1 = pa(§), p2 = p2(§), 3, pa = 0,

and receive (prime is used for d/d¢)

2 (2 _ _ 2 A2
L= _%{ 2_:1 (A2 - ﬁ2)7”(/12 + (A2 - 62)7}3 </‘:z - Affaﬁ2> - ;12 — 62 wgrg]
2
+(k/2)? — r3(w? + 52)} + Ay Zri —(1- 7‘8)] ,
a=1

where A2 = (4)\0T 2Ra7r0)2. A single time integration of the equations of motion for pu,
following from the above Lagrangian gives

1 C

flg = <—§ + Bwa> : (3.4)
T[l

where C, are arbitrary constants. Taking this into account, one obtains the following
effective Lagrangian for the coordinates r,(&)

2

~ 1 c? .
LNR = Z |:(A2 - ﬁ2)7":l2 - m <E + A2w27"2>:| + AM

2
>rt-a-rd)

a=1 a=1

This Lagrangian, in full analogy with the string considerations [2J], corresponds to partic-
ular case of the n-dimensional NR integrable system. For C, = 0 one obtains the Neumann
integrable system, which in the case at hand describes two-dimensional harmonic oscillator,
constrained to remain on a circle of radius /1 — 3.

Let us write down the three constraints (), (B.G) for the present case. To achieve
more close correspondence with the string on AdSs x S°, we want the third one, Ggy = 0,
to be identically satisfied. To this end, since Goa ~ 7374, we set § = 0, i.e. = yoa. Then,
the first two constraints give the conserved Hamiltonian Hyg and a relation between the
parameters:

2 ~ 2 72 2
Hxp=) [(A2 — By + ,212%52 <f—2 + A%gvﬁﬂ = % [(5/2)% — (row)?] ,

a=1

2
> waCa+ B [(5/2)* = (row)?] = 0. (3.5)

a=1

For closed membranes, r, and u, satisfy the following periodicity conditions

ra(§+2ma) =14(8),  pa(€+2ma) = pa(&) + 2mnyg, (3.6)

where n, are integer winding numbers.



In the case at hand, the background metric does not depend on t and .. Therefore, the
corresponding conserved quantities are the membrane energy F and four angular momenta
Ja, given as spatial integrals of the conjugated to these coordinates momentum densities

oL oL
FE = /d Ua(aot)’ Ju /d Ua(aosoa)’ a=1,2,3,4.

E and J, can be computed by using the expression (P.9) for the induced metric and
the ansats (B.J)), (B.3). In order to reproduce the string case, we set w = 0, and thus
J3 = Jy = 0. The energy and the other two angular momenta are given by

_ TR%K B 7(2R)? o B
E==0, /d§7 Ja = m/df <5Ca+A wara) ., a=1,2. (37

From here, by using the constraints (B.H), one obtains the energy-charge relation
2

E Ju
i S

a=1

21 2 an~Ca
A1 -1+ 8>

Wa

4
A2 — 32

a=1

The corresponding result for strings on AdSs x S° in conformal gauge is [2J

1 C,\ E Ja
m(o‘“ﬂ;@) rip o

Obviously, the above membrane and string energy-charge relations are very similar.
We would like to identically satisfy the embedding condition

2
ng —(1—7r3)=0.
a=1
To this end we set

r1(§) =\/1—r2sinf(€), ro(€) = /1 —rdcosh(§).

Then from (B.H) one finds

) 62 C,g ) 1/2
s I P N T e

0 = —

2
D waCo+Bi% =0, &=

a=1

By replacing the solution for 6(£) received from (B.§) into (B-4), one obtains the solutions
for pg:

1 - d¢ 1 = d§
H1 = 7;12 e <C’1 / sin20 +ﬁW1§> o M2 = A2 _ 72 <C2 / c0s20 +ﬁw2£> - (3.9)




4. Relationship between NR and CSG systems

The CSG system is defined by the Lagrangian
_ nabaaﬂ_)abqﬁ

2 7 ab _ 3. _
L(w) = MG, = diag(—1,1),
which give the equation of motion
a _8[l’lzz)8a¢ 2 T
0,0 — — M*(1— =0.
YT - M= )

If we represent 1 in the form

W = sin(¢/2) exp(ix/2),

the Lagrangian can be expressed as

1 .
L(6,x) = 7 [0a00"6 + tan®(6/2)0axd"x + (2M)* sin®(¢/2)]
while the equations of motion take the form

ay 1 sin(g/2) a 20—
(%8 ¢ - §Waax8 X — M sm(b = 0, (41)

a 2 a., _
8,18 X + m&ﬂﬁ@ X = 0. (42)

The SG system corresponds to a particular case of y = 0.
To relate the NR with CSG integrable system, we consider the case

¢=¢(), x=Ao+Br+x(),

where ¢ and y depend on only one variable £ = ao; + 67 in the same way as in our NR
ansatz (B.J). Then the equations of motion ([.1]), ({.9) reduce to

y  1sin(@/2) [_o Aa—BS_, A*-B? M?sing
¢_§WX +2042—52X+a2—52]_a2—52_0’ (4.3)
~/! 2(25/ ~/ Aa_B/B o

We further restrict ourselves to the case of Aa = Bf. A trivial solution of eq. ({.4)
is x = constant, which corresponds to the solutions of the CSG equations considered
in [, [{] for a GM string on R; x S3. More nontrivial solution of (4 is

- dg
=0 Gty -

The replacement of the above into ([.3) gives

o2 cos(¢/2) A_2 sin(¢/2)
Xsin3(¢/2) (2% cos3(¢/2) ]

2 .
g = M smno +% [ (4.6)

- a2—52



Integrating once, we obtain

/2
- 202 Az A%/ ¢z 1
¢ = <C¢> . ﬁ2> T O Ty T akey |
= +2(¢),
from which we get
d
§(¢):i/?i), X(¢) = 6(50+0” )£ Cx /m

All these solve the CSG system for the considered particular case. It is clear from ([L.7)
that the expression inside the square root must be positive.

After the reduction of our membrane configuration to a NR-type integrable system,
we can establish relationship between its solutions and the solutions of the reduced CSG
system, as described above. With this aim, we make the following identification

V-G
K2
where GG is the determinant of the metric G,,, induced on the membrane worldvolume,

computed on the constraints (2-3), (2.6), and K? is a parameter. For the NR system
obtained from the M2-brane, v/—G is given by

sin?(¢/2) = , (4.8)

R A? _ 2
V= Q2 s (7% —w}) + (W} —w3)cos® 0],  Q° = (AOTS (4.9)

To relate the parameters in the solutions of the NR and CSG integrable systems, we

put (E§), (E9) into (1) and receive

2 2 1 _1212/62 _ 2 2
K = (QRM) <m> = (QR)"M
Cy = ;12352 (3012 — 2 (7 + Y - Q)]
1~y = Az
T (A2 o = e (M2—/<;2+Q) (4.10)

=y |t (W2 Y)Y - (2002 - Y) (72 - )

_% { [JW (1 - i—i) - %2] (wi —w3)C3
W (1- 2

el

O TR N R =2 (wi —wi) =2/ 2  NA2 (=2 2 ﬁ ~2 A
4M (A*=p7)C5 =Y (Y +Q—7%)+ ———2 R (wf —w3)C5 — (R* —wi) 221012/4 Cy



where

2 2 2
K™ — W w S -
Y=—"pt, O=—25 G=0G/A
e e

In this way, we expressed the CSG parameters Cy4, A and C, through the NR parameters
A, B, R, wi, wa, Cy. The mass parameter M? remains free. The above equalities give
the mapping, which relates all membrane solutions derivable from (B.§), (B.9) with the
corresponding solutions of the CSG system.

4.1 Examples: GM and SS analogues

In particular, for the GM-type membrane solutions, for which Cp = 0, &2 = w%, the
following equalities between the parameters hold

_ 2 2 2 w3 2 2772
Cd)— A2_/82 |:3M —2<wl—m s K —(QR) M N
A2—#<M2—w2+“’7§> Cy =0 (4.11)
T Az/p2 -1 Yo p2A2) x == '

For the case of SS-type membrane solutions, when Cy = 0, 72 = w%fiz /3%, one has

Cyp=—2 22 A2+ —2 ) _aip?

b= m wiAT/B7 + Fa 1) :

2 _ 4 2 72 2_~22 W% _~2>
A2 = T (wlA /6% — M ) (52%2 — ). (4.12)
C, = 2ot d’ &2 = (QR)*N1

AP - )5

Let us give the membrane configurations which are analogous to the GM and SS string
solutions on Ry x S3.
For the GM-like case by using that Co = 0, &% = w? in (B.§), (B.9), one finds

cos by s 22 F W e A
cost) = ———, sin“fy = ———"——, Dy = —L———=cos 0,
cosh (Dy€) 0 A2(w? — w2) 0 A2 — 32 0
~ w
1 = arctan [cot 0o tanh(Dof)] , o = Af_zﬁzg.

Then, the corresponding membrane configuration is given by

Zy = Rexp (2@/1 — r8w17'> ,
24, .
Wi =2Ry/1— 7‘0\/ COSC}(:; Doog) exp {iwlT + 7 arctan [cot Ao tanh(Dog)} } ,

Wy = 2Ry /1 0o scli)sgog exp [z’wg <T + b 52§>] (4.13)




W3 = 2Rrgsin(yos),
Wy = 2Rrg cos(yo2).

For the SS-like solutions when Cp = 0, &2 = w%A2/52, by solving the equa-

tions (B.§), (B.9), one arrives at

_ in2 = = = 7]
cos 6 cosh (D1€)’ sin” 64 Prod)’ Dy = 15 cos 61,
m:—%ﬁ—arctan[co‘c 6, tanh(le)] , o = ;1261)2@ €.

Now, the shape of the membrane is described by

Zy = Rexp <21'\/ 1— 7‘8%&)17’) ,

20 .
W1 = 2R4/1 — 7‘0\/ CO:}?; Dllf) exp {—z’w1%01 — ¢arctan [cot 01 tanh(le)] } ,

0 .
Wy = 2Ry /1 — co;ITSDllﬁ exp [m( + ﬁ@g)} (4.14)

W3 = 2Rrgsin(vyoz),
Wy = 2Rrg cos(yoz).

The energy-charge relations computed on the above membrane solutions were found
in [, and in our notations read

Jl J2 2 5\ . p p U n
2E — 2 — 5
1 —rgE — 5 " \/<—2> + — sin 2 99~ to, (4.15)

for the SS-like solution, where

X = [(@r)’TyRPro(1 —12)y]°. (4.17)
For the obtained membrane solutions ([.13), (f.14), one has
[WAf* + Wl = 2R)*(1 = rg), W5 + Wi = (2Rro)”.

That is why, these membrane configurations live in the R; x S3 x S* subspace of AdSy x S7.
Besides, the radii of the three-sphere S3 and the circle S are functions of the parameter
ro. When ry approaches 1 from below, the radius of S? decreases, while the radius of S!
increases. For rg — 0, we observe the opposite behavior.

— 10 —



One may ask what happens when 79 = 0. As is seen from ({.1J) and ([.14), the mem-
brane shrinks to a string in this case, because the dependence on oy disappears. However,
this string has completely different properties. Indeed, by solving the egs. (B.§), (B.9), one
finds the following string solution (now A = 0)

Zy = Rexp (2ikT),
) - _ -
Wi = 2R /1 — <1 - ’%) sin? <f§> exp |:iw1T iR <f§
wi B w1 B
/ k2 [k e
Wy = 2Ry /1 — w_% sin <E£> exp <_M2BUI> ,

where F'(n|m) is the elliptic integral of first kind. The computation of the corresponding

conserved quantities gives

If we set here & = w; as for the GM case, we obtain E — J;/2 = 0, i.e. the vacuum state.
The same result can be obtained directly from (.15), taking into account (B.%), since for
ro = 0 we have A\ = 0 too. The SS case corresponds to 7 = 0, which leads to trivial solution
with £ =J; = Jo, =0.

Let us explain the obvious differences between the M2-brane energy-charge rela-
tion ({.15) and the one for dyonic GM strings on R; x S3, which as is well known is

given by
A P
E—J ——\/Jz—l—— in? <.
1 5 g sin” 5

The factor /1 — 7"8 comes from the fact that the NR system for membranes is defined to
live on a circle with radius /1 — rg, while for the strings this radius is one. The factor 1/2
appears as a consequence of the background geometry. While the radii of AdS5 and S°
in the type IIB background AdSs x S° are equal, the radius of AdSy is half the S” radius
in the AdSy x S7 target space. The same applies to the SS case. Note however that such
coefficients in the dispersion relation can also appear for strings on AdSs x S° as shown
in [24, p].

Let us also write down the images of these M2-brane solutions in the CSG system. In
order to derive them, we replace ([L.11]) for the GM-like case and correspondingly (f.17)
for the SS-like case into ([L.7]), and then use the obtained field ¢ in ([L.F) in order to find x.
The results of the integrations are as follows:

. Ve - w3/ - 2/ A2)
GM—like — =
M cosh [\/W%_W%/(l—ﬁz/Az) (5/1[1)]

1-(2/ A2
12 — 2 2/(1 — B2/ A2
xexp[i\/M WIAt;dgz/(_llﬂ/ )<Ul+%7>],

— 11 —



2
W)

w? (1 — Az/ﬂQ) cosh? (D)
X exp {’L arctan [Z—; \/1 — A2/3% — W2 /w? tanh (Dﬁ)] } ,

Uss_iike = |tanh? (DE) +

where

B flwl\/l —A2/32 — W2 /w?
B 32 <1_A2/52> '

We point out that the obtained Wgg_jke corresponds to M2 =R? = w2A2/ﬁ2, when the
parameter A in (f.1) becomes zero.

5. Finite-size effects

In this section we will find finite-size membrane solution, its image in the CSG system, and
the leading corrections to the energy-charge relations analogous to the ones for the GM
and SS strings on R; x S°.

For Cy = 0, eq. (B.§) can be written as

(cos0) = A — = wl — w2 \/ —cos26)(cos? 0 — 22), (5.1)

2 1 2 2 w% w%

2y = Q1+Q2——i (1 —q)*— |2(@1 + 2 —2q142) — —5 | —5 ¢
2 w3 w? wi | w
(1—=%) 1 14 %1

Wi

g =1-//w},  q=1-[%R2/A%2.

The solution of (p.]) is

A/w? — W2
cos @ = zpdn (C¢|m), C::FWZJF, m=1-22/23. (5.2)
The solutions of egs. (B.9) now read
26/ A 72 Jw? 22 — 2%
i = A [ Flam(COm) — 5 (am(©9, -5 |m )|
ZﬁWQ/Awl

E (am(C¢)|m),

py = ——————
241 — w3 /w?

— 12 —



where II(k,n|m) is the elliptic integral of third kind. Therefore, the full membrane solution
is given by

Zy = Rexp <2i\/1 — r%f-ﬂ') ,

W, = 2R\/1 — 7‘8\/1 — 22dn? (C&|m) exp {z’wlT -

2i3/A
21/ 1 — w3 /w?

~ 2
X [F (am(C¢)|m) — 52_/(;)2% II ( m(C¢), — o '22 mﬂ } )
+ “+
3 2i5WQ/Aw1
Wy = 2R\/1 — rdzpdn (CE —i—— (C¥¢) ] 5.3
9 rgzydn (C&lm) exp |iweT ol (am |m) (5.3)

W3 = 2Rrgsin(yo2),
Wy = 2Rrg cos(yoz).
We note that (5.3) contains both cases: A% > 2 and A% < (3% corresponding to GM and

SS respectively.
To find the CSG solution related to (5.d), we insert (5.9) into ({.§) and ([.9) to get

sin?(¢/2)= M [(1- ~2/wz) - (1—w2/w2) (z2 en?(Célm)+ 2> 8n2(C’£|m))] (5.4)
ﬁ2//~12—1 1 2 1 + — . .
After that, we put (F.4) into ([L.5) and integrate. The result is as follows
X = %(ﬁal +ar) — Cy(aoy + B7) + C’C—EH (am(C&),n|m), (5.5)
where A/ and C,, are given in (f.10) (Cy = 0), and
— wi/M? 22 2 2/ 2) .2 _ (1 —w3/wi) (2 —22)
BT e e R (e ey (e T

Hence for the present case, the CSG field ¢ = sin(¢/2)exp(ix/2) is determined by (F.4)

and (B.5).

Our next task is to find out what kind of energy-charge relations can appear for the
M2-brane solution (f.J) in the limit when the energy E — oo. It turns out that the
semiclassical behavior depends crucially on the sign of the difference A2 — 2.

5.1 The GM analogue

We begin with the GM analogue, i.e. A2 > 2. In this case, one obtains from (B4) the
following expressions for the conserved energy F and the angular momenta Jq, Jo

2R(1 — 52/ A2)

&= K (1-2%2/22),

w12y 1—0.)2/0.)1 ( /+)

22 1_ﬁ2 2/A2w

T = LK (1-2/2) B (1-2/2) ], (56)

1 — wy/wy Zt

2z wo Jwy 9, 9
Jo = E(l1-2°/z
2 1— w3 /w? ( / +)
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Here, we have used the notations

2T J1 21 Jo
\V1-1E, Ji= Jo=—F4=—, (5.7)
f ’ Va2 Va2

where ) is defined in (E17). The computation of Ay gives

6
max de
p=Ap = 2/@ g (5.8)

_ 26/ A [/%2/01%11( 23—22
2p/1-w3jwf [1-2% l—=

In the above expressions, K(m), E(m) and II(n|m) are the complete elliptic integrals.

1= 22/ )oK (1-22/)

Let us introduce the new parameters

u=wi/w?, v=-BJ/A, €= 22 /22

This will allow us to eliminate #/w; and z4 from the coefficients in (p.g), (b.§) and rewrite
them as functions of u, v and € only:

E=2K.K(1—-¢),
Ji = 2Ky [K12K(1—¢) —E(1—¢)], (5.9)
J2 = 2K2E (1 —¢),
p = 2K 1 [Kpoll (Ky3|l —€) =K (1 —¢)].
We are interested in the behavior of these quantities in the limit ¢ — 0. To establish it, we
will use the expansions for the elliptic integrals and K., ..., K3 given in appendix A.

Our approach is as follows. First, we expand &£, J1, J2 and p about ¢ = 0 keeping u
and v independent of e. Second, we introduce u(€) and v(e) according to the rule

u(e) = up + ure + ugelog(e), wv(e) = vg + vie + vaelog(e) (5.10)

and expand again. Requiring /> and p to be finite, we find

vy — T3 v — sin(p)
j22 + 48in2(p/2)7 \/j22 + 4Sin2(p/2)
up = 30— {1 4vd + 3vy — (1 — v3)* log(16)
)
—up [1 —log(16) + 3] (log(16) — 3)] }
"= e u;’)o(l —7 {31+ 308) (l0g(16) = 3) + (1 = v5)" (log(16) — 1)
—up(1 —v3) [v§ (log(16) — 3) + log(256) — 4] }

Uy = 2(1u7_0?}8) [(1 — 1)8)2 —up(l — 3?}8)]

1 N (1 —2ug — v3) (1—u0—(1—|—u0)v(2])
R (1 —uo)(1 - 0})
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The parameter € can be obtained from the expansion for [J; to be

_mjﬁr?(l—vg/(l—uo»l

2

€ = 16exp [

Using all of the above in the expansion for £ — 77, one arrives at

16sin*(p/2)
\/522 + 4sin?(p/2)
2 (1 4[5 4 an2/2) ) |/ + in(/2) s (2
722 + 4sin4(p/2)

E-T = \/j22 + 4sin%(p/2) —

(5.11)

X exp

It is easy to check that the energy-charge relation (f.11) coincides with the one found
in [[i4], describing the finite-size effects for dyonic GM. The difference is that in the string
case the relations between &, J1, Jo and E, J1, Jo are given by

27 27 27

E="ZEB, Ji=—%h, B=-=h,
iy J1 \/Xl T2 \/X2

while for the M2-brane they are written in (f.7).

5.2 The SS analogue

Let us turn our attention to the SS analogue, when A2 < 2. The computation of the
conserved quantities (B.7) and Ay, now gives
2k(6%) A% — 1
&= Gl ) K (1-22/23),
wiy/1 —wd/wizy
22 20y L= BPRE/A%] 2 .2
jl:\/ﬁ[E(l—z_/2+)—2—2K(1—Z_/Z+) 5
2/W1 +

2z wo/w
To = _#/1]3 (1-22/22),

26/ A 72 Jw? 22— 22
Apy = — /2 5 [ _/ %H<— s ]1—23/23)—K(1—23/zi)].
V1—wijwizy [1—25 L=zt

Our next step is to introduce the new parameters

u=wijwi, v=pB/A, e=22/2A,
and to rewrite £, J1, J2, Ay in the form (5.9). The explicit e-expansions of the coefficients

K, ..., K3 are given as functions of u and v in appendix A. The e-expansions for u and
v are the same as before. Now, the coefficients in these expansions can be determined by

— 15—



the condition that J; and J5 should be finite,

_ 2x71 o \722
vy = y U0 = 5,
V(2= 33) [4- (92 - 73)] Ji
(I —ugvg -1 )4 _
v = T~ 1)(0 Do {(uo — 1)vg(1 + log(16)) — 2
+ v3 [3 + log(16) + ug(log(4096) — 5)] } ,
vy — Y0 [1— (1 —wup)vd] [1+3uo — (1 — ug)v]
2 A1 —ug) (02 — 1) ’
U [1— (1 — ug)v3] log(16) g [1— (1 = up)vd]
"= v —1 2T v —1 ’
0 0

The parameter € can be obtained from A¢; as follows:

_ 2 _ _ 2 _
e=16exp | — (1= uo)vp — 1 Ay + arcsin 2Vl uo)v% 1 .
(1 —uo)vg

vg -1
Taking the above results into account, £ — Ay can be derived as

4
£ — Apy = arcsin N(J1, Jo) + 2 (JE — TJ5) \/[4 = 7] -1 (5.12)
— Ui —Js
2 _ 72
X exp [—2 (jl > ) év(jh J2) [Agpy + arcsin N (T, j2)]] ,
(J? = T3)" + 4T3
1 4
N = —|4—- 2 _ g2 —1.
=3 G-Bp

Finally, by using the SS relation between the angular momenta

Jr= \/522 + 4sin%(p/2),

we obtain

(5.13)

tan Z(A
5—A901=p+88in2gtanp ( an §(Ag1 +p) >

9 FP\ " tan2 L+ JFesc?p

This is our final expression for the leading finite-size correction to the “E — Ay” relation for
the membrane analogue of the SS string with two angular momenta. It coincides with the
string result found in [BY]. As in the GM case, the difference is in the identification (p.7).

6. Concluding remarks

In this paper, by using the possibility to reduce the M2-brane dynamics to the one of the NR
integrable system, we gave an explicit mapping connecting the parameters of all membrane
solutions described by this dynamical system and the parameters in the corresponding
solutions of the CSG integrable model. Based on this NR approach, we found finite-size

— 16 —



M2-brane solution, its image in the CSG system, and the leading finite-size corrections to
the energy-charge relations analogous to the ones for the GM and SS strings on R; x S3.

An evident direction for further investigations is to consider more general membrane
configurations, which could describe finite-size effects corresponding to GM and SS strings
on R; x S°. ie. with three angular momenta. One can also try to include the energy
dependence on the spin S, arising from the AdS part of the full AdSs x S7 background.
Note however, that such general cases are not considered yet even for strings on AdSs x S°.

Another interesting problem is to find the M2-brane analogues of the semiclassical
GM and SS scattering [~ [7. To this end, one can use the established correspondence
between the membrane solutions (f.13), (f.14) and the CSG model. Alternatively, one may
apply the dressing method as is done in [f]-[J).
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A. e-expansions

We use the following expansions for the elliptic functions
1
K(l—¢€) x ~3 loge(1+O(e)) +log(4) (1 + O(e)),
1
E(l—¢) oxl—c¢ (Z - log(2)> (14 0(e)) — §1oge(1 +0(e))

Vinlog (T2 — log(16)
2(n—1)

log e

II(n|l —€) x 1)

(1+0(e) +

(14 0(e)).

The expansions for the coefficients in (5.9) for A% > 52 are

K 1—12 (1—u)?—v?
x — €,
T VI—u—02 201 —u)V1—u-— 2
VI—u—v2 VI—u—v%(1-2u—2v?)0?
Klloc— - €,
1—u 2(1 —u)?(1 —v2)
(1 —u)(1—v?) u?v?
K
2T T (1 —u—02)(1—02) ©
Ky o Vu(l —u—0v?) N Vul —u—02) (1 —2u—v?)v? ‘
1—u 2(1 —u)?(1 —v2)
1 —2u —v?)3
Kot o ( )

-0 20-wl-o)Wi-u—22"
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1—u  u(l—u—2?)

2 (1= 022 ©
1—u 2u(1—u—v2)
z (1 —v2)v?

Kgog X

Kspgocl—

The expansions for the coefficients in (p.9) for A% < 32 are given by

K v? -1 B v}(1—u)? -1
VR0 w1 21w 11—

K v2(1—u)—1 /021 —u)—1(1+0*(2u—1))
1 v2(1—u)?2 203 (v2 — 1)(1 — u)? ©

2
VU
K120< <1—U2_1>6,

v2(1—u)—1)u

K (v2(1—u)—1)u+ (_1)(2?)’!1)2)_(1—’_”2(211“_1))
2% v2(1 — u)? 202 (v2 — 1)(1 — u) ©
2 —
Ko o — v B 1+v°(2u—1) 5
V1—1/v2—u 202 —1)y/v2(1 —u) — 1(1 — u)
(1-v*(1—u)u
Ky oc1—u+ o €,
2
9 9 viu
Kg3 o< 1 —v*(1 —u) + 2v u<1—v2_1>6.
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