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1. Introduction

In the recent years important progress has been made in the
field of AdS/CFT duality [1] (for overview see [2]). The main
achievements are due to the discovery of integrable structures on
both sides of the correspondence.

The most developed case is the correspondence between strings
moving in AdSs x S°> and AV =4 SYM in four dimensions. The so-
called y-deformation of AdSs x S® has been proposed in [3]. It
was shown in [4] that this deformation is still integrable for real
y (known as B- or TsT-deformation).

A new integrable deformation of the type IIB AdSs x S° su-
perstring action, depending on one real parameter 7, has been
found recently in [5]. The bosonic part of the superstring sigma
model Lagrangian on this n-deformed background was determined
in [6]. Then the authors of [6] used it to compute the perturbative
S-matrix of bosonic particles in the model.

Interesting new developments were made in [7]. There the
spectrum of a string moving on n-deformed AdSs x S° is consid-
ered. This is done by treating the corresponding worldsheet theory
as integrable field theory.?

In particular, it was found that the dispersion relation for the
infinite-size giant magnons [9] in this background, in the large
string tension limit g — oo is given by

2g/1+ 72
E= uarcsinh(
n

. .. D
=), 11
nmn2> (11)
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where 1) is related to the deformation parameter 1 according to

21

m. (1.2)

N=
Here, we are going to extend the result (1.1) to the case of finite-
size giant magnons.

The paper is organized as follows. In Section 2 we give the
bosonic part of the string Lagrangian on n-deformed AdSs x S°
found in [6] and extract from it the background fields. Then in Sec-
tion 3, we obtain the exact solutions for the finite-size dyonic giant
magnon coordinates, the corresponding conserved charges and the
angular difference along one of the isometric coordinates on the
deformed sphere 53.3 In Section 4 we find the dispersion relation
for the giant magnons with one nonzero angular momentum, in-
cluding the leading finite-size effect on it. Section 5 is devoted to
our concluding remarks.

2. String Lagrangian and background fields

The bosonic part of the string Lagrangian £ on the n-deformed
AdSs x S° found in [6] is given by a sum of the Lagrangians L
and L, for the AdS and sphere subspaces. Since there is nonzero
B-field on both subspaces, which leads to the appearance of Wess—
Zumino terms, these Lagrangians can be further decomposed as

Lo=LE+1IV%,  Lo=LE+1M7, (21)

where the superscript “g” is related to the dependence on the
background metric. The explicit expressions for the Lagrangians in
(2.1) are as follows [6]

3 This angular difference is identified with the momentum of the magnon excita-
tions in the dual spin chain.
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where we introduced the notation

T =gy/1+ 2. (2.6)

Comparing (2.2)-(2.5) with the Polyakov string Lagrangian, one
can extract the components of the background fields. They are
given by
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Since we are going to consider giant magnon solutions, we re-
strict ourselves to the Ry x 5,37 subspace, which corresponds to the
following choice in AdS;,

On Sf] we first introduce the angle § in the following way

r=sind,

which leads to

452 cos? 6 ) do?
S5 = 1 r2sin2g 1+ 72sin2d
7 1+4+n%sin“60 1+ 7n<sin“6
N sin” 6 ) sin® 6 cos® & 5
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Now, to go to Sfl, we can safely set ¢ =0, § = % (we also exchange
¢1 and ¢, and replace & with ). Thus, the background seen by the
string moving in the R; x S% subspace can be written as

2
cos“ 0
& =—1, Eprn = sin249, Epry = > 2,
1+ 72sin”6
1 sin 20
&0="5"35> bgrg = ) ————. (2.9)
1+ 72sin%6 ”2 nl—i—nzsinz@

3. Exact results

Here and further on we will work in conformal gauge when
y®# = diag(—1,1) and the string Lagrangian and Virasoro con-
straints have the form

T
Ls=5(Goo—G11 +2Bo1), (3.1)
Goo + G11 =0, Go1 =0. (3.2)
Above

Gap = gunda XMagXN,  Bap =bunda XMagXN

are the fields induced on the string worldsheet. For the case under
consideration

XM= (t, ¢1,¢2,0).

The corresponding nonzero components of gyn and by are given
in (2.9).
Now, we impose the following ansatz for the string embedding

t(t,0)=«rT,
0(t,0)=0(5),

where T and o are the string world-sheet coordinates, F;(§), 6(§)
are arbitrary functions of &, and «, w;, @, B are parameters.

Replacing (3.3) into (3.1) one finds the following solutions of
the equations of motion for ¢;(t,o) (we introduced the notation
X =cos?0)

¢i(t,0) =wit + Fi(§),

E=ao+8t, i=1,2, (3.3)

1 Cq
¢l(T»U)=w1T+m/d§<m+ﬁwl>v (34)
$2(T,0) =waT + ol _ 2

)
X /dg[(HX#Cz + Bwy — ﬁ2C2j|, (3.5)

where Cq, C, are integration constants.
By using (3.4), (3.5), one can show that the Virasoro constraints
(3.2) take the form
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Next, we solve (3.7) with respect to C; and replace the solution
into (3.6). The result is

dyx 2 4
(E) = @ Tt -

X (X = Xm)(X — Xn), (3.8)
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2C2ﬂK wy — C2w2

(311)
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The solution &(x) of (3.8) is
0[2 _ 132
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Xp = Xxm) Xy — X)

p — xm)(Xy — xn)>
(Xn — Xxm)(Xp — Xn)

where F is the incomplete elliptic integral of first kind and
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Inverting £(x) to x(&¢), one finds
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By using (3.8) we can find the explicit solutions for the isomet-
ric angles ¢1, ¢. They are given by

1
now? (xy — 1/ (xn —

$1(T,0)=w1T +
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where IT is the incomplete elliptic integral of third kind.

(3.15)
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Now, let us go to the computations of the conserved charges
Q. i.e. the string energy Es and the two angular momenta Jq, Ja.
Starting with

0, = [do_~
“‘/ 7 9@ X’

and applying the ansatz (3.3), one finds
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We will need also the expression for the angular difference
A¢1. The computations give the following result

Xp
/3[ dx
A = =| —
o ”[“x V0 =000 — 0K — XX — Xn)
(B w2C2>
<aw$ T a2

Xp
< X }
Ja- IOV =000 =0 = xmX — Xx) |
(3.20)

Solving the integrals in (3.17)-(3.20) and introducing the notations
2
v="0 w22 w2E o =2
o w1 w7 w1
_ (Xn — Xp)(Xm _Xn)’ (3.21)
(Xn — Xm)(Xp — Xn)
we finally obtain
N oY
po= 2l AZVOVW e, (3.22)
N Ot = xm)(Xp — Xn)
J 21 (1—=v*W + Kauv — x;)
1= - UV —
1y Ot — xm)(Kp — Xn) !
XK(l—6)+(Xn—xp)H<M,l—e>], (3.23)
Xn— Xm
2T
J2=5
12/ (X — Xm)(Xp — Xn)
1+ H)Hu _
x {17’72[1((1 —€)— M
(1+ﬁ—2—X17) 1+ﬁ—2—Xp
(Xp — xm)(1 + )7]_2 - Xn)
()
Oy — xm)(1 + 2 Xp)
— (u+7*K2v)K(1 — e)}, (3.24)
A¢ 2
1=
v/ (Xn = Xm)(Xp — Xn)
{ vW — Kyu |:( )
T T R2E _
Ot — DA —xp X2
H<— Xy — D Xp — Xm) - 6)
(Xn — Xxm)(1 = Xp)
— (1= xpKQaA - 6):| —vK(1 — 6)}, (3.25)

where K and IT are the complete elliptic integrals of first and third
kind.

4. Small e-expansions and dispersion relation

In this section we restrict ourselves to the simpler case of giant
magnons with one nonzero angular momentum. To this end, we
set the second isometric angle ¢, = 0. From the solution (3.16) it
is clear that ¢, is zero when
wy=Cy =0,

or equivalently (see (3.21))

u=Ky;=0.

Then it follows from (3.12) that x, =0 because xy > xp > Xm >0
for the finite-size case. In addition, we express X, through the
other parameters in correspondence with (3.21)

XnXp
Xn— A —=6)xp

As a cosequence (3.9)-(3.11) take the form

Xm =

(1 — €)Xy —2€XpXn — Xif

+3-(1 +v2)W+%:O, (4.1)

Xn—A=6)xp
€XpXn(Xp + Xn)
+—
R R s
2— 1+ vHw — 24+ V22— W)W)if?
2=+ vAW 43 ng V- WIWP o
€XpXiy (1471 —W)(1 - v2W)
- — —0. (4.3)
Xn— (A —=€)Xp Ui

In order to obtain the leading finite-size effect on the dispersion
relation, we consider the limit € — 0 in (4.1)-(4.3) first. We will
use the following small €-expansions for the remaining parameters
Xn = Xno + (Xm + xy2loge)e
Xp = Xpo + (Xp1 + Xxp2logé€)e,
v=vo+ (v1 +valoge)e,

W =1+ Wye. (44)

Replacing (4.4) into (4.1)-(4.3) and expanding in € one finds the
following solution of the resulting equations

(1—vd)?
=1-v}, =1-—v2—2vov; — —2,
Xpo 0 Xp1 0 ov1 1+ﬁ2v(2)
Xp2 = —2VoV2,
1
Xn0=1+ﬁ’ Xn1 = Xny2=0,
L a+iPa-vd us
1=————=3 (4.5)
1+ n%vg

Next, we expand A¢q in € and impose the condition that the
resulting expression does not depend on €. After using (4.5) this
gives

1 Hn2
App =2 arccot(vo + ’72) (4.6)
1—vg

and two equations with solution



C. Ahn, P. Bozhilov / Physics Letters B 737 (2014) 293-297 297

_ vo(1— va)[1 —1log16 + 77%(2 — v3(1 +10g 16))]
41+ 72vd)
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1
Vo = —vo(1—v3). 47
2= of ) (4.7)
Solving (4.6) with respect to vo one finds
cot A1
Vo= (4.8)

~ A¢ ’
V% +esc? S

Now let us go to the e-expansion of the difference Es — J1. Tak-
ing into account the solutions for the parameters, it can be written
as

1
Es— J1=2g1+ ﬁz[ﬁarcsinh(ﬁ sin g)
(A +pHsin’ 6]

4,/1+7?2sin* &

where the expression for € can be found from the expansion of Jj.
To the leading order, the result is

21+ 72
€= 16exp[—<£ + #arcsinh(ﬁ sin g))
n

g

(4.9)

1+72sin® 2

— | (4.10)
(1 + 72) sin? g}

In writing (4.9), (4.10), we used (2.6) and identified the angular
difference A¢ with the magnon momentum p in the dual spin
chain.

For € = 0, (4.9) reduces to the dispersion relation for the
infinite-size giant magnon obtained in [7] for the large g case. In
the limit 77 — 0, (4.9) gives the correct result for the undeformed
case found in [10].

5. Concluding remarks

Here we dealt with strings moving in the R; x Sf, subspace of

the n-deformed AdSs x S°. The finite-size dyonic giant magnon so-
lution is contained in the string configurations we considered.

We derived the explicit exact solutions for the string coordi-
nates and the corresponding conserved charges. Then we restricted
ourselves to the case of giant magnons with one nonzero angular
momentum and obtained the dispersion relation for them includ-
ing the leading finite-size effect on it.

It will be interesting to extend the result (4.9), (4.10) to the
case of dyonic giant magnons. We will report on this soon.

Another possible direction of further investigation is to show
that (4.9), (4.10) can be reproduced by using the Liischer formula
for the finite-size effects on the dispersion relation and we are
going to do that in the near future.
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