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We develop an approach for solving the string equations of motion and Virasoro constraints in any
background that has some (unfixed) number of commuting Killing vector fields. It is based on a specific
ansatz for the string embedding. We apply the above-mentioned approach for strings moving in AdS3 ×
S3 × T4 with a 2-form NS-NS B-field. We succeeded to find solutions for a large class of string
configurations on this background. In particular, we derive dyonic giant magnon solutions in the Rt × S3

subspace and obtain the leading finite-size correction to the dispersion relation.
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I. INTRODUCTION

A very important development in the field of string
theory has been achieved for the case of AdS/CFT duality
[1] between strings and conformal field theories in various
dimensions. The most developed case is the correspon-
dence between strings living in AdS5 × S5 and N ¼ 4
SYM in four dimensions. Another example is the duality
between strings on a AdS4 × CP3 background and N ¼ 6
super Chern-Simons-matter theory in three space-time
dimensions. The main achievements in the above examples
are due to the discovery of integrable structures on both
sides of the correspondence. Many other cases have been
considered also [2].
Typically, classical string solutions provide dual CFT states

whose conformal dimensions are identified with energies
of the string configurations. (See a review by [3].) One of the
frequently studied string states in AdS/CFT duality is a giant
magnon that lives on a S2 subspace of the string target
space [4]. This state is important because it corresponds to
fundamental excitations on the world sheet whose S matrix
is at the core of the nonperturbative integrability.
For the case of AdS3=CFT2 duality [5–26], a large

coupling constant (large string tension) limit plays a
particularly important role since there are still not much
understanding on the CFT side. (For a recent revew, see
[27].) One interesting feature of this duality is the existence
of nontrivialB fields in the string action due to a NS-NS flux
and its effect on the classical string solutions. Here, we will
focus on the giant magnon solution for the relatively simpler
background geometry of AdS3 × S3 × T4 with the NS-NSB
fields. Our main result is to compute the finite-size correc-
tion for the giant magnon dispersion relation which can
provide a stringent test for the world-sheet S matrix.

The paper is organized as follows. In Sec. II we present
our general approach to string dynamics in curved back-
grounds with the B-fields. In Sec. III we apply it to strings
moving in AdS3 × S3 × T4 with the NS-NS B-field back-
ground. In Sec. IV we restrict ourselves to a giant magnon
solution and derive the dispersion relation, including the
leading finite-size effect on it. Section V is devoted to our
concluding remarks.

II. STRINGS IN CURVED BACKGROUNDS WITH
A B-FIELD: THE GENERAL APPROACH

Considering string dynamics in curved backgrounds
with a B-field, we develop an approach that will allow
us to obtain exact string solutions in sufficiently general
string theory target spaces.

A. Bosonic string action, equations
of motion and constraints

In our further considerations, we will use the Polyakov
type action for the bosonic string in a D-dimensional
curved space-time with metric tensor gMNðxÞ, interacting
with a background 2-form gauge field bMNðxÞ via a Wess-
Zumino term,

SP ¼
Z

d2ξLP;

LP ¼ −
1

2
ðT ffiffiffiffiffiffi

−γ
p

γmnGmn −QεmnBmnÞ;
ξm ¼ ðξ0; ξ1Þ ¼ ðτ; σÞ; m; n ¼ 0; 1;

where

Gmn ¼ ∂mXM∂nXNgMN;

Bmn ¼ ∂mXM∂nXNbMN;

ð∂m ¼ ∂=∂ξm; M;N ¼ 0; 1;…; D − 1Þ

*Corresponding author.
ahn@ewha.ac.kr

†bozhilov@inrne.bas.bg
‡On leave from Institute for Nuclear Research and Nuclear

Energy, Bulgarian Academy of Sciences, Bulgaria.

PHYSICAL REVIEW D 90, 066010 (2014)

1550-7998=2014=90(6)=066010(15) 066010-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.90.066010
http://dx.doi.org/10.1103/PhysRevD.90.066010
http://dx.doi.org/10.1103/PhysRevD.90.066010
http://dx.doi.org/10.1103/PhysRevD.90.066010


are the fields induced on the string world sheet, γ is the
determinant of the auxiliary world-sheet metric γmn, and
γmn is its inverse. The position of the string in the back-
ground space-time is given by xM ¼ XMðξmÞ; T ¼ 1=2πα0
and Q are the string tension and charge respectively. If we
consider the action SP as a bosonic part of a supersym-
metric one, we have to put Q ¼ �T. In what follows,
Q ¼ T.
The equations of motion for XM following from SP are

− gLK½∂mð ffiffiffiffiffiffi
−γ

p
γmn∂nXKÞ þ ffiffiffiffiffiffi

−γ
p

γmnΓK
MN∂mXM∂nXN �

¼ 1

2
HLMNϵ

mn∂mXM∂nXN; ð2:1Þ

where (∂M ¼ ∂=∂xM),

ΓL;MN ¼ gLKΓK
MN ¼ 1

2
ð∂MgNL þ ∂NgML − ∂LgMNÞ;

HLMN ¼ ∂LbMN þ ∂MbNL þ ∂NbLM

are the components of the symmetric connection corre-
sponding to the metric gMN and the field strength of the
gauge field bMN , respectively. The constraints are obtained
by varying the action SP with respect to γmn:

δγmn
SP ¼ 0 ⇒ ðγklγmn − 2γkmγlnÞGmn ¼ 0. ð2:2Þ

B. Gauge choice and ansatz

In what follow we will use conformal gauge γmn ¼
ηmn ¼ diagð−1; 1Þ in which the string Lagrangian, the
Virasoro constraints and the equations of motion take
the following form:

L ¼ T
2
ðG00 −G11 þ 2B01Þ;

G00 þG11 ¼ 0; G01 ¼ 0;

gLK½ð∂2
0 − ∂2

1ÞXK þ ΓK
MNð∂0XM∂0XN − ∂1XM∂1XNÞ�

¼ HLMN∂0XM∂1XN: ð2:3Þ

Now, let us suppose that there exists some number of
commuting Killing vector fields along part of the XM

coordinates and split XM into two parts,

XM ¼ ðXμ; XaÞ;

where Xμ are the isometric coordinates and Xa are the
nonisometric ones. The existence of isometric coordinates
leads to the following conditions on the background fields:

∂μgMN ¼ 0; ∂μbMN ¼ 0. ð2:4Þ

Then from the string action, we can compute the conserved
charges,

Qμ ¼
Z

dσ
∂L

∂ð∂0XμÞ ð2:5Þ

under the above conditions.
Next, we introduce the following ansatz for the string

embedding

Xμðτ; σÞ ¼ Λμτ þ ~Xμðασ þ βτÞ;
Xaðτ; σÞ ¼ ~Xaðασ þ βτÞ; ð2:6Þ

where Λμ, α, β are arbitrary parameters. Further on, we will
use the notation ξ ¼ ασ þ βτ. Applying this ansatz, one can
find that the equalities (2.3), (2.5) become

L ¼ T
2

�
−ðα2 − β2ÞgMN

d ~XM

dξ
d ~XN

dξ
þ 2ΛμðβgμN þ αbμNÞ

d ~XN

dξ
þ ΛμΛνgμν

�
; ð2:7Þ

G00 þ G11 ¼ ðα2 þ β2ÞgMN
d ~XM

dξ
d ~XN

dξ
þ 2βΛμgμN

d ~XN

dξ
þ ΛμΛνgμν ¼ 0; ð2:8Þ

G01 ¼ αβgMN
d ~XM

dξ
d ~XN

dξ
þ αΛμgμN

d ~XN

dξ
¼ 0; ð2:9Þ

− ðα2 − β2Þ
�
gLK

d2 ~XK

dξ2
þ ΓL;MN

d ~XM

dξ
d ~XN

dξ

�
þ 2βΛμΓL;μN

d ~XN

dξ
þ ΛμΛνΓL;μν ¼ αΛμHLμN

d ~XN

dξ
; ð2:10Þ

Qμ ¼
T
α

Z
dξ

�
ðβgμN þ αbμNÞ

d ~XN

dξ
þ Λνgμν

�
: ð2:11Þ

Our next task is to try to solve the equations of motion (2.10) for the isometric coordinates, i.e. for L ¼ λ. Due to the
conditions (2.4) imposed on the background fields, we obtain that
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Γλ;ab ¼
1

2
ð∂agbλ þ ∂bgaλÞ; Γλ;μa ¼

1

2
∂agμλ Γλ;μν ¼ 0;

Hλab ¼ ∂abbλ þ ∂bbλa; Hλμa ¼ ∂abλμ; Hλμν ¼ 0.

By using this, one can find the following first integrals for ~Xμ,

d ~Xμ

dξ
¼ 1

α2 − β2
½gμνðCν − αΛρbνρÞ þ βΛμ� − gμνgνa

d ~Xa

dξ
; ð2:12Þ

whereCν are arbitrary integration constants. Therefore, according to our ansatz (2.6), the solutions for the string coordinates
Xμ can be written as

Xμðτ; σÞ ¼ Λμτ þ 1

α2 − β2

Z
dξ½gμνðCν − αΛρbνρÞ þ βΛμ� −

Z
gμνgνad ~X

aðξÞ: ð2:13Þ

Now, let us turn to the remaining equations of motion corresponding to L ¼ a, where

Γa;μb ¼ −
1

2
ð∂agbμ − ∂bgaμÞ; Γa;μν ¼ −

1

2
∂agμν; Haμν ¼ ∂abμν; Haμb ¼ −∂abbμ þ ∂bbaμ:

Taking this into account and replacing the first integrals for ~Xμ already found, one can write these equations in the form
(prime is used for d=dξ)

ðα2 − β2Þ½hab ~Xb00 þ Γh
a;bc

~Xb0 ~Xc0 � ¼ 2∂ ½aAb� ~X
b0 − ∂aU; ð2:14Þ

where

hab ¼ gab − gaμgμνgνb; Γh
a;bc ¼

1

2
ð∂bhca þ ∂chba − ∂ahbcÞ ð2:15Þ

Aa ¼ gaμgμνðCν − αΛρbνρÞ þ αΛμbaμ; ð2:16Þ

U ¼ 1=2
α2 − β2

½ðCμ − αΛρbμρÞgμνðCν − αΛλbνλÞ þ α2ΛμΛνgμν�: ð2:17Þ

One can show that the above equations for ~Xa can be derived from the effective Lagrangian,

LeffðξÞ ¼ 1

2
ðα2 − β2Þhab ~Xa0 ~Xb0 þ Aa

~Xa0 − U:

The corresponding effective Hamiltonian is

HeffðξÞ ¼ 1

2
ðα2 − β2Þhab ~Xa0 ~Xb0 þU;

or in terms of the momenta pa conjugated to ~Xa,

HeffðξÞ ¼ 1

2
ðα2 − β2Þhabðpa − AaÞðpb − AbÞ þU:

The Virasoro constraints (2.8), (2.9) become

1

2
ðα2 − β2Þhab ~Xa0 ~Xb0 þ U ¼ 0; αΛμCμ ¼ 0. ð2:18Þ
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Finally, let us write down the expressions for the conserved charges (2.11),

Qμ ¼
T

α2 − β2

Z
dξ

�
β

α
Cμ þ αΛνgμν þ bμνgνρðCρ − αΛλbρλÞ þ ðα2 − β2Þðbμa − bμνgνρgρaÞ ~Xa0

�
: ð2:19Þ

III. STRINGS IN AdS3 × S3 × T4 WITH NS-NS B-FIELD

The background geometry of this target space can be written in the following form1:

ds2AdS3 ¼ −ð1þ r2Þdt2 þ ð1þ r2Þ−1dr2 þ r2dϕ2; btϕ ¼ qr2;

ds2S3 ¼ dθ2 þ sin2θdϕ2
1 þ cos2θdϕ2

2; bϕ1ϕ2
¼ −qcos2θ;

ds2T4 ¼ ðdφiÞ2; i ¼ 1; 2; 3; 4.

Now, we apply the formulation given in Sec. II. According to our notations,

Xμ ¼ ðt;ϕ;ϕ1;ϕ2;φiÞ; Xa ¼ ðr; θÞ;
gμν ¼ ðgtt; gϕϕ; gϕ1ϕ1

; gϕ2ϕ2
; gijÞ; gab ¼ ðgrr; gθθÞ; gaμ ¼ 0; hab ¼ gab;

bμν ¼ ðbtϕ; bϕ1ϕ2
Þ; baν ¼ 0;

Aa ¼ 0; ð3:1Þ

where

gtt ¼ ðgttÞ−1 ¼ −ð1þ r2Þ; gϕϕ ¼ ðgϕϕÞ−1 ¼ r2; gϕ1ϕ1
¼ ðgϕ1ϕ1Þ−1 ¼ sin2θ;

gϕ2ϕ2
¼ ðgϕ2ϕ2Þ−1 ¼ cos2θ; gij ¼ ðgijÞ−1 ¼ δij;

grr ¼ ðgrrÞ−1 ¼ ð1þ r2Þ−1; gθθ ¼ 1;

btϕ ¼ qr2; bϕ1ϕ2
¼ −qcos2θ: ð3:2Þ

Since gaμ ¼ 0, the solutions (2.13) for the coordinates Xμ are simplified to

Xμðτ; σÞ ¼ Λμτ þ ~XμðξÞ ¼ Λμτ þ 1

α2 − β2

Z
dξ½gμνðCν − αΛρbνρÞ þ βΛμ�; ð3:3Þ

where gμν and bνρ must be replaced from above.
Now, we want to find the solutions for the nonisometric string coordinates Xa. To this end we have to solve Eqs. (2.14),

which in the case at hand reduce to

ðα2 − β2Þ½gab ~Xb00 þ Γa;bc
~Xb0 ~Xc0 � þ ∂a

X
b¼r;θ

Ub ¼ 0; ð3:4Þ

where the scalar potential U in (2.17) is represented as a sum of two parts: Ur ¼ UrðrÞ for the AdS3 subspace and
Uθ ¼ UθðθÞ for the S3 subspace of the background.
Taking into account that the metric gab is diagonal, one can find the following two first integrals of (3.4):

~Xa0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ca − 2Ua

ðα2 − β2Þgaa

s
: ð3:5Þ

It follows from here that

1The common radius R of the three subspaces is set to 1, and q is the parameter used in [25].
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dξ ¼ d ~Xaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ca−2Ua

ðα2−β2Þgaa

q : ð3:6Þ

So, we have two different expressions for dξ, which obviously must coincide. This is a condition for self-consistency.
It leads to

Z
drffiffiffiffiffiffiffiffiffiffiffiffi
Cr−2Ur

grr

q ¼
Z

dθffiffiffiffiffiffiffiffiffiffiffiffi
Cθ−2Uθ

gθθ

q ; ð3:7Þ

which actually gives implicitly the “orbit” rðθÞ, i.e. how the radial coordinate r on AdS3 depends on the angle θ in S3.
Now, we have to check if the first integrals for ~XaðξÞ are compatible with the Virasoro constraints (2.18). Replacing ~Xa0 in

the first of them, one finds

Cr þ Cθ ¼ 0.

Thus, we found all first integrals of the string equations of motion, compatible with the Virasoro constraints, which
reduce to algebraic relations between the embedding parameters and the integration constants.
Now, let us give the expressions for the conserved charges (2.19), corresponding to the isometric coordinates,

−Qt ≡ Es ¼
T

α2 − β2

��
αΛt −

β

α
Ct − qCϕ

�Z
dξþ αð1 − q2ÞΛt

Z
dξr2

�
; ð3:8Þ

Qϕ ≡ S ¼ T
α2 − β2

��
β

α
Cϕ þ qCt þ q2αΛϕ

�Z
dξþ ð1 − q2ÞαΛϕ

Z
dξr2 − ðqCt þ q2αΛϕÞ

Z
dξ

1þ r2

�
; ð3:9Þ

Qϕ1
≡ J1 ¼

T
α2 − β2

��
β

α
Cϕ1

þ αΛϕ1 − qCϕ2

�Z
dξ − ð1 − q2ÞαΛϕ1

Z
cos2θdξ

�
;

Qϕ2
≡ J2 ¼

T
α2 − β2

��
β

α
Cϕ2

− qðCϕ1
þ qαΛϕ2Þ

�Z
dξþ ð1 − q2ÞαΛϕ2

Z
cos2θdξþ qðCϕ1

þ qαΛϕ2Þ
Z

dξ
1 − cos2θ

�
;

ð3:10Þ

Qi ≡ JTi ¼ T
α2 − β2

�
β

α
Ci þ αΛjδij

�Z
dξ: ð3:11Þ

Here we used the following notations: Es is the string energy, S is the spin in AdS3, J1 and J2 are the two angular momenta
in S3, while JTi are the four angular momenta on T4.
The explicit expressions for the string coordinates, the “orbit” rðθÞ, and the conserved charges in this background are

given in the Appendix.

IV. GIANT MAGNON SOLUTION

The giant magnon string solution was found in [4]. It is a specific string configuration, living in the Rt × S2 subspace of
AdS5 × S5 with an angular momentum J1 which goes to ∞. A similar configuration, the dyonic giant magnon, has been
obtained in [28] which moves in Rt × S3 subspace with two angular momenta J1; J2 with J1 → ∞. These classical
configurations have played an important role in understanding exact, quantum aspects of the AdS/CFT correspondence. In
particular, corrections due to a large but finite J1 obtained in [29] and [30] can provide a nontrivial check for the exact
world-sheet S matrix.
In this section we provide similar string solutions in AdS3 × S3 × T4 with NS-NS B-field for a large but finite J1. A giant

magnon solution with infinite angular momentum has been constructed in a recent paper [25] with a dispersion relation,2

2The terms proportional to q are due to the nonzero B-field on S3.
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Es − J1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2 − qTΔϕ1Þ2 þ 4T2ð1 − q2Þsin2Δϕ1

2

r
: ð4:1Þ

This relation is already quite different from those for the ordinary (dyonic) giant magnons. We will show that there exist
even bigger differences for the finite-size corrections.

A. Exact results

In order to consider dyonic giant magnon solutions, we restrict our general ansatz (2.6) in the following way:

Xt ≡ t ¼ κτ; i:e: Λt ¼ κ; ~XtðξÞ ¼ 0;

Xϕ ≡ ϕ ¼ 0; i:e: Λϕ ¼ 0; ~XϕðξÞ ¼ 0

Xr ≡ r ¼ ~XrðξÞ ¼ 0;

Xϕ1 ≡ ϕ1 ¼ ω1τ þ ~Xϕ1ðξÞ; i:e: Λϕ1 ¼ ω1;

Xϕ2 ≡ ϕ2 ¼ ω2τ þ ~Xϕ2ðξÞ; i:e: Λϕ2 ¼ ω2;

Xθ ≡ θ ¼ ~XθðξÞ; Xφi ≡ φi ¼ 0:

As a result, we can claim that

Ct ¼ βκ;

which comes from d ~Xt

dξ ¼ 0.
Now, we can rewrite the first integrals for ~Xμ on S3 as

d ~Xϕ1

dξ
¼ 1

α2 − β2

�
ðCϕ1

þ qαω2Þ
1

1 − χ
þ βω1 − qαω2

�
;

d ~Xϕ2

dξ
¼ 1

α2 − β2

�
Cϕ2

χ
þ βω2 − qαω1

�
; ð4:2Þ

where χ ¼ cos2 θ.
The first Virasoro constraint, which in the case under consideration is the first integral of the equation of motion for θ,

reduces to

�
dχ
dξ

�
2

¼ 4

ðα2 − β2Þ2 χð1 − χÞ
�
ðα2 þ β2Þκ2 − ðCϕ1

þ qαω2χÞ2
1 − χ

−
ðCϕ2

− qαω1χÞ2
χ

− α2ðω2
2 − ω2

1Þχ − α2ω2
1

�
: ð4:3Þ

Also, the second Virasoro constraint becomes

ω1Cϕ1
þ ω2Cϕ2

þ βκ2 ¼ 0. ð4:4Þ

Taking (4.4) into account, we can rewrite (4.3) as

�
dχ
dξ

�
2

¼ 4ð1 − q2Þω
2
1

α2
1 − u2

ð1 − v2Þ2 ðχp − χÞðχ − χmÞðχ − χnÞ; ð4:5Þ

where
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χp þ χm þ χn ¼
−ðv2W þ ðW þ u2 − 2þ q2ÞÞ þ 2qðuvW þ Kð1 − u2ÞÞ

ð1 − q2Þð1 − u2Þ ;

χpχm þ χpχn þ χmχn ¼ −
ð1þ v2ÞW þ K2 − ðvW − uKÞ2 − 1þ 2qK

ð1 − q2Þð1 − u2Þ ;

χpχmχn ¼ −
K2

ð1 − q2Þð1 − u2Þ ; ð4:6Þ

and we introduced the notations,

v ¼ −
β

α
; u ¼ ω2

ω1

; W ¼
�

κ

ω1

�
2

; K ¼ Cϕ2

αω1

:

This leads to

dξ ¼ α

2ω1

1 − v2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þð1 − u2Þ

p dχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðχp − χÞðχ − χmÞðχ − χnÞ
p : ð4:7Þ

Integrating (4.7) and inverting ξðχÞ to χðξÞ≡ cos2½θðξÞ�, one finds the following explicit solution,

χ ¼ ðχp − χnÞDN2

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þð1 − u2Þðχp − χnÞ

q
1 − v2

ω1ðσ − vτÞ; χp − χm
χp − χn

3
75þ χn; ð4:8Þ

where DN is one of the Jacobi elliptic functions.
Next, we integrate (4.2), and according to our ansatz, obtain that the solutions for the isometric angles on S3 are given by

ϕ1 ¼ ω1τ þ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q �

vW − Kuþ qu
1 − χp

Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;−

χp − χm
1 − χp

;
χp − χm
χp − χn

�

−ðvþ quÞF
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;
χp − χm
χp − χn

��
ð4:9Þ

ϕ2 ¼ ω2τ þ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q �

K
χp

Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
; 1 −

χm
χp

;
χp − χm
χp − χn

�

−ðuvþ qÞF
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;
χp − χm
χp − χn

��
; ð4:10Þ

where F and Π are the incomplete elliptic integrals of the first and third kind.
By using (4.7), one can find also the conserved quantities, namely, the string energy Es and the two angular momenta

J1, J2,

Es ¼ 2T
ð1 − v2Þ ffiffiffiffiffi

W
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q Kð1 − ϵÞ; ð4:11Þ

J1 ¼
2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q f½1 − v2W þ Kðuv − qÞ�Kð1 − ϵÞ

− ð1 − q2Þ½χnKð1 − ϵÞ þ ðχp − χnÞEð1 − ϵÞ�g; ð4:12Þ
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J2 ¼
2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q �

ð1 − q2Þu½χnKð1 − ϵÞ þ ðχp − χnÞEð1 − ϵÞ�

− ½Kvþ qðvW − KuÞ þ q2u�Kð1 − ϵÞ þ q
vW − Kuþ qu

1 − χp
Π
�
−
χp − χn
1 − χp

ð1 − ϵÞ; 1 − ϵ

��
; ð4:13Þ

where K, E and Π are the complete elliptic integrals of the first, second and third kind, and ϵ is defined as

ϵ ¼ χm − χn
χp − χn

: ð4:14Þ

We will need also the expression for the angular difference Δϕ1, which is found to be

Δϕ1 ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þð1 − u2Þðχp − χnÞ
q �

vW − Kuþ qu
1 − χp

Π
�
−
χp − χn
1 − χp

ð1 − ϵÞ; 1 − ϵ

�
− ðvþ quÞKð1 − ϵÞ

�
: ð4:15Þ

The expressions (4.11), (4.12), (4.13), (4.15) are for the finite-size dyonic strings living in the Rt × S3 subspace
of AdS3 × S3 × T4.

B. Leading finite-size effect on the dispersion relation

In order to find the leading finite-size effect on the dispersion relation, we have to consider the limit ϵ → 0, since ϵ ¼ 0
corresponds to the infinite-size case. In this subsection we restrict ourselves to the particular case when χn ¼ K ¼ 0.3 Then
the third equation in (4.6) is satisfied identically, while the other two simplify to

χp þ χm ¼ 2 − ð1þ v2ÞW − u2 − 2qðuvW þ q
2
Þ

ð1 − q2Þð1 − u2Þ ;

χpχm ¼ ð1 −WÞð1 − v2WÞ
ð1 − q2Þð1 − u2Þ ; ð4:16Þ

and ϵ becomes

ϵ ¼ χm
χp

: ð4:17Þ

The relevant expansions of the parameters are

χp ¼ χp0 þ ðχp1 þ χp2 logðϵÞÞϵ; W ¼ 1þW1ϵ;

v ¼ v0 þ ðv1 þ v2 logðϵÞÞϵ; u ¼ u0 þ ðu1 þ u2 logðϵÞÞϵ: ð4:18Þ

Replacing (4.17), (4.18) into (4.16), one finds the following solutions in the small ϵ limit,

3As we will see later on, this choice allows us to reproduce the dispersion relation in the infinite volume limit [25].
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χp0 ¼
1 − v20 − u20 − 2qðu0v0 þ q

2
Þ

ð1 − q2Þð1 − u20Þ
;

χp1 ¼ −
v0 þ qu0

ð1 − q2Þ2ð1 − v20Þð1 − u20Þ2
��

1 − v20 − u20 − 2q

�
u0v0 þ

q
2

��
ðv30 þ qu0ð1þ 3v20Þ − v0ð1 − 2u20 − 2q2ÞÞ

þ 2ð1 − q2Þð1 − v20Þðð1 − u20Þv1 þ ðu0v0 þ qÞu1Þ
�

χp2 ¼ −
2ðv0 þ qu0Þðð1 − u20Þv2 þ ðu0v0 þ qÞu2Þ

ð1 − q2Þð1 − u20Þ2

W1 ¼ −
ð1 − v20 − u20 − 2qðu0v0 þ q

2
ÞÞ2

ð1 − q2Þð1 − u20Þð1 − v20Þ
: ð4:19Þ

The coefficients in the expansions of v and u will be obtained by imposing the conditions that J2 and Δϕ1 do not depend
on ϵ, as in the cases without the B-field (AdS5 × S5 and AdS4 × CP3) and their TsT deformations, where the B-field is
nonzero but its contribution is different.
Expanding (4.13) and (4.15) to the leading order in ϵ (now χn ¼ K ¼ 0), one finds that on the solutions (4.19),

J2 ¼ 2T

0
B@u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

q
1 − u20

þq arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

ð1 − q2Þð1 − u20Þ

s 1
CA; ð4:20Þ

Δϕ1 ¼ 2 arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

ð1 − q2Þð1 − u20Þ

s
; ð4:21Þ

u1 ¼
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

4ð1 − q2Þð1 − u20Þ
½u0ð1 − log 16 − v20ð1þ log 16ÞÞ − 2qv0 log 16Þ�; ð4:22Þ

v1 ¼
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

4ð1 − q2Þð1 − u20Þð1 − v20Þ
½v0ðð1 − 4q2Þð1 − log 16Þ − u20ð5 − log 4096ÞÞ

−v30ð1 − log 16 − u20ð1þ log 16ÞÞ − 4qu0ð1 − log 4þ v20ð1 − log 64ÞÞ�; ð4:23Þ

u2 ¼
ðu0ð1þ v20Þ þ 2qv0Þð1 − u20 − v20 − 2qðu0v0 þ q

2
ÞÞ

4ð1 − q2Þð1 − v20Þ
; ð4:24Þ

v2 ¼
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

4ð1 − q2Þð1 − u20Þð1 − v20Þ
½v0ð1 − v20 − u20ð3þ v20ÞÞ − 2qðu0ð1þ 3v20Þ þ 2qv0Þ�: ð4:25Þ

Now, let us turn to the energy-charge relation. Expanding (4.11) and (4.12) in ϵ and taking into account the solutions
(4.19), (4.22)–(4.25), we obtain

Es − J1 ¼ 2T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

q
1 − u20

�
1 −

1 − u20 − v20 − 2qðu0v0 þ q
2
Þ

4ð1 − q2Þ ϵ

�
: ð4:26Þ

The expression for ϵ can be found from the expansion of J1. To the leading order, it is given by

ϵ ¼ 16 exp

�
−
J1
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

q
1 − v20

− 2
1 − u20 − v20 − 2qðu0v0 þ q

2
Þ

ð1 − v20Þð1 − u20Þ
�
: ð4:27Þ

Next, we would like to express the right-hand side of (4.26) in terms of J2 and Δϕ1. To this end, we solve (4.20), (4.21)
with respect to u0, v0. The result is
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u0 ¼
J2 − qTΔϕ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðJ2 − qTΔϕ1Þ2 þ 4ð1 − q2ÞT2sin2 Δϕ1

2

q ; ð4:28Þ

v0 ¼
Tð1 − q2Þ sinΔϕ1 − qðJ − qTΔϕ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2 − qTΔϕ1Þ2 þ 4ð1 − q2ÞT2sin2 Δϕ1

2

q : ð4:29Þ

Replacing (4.28), (4.29) into (4.26), (4.27), one finds

Es − J1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2 − qTΔϕ1Þ2 þ 4ð1 − q2ÞT2sin2

Δϕ1

2

r �
1 −

ð1 − q2ÞT2sin4 Δϕ1

2

ðJ2 − qTΔϕ1Þ2 þ 4ð1 − q2ÞT2sin2 Δϕ1

2

ϵ

�
; ð4:30Þ

where

ϵ ¼ 16e
−
2ðJ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2−qTΔϕ1Þ2þ4ð1−q2ÞT2sin2Δϕ1

2

p
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ2−qTΔϕ1Þ2þ4ð1−q2ÞT2sin2Δϕ1

2

p
sin2

Δϕ1
2

ðJ2−qTΔϕ1Þ2þ4T2sin4
Δϕ1
2

þ2qT sinΔϕ1ððJ2−qTΔϕ1Þþ
q
2
T sinΔϕ1Þ : ð4:31Þ

Our result4 matches with that of [25] in (4.1) when we take the ϵ → 0 limit by sending J1 → ∞. This dispersion relation is
different from the ordinary giant magnon.
The dispersion relation for the ordinary giant magnon with one nonzero angular momentum cam be obtained by setting

J2 ¼ 1 and taking the limit T → ∞. To take into account the leading finite-size effect only, we restrict ourselves to the case
when J1

T >> 1. The result is the following:

Es − J1 ¼ T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2q2 þ 4ð1 − q2Þ sin2 p

2

r �
1 −

ð1 − q2Þ sin4 p
2

p2q2 þ 4ð1 − q2Þ sin2 p
2

ϵ

�
; ð4:32Þ

where

ϵ ¼ 16 exp

�
−2

q2ðp − sinpÞ2 þ 4sin4 p
2

�
J1
T
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2q2 þ 4ð1 − q2Þsin2 p

2

r � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2q2 þ 4ð1 − q2Þsin2 p

2

r
sin2

p
2

�
:

V. CONCLUDING REMARKS

Here we presented an approach to string dynamics in
curved backgrounds with a nonzero 2-form B-field, which
allows us to find the first integrals for the string coordinates
along the isometric directions of the background and the
corresponding conserved charges. This leads to dimensional
reduction of the problem. It remains to solve the equations of
motion for the nonisometric string coordinates and the
Virasoro constraints. This can be done for fixed background
fields. As an example we have considered string dynamics
onAdS3 × S3 × T4.We succeeded to find all solutions of the
string equations of motion for this case, and to reduce the
Virasoro constraints to algebraic relations among the embed-
ding parameters and the integration constants. The resulting
family of string configurations may have very different
properties for different values of the parameters involved.
That is why, we concentrated on the finite-size dyonic giant

magnon solutions in this background. We have shown that
the finite-size dispersion relation of (dyonic) giant magnon
solution in this background is different from the analogous
ones in AdS5 × S5, AdS4 × CP3 and their γ deformations.
Our results on the leading finite-size correction to the

dispersion relation can provide an important check for the
exact integrability conjecture and S-matrix elements based
on it. We will report on this soon. Another possible
direction of further investigation is to consider strings
moving in AdS3 × S3 × S3 × S1 which has smaller set of
isometric coordinates, hence, needs to solve more non-
trivial equations of motion.
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APPENDIX: EXPLICIT EXACT SOLUTIONS IN AdS3 × S3 × T4 WITH NS-NS B-FIELD

Let us start with the solutions for the string coordinates in AdS3 subspace. By using (2.17), (3.1) and (3.2), one can find
that the scalar potential Ur in (3.4) is given by

UrðrÞ ¼
1

2ðα2 − β2Þ
�
ðαΛϕÞ2r2 − ðαΛtÞ2ð1þ r2Þ þ ðCϕ þ qαΛtr2Þ2

r2
−
ðCt − qαΛϕr2Þ2

1þ r2

�
: ðA1Þ

After introducing the variable

y ¼ r2; ðA2Þ

and replacing (A1) into (3.6), one can rewrite it in the following form,

dξ ¼ α2 − β2

2α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�

p dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðyp − yÞðy − ymÞðy − ynÞ
p ; ðA3Þ

where

0 ≤ ym < y < yp; yn < 0;

and yp, ym, yn satisfy the relations

yp þ ym þ yn ¼
1

α2ð1− q2Þ½ðΛϕÞ2 − ðΛtÞ2� ½Crðα2 − β2Þ− αðαðΛϕÞ2 − 2αðΛtÞ2Þ þ 2qðCϕΛt þCtΛϕÞ þ q2αðΛtÞ2�;

ypym þ ypyn þ ymyn ¼ −
1

α2ð1− q2Þ½ðΛϕÞ2 − ðΛtÞ2� ½Crðα2 − β2Þ þC2
t −C2

ϕ þ α2ðΛtÞ2 − 2qαCϕΛt�;

ypymyn ¼ −
C2
ϕ

α2ð1− q2Þ½ðΛϕÞ2 − ðΛtÞ2� : ðA4Þ

Integrating (A3) and inverting

ξðyÞ ¼ α2 − β2

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ

q F

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yp − y

yp − ym

r
;
yp − ym
yp − yn

�

to yðξÞ, one finds the following solution,

yðξÞ ¼ ðyp − ynÞDN2

�α ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ

q
α2 − β2

ξ;
yp − ym
yp − yn

�
þ yn; ðA5Þ

where F is the incomplete elliptic integral of the first kind and DN is one of the Jacobi elliptic functions.
Next, we will compute ~XtðξÞ and ~XϕðξÞ entering (3.3). Integrating

d ~Xt

dξ
¼ 1

α2 − β2

�
βΛt þ qαΛϕ − ðCt þ qαΛϕÞ 1

1þ y

�
;

d ~Xϕ

dξ
¼ 1

α2 − β2

�
βΛϕ þ qαΛt þ Cϕ

y

�
;

and using (A5), we obtain the following solutions for the string coordinates t, ϕ, in accordance with our ansatz:
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tðτ; σÞ ¼ Λtτ þ 1

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ

q �
ðβΛt þ qαΛϕÞF

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yp − y

yp − ym

r
;
yp − ym
yp − yn

�

−
Ct þ qαΛϕ

1þ yp
Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yp − y

yp − ym

r
;
yp − ym
1þ yp

;
yp − ym
yp − yn

��
ðA6Þ

ϕðτ; σÞ ¼ Λϕτ þ 1

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ

q �
ðβΛϕ þ qαΛtÞF

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yp − y

yp − ym

r
;
yp − ym
yp − yn

�

þ Cϕ

yp
Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yp − y

yp − ym

r
;
yp − ym

yp
;
yp − ym
yp − yn

��
; ðA7Þ

where Π is the incomplete elliptic integral of the third kind.
Let us compute now the string energy and spin on the solutions found. Starting from (3.8), (3.9), we obtain

Es ¼
2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ
q ��

Λt −
β

α2
Ct − q

Cϕ

α

�
K

�
1 −

ym − yn
yp − yn

�

þð1 − q2ÞΛt

�
ynK

�
1 −

ym − yn
yp − yn

�
þ ðyp − ynÞE

�
1 −

ym − yn
yp − yn

���
; ðA8Þ

S ¼ 2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2Þ½ðΛϕÞ2 − ðΛtÞ2�ðyp − ynÞ

q ��
β

α2
Cϕ þ q

Ct

α
þ Λϕq2

�
K

�
1 −

ym − yn
yp − yn

�

þð1 − q2ÞΛϕ

�
ynK

�
1 −

ym − yn
yp − yn

�
þ ðyp − ynÞE

�
1 −

ym − yn
yp − yn

��
−
q Ct

α þ q2Λϕ

1þ yp
Π
�
yp − ym
1þ yp

; 1 −
ym − yn
yp − yn

��
; ðA9Þ

where K, E and Π are the complete elliptic integrals of the first, second and third kind.
Now we turn to the S3 subspace. By using (2.17), (3.1) and (3.2), one can show that the scalar potentialUθ in (3.6) can be

written as

UθðθÞ ¼
1

2ðα2 − β2Þ
�ðCϕ2

− qαΛϕ1χÞ2
χ

þ ðCϕ1
þ qαΛϕ2χÞ2
1 − χ

þα2ðΛϕ2Þ2χ þ α2ðΛϕ1Þ2ð1 − χÞ
�
; ðA10Þ

where we introduced the notation

χ ≡ cos2 θ: ðA11Þ

Replacing (A10) in (3.6), one can see that it can be written in the form

dξ ¼ α2 − β2

2α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þ

p dχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðχp − χÞðχ − χmÞðχ − χnÞ
p ; ðA12Þ

where

0 ≤ χm < χ < χp ≤ 1; χn ≤ 0;

and
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χp þ χm þ χn ¼
1

α2ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þ ½−Cθðα2 − β2Þ − ðαΛϕ2Þ2 þ ð2 − q2ÞðαΛϕ1Þ2

−2qαðCϕ2
Λϕ1 þ Cϕ1

Λϕ2Þ�;

χpχm þ χpχn þ χmχn ¼
1

α2ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þ ½ðαΛ
ϕ1Þ2 þ C2

ϕ1
− C2

ϕ2
− Cθðα2 − β2Þ − 2qαCϕ2

Λϕ1 �;

χpχmχn ¼ −
ðCϕ2

Þ2
α2ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þ :

Integrating (A12), one finds the following solution for χ:

χðξÞ ¼ ðχp − χnÞDN2

�α ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ

q
α2 − β2

ξ;
χp − χm
χp − χn

�
þ χn: ðA13Þ

Now we are ready to find the “orbit” r ¼ rðxÞ. Written in terms of y and χ, it is given by

y ¼ ðyp − ynÞDN2½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððΛϕÞ2 − ðΛtÞ2Þðyp − ynÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ

q F

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;
χp − χm
χp − χn

�
;
yp − ym
yp − yn

�
þ yn: ðA14Þ

Next, we compute ~Xϕ1ðξÞ and ~Xϕ2ðξÞ. Replacing the results in our ansatz, we derive the following solutions for the
isometric coordinates on S3,

ϕ1 ¼ Λϕ1τ þ 1

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ

q �
ðβΛϕ1 − qαΛϕ2ÞF

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;
χp − χm
χp − χn

�

þCϕ1
þ qαΛϕ2

1 − χp
Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;−

χp − χm
1 − χp

;
χp − χm
χp − χn

��
; ðA15Þ

ϕ2 ¼ Λϕ2τ þ 1

α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ

q �
ðβΛϕ2 − qαΛϕ1ÞF

�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
;
χp − χm
χp − χn

�

þCϕ1

χp
Π
�
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χp − χ

χp − χm

r
; 1 −

χm
χp

;
χp − χm
χp − χn

��
: ðA16Þ

Based on (3.10) and the solutions for the string coordinates on S3 we found, we can write down the explicit expressions
for the conserved angular momenta J1 and J2 computed on the solutions. The result is

J1 ¼
2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ
q ��

β

α2
Cϕ1

þ Λϕ1 − q
Cϕ2

α

�
K

�
1 −

χm − χn
χp − χn

�

−ð1 − q2ÞΛϕ1

�
χnK

�
1 −

χm − χn
χp − χn

�
þ ðχp − χnÞE

�
1 −

χm − χn
χp − χn

���
; ðA17Þ
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J2 ¼
2Tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − q2ÞððΛϕ1Þ2 − ðΛϕ2Þ2Þðχp − χnÞ
q ��

β

α2
Cϕ2

− q

�
Cϕ1

α
þ qΛϕ2

��
K

�
1 −

χm − χn
χp − χn

�

þð1 − q2ÞΛϕ2

�
χnK

�
1 −

χm − χn
χp − χn

�
þ ðχp − χnÞE

�
1 −

χm − χn
χp − χn

��

þ qðCϕ1
α þ qΛϕ2Þ
1 − χp

Π
�
−
χp − χm
1 − χp

; 1 −
χm − χn
χp − χn

��
: ðA18Þ

Now, let us go to the T4 subspace. Since in terms of φi coordinates the metric is flat and there is no B-field, the solutions
for the string coordinates are simple and given by

φiðτ; σÞ ¼ Λiτ þ 1

α2 − β2
ðCi þ βΛiÞξ: ðA19Þ

The conserved charges (3.11) can be computed to be

JTi ¼ 2παT
α2 − β2

�
β

α
Ci þ αΛi

�
: ðA20Þ

If we impose the periodicity conditions,

φiðτ; σÞ ¼ φiðτ; σ þ 2LÞ þ 2πni; ni ∈ Zi;

the integration constants Ci are fixed in terms of the embedding parameters. Namely,

Ci ¼
πni
Lα

ðα2 − β2Þ − βΛi: ðA21Þ

Replacing (A21) into (A19) and (A20), one finally finds

φi ¼
�
Λi þ β

α

πni
L

�
τ þ πni

L
σ;

JTi ¼ 2πT

�
Λi þ β

α

πni
L

�
: ðA22Þ

Let us finally point out that the Virasoro constraints impose the following two conditions on the embedding parameters
and integrations constants in the solutions found:

Cr þ Cθ ¼ 0;

ΛtCt þ ΛϕCϕ þ Λϕ1Cϕ1
þ Λϕ2Cϕ2

− Λi

�
βΛi − ðα2 − β2Þ πni

αL

�
¼ 0. ðA23Þ
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