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In this paper we construct new parafermion theories, generalizing the Zt. parafermion 
theory from integer L to rational L. These non-unitary parafermion theories (which are also 
defined as SL(2,~)L/U(1)) have some novel features: an infinite number of currents with 
negative conformal dimensions for most (if not all) of them. We construct the string functions of 
these new parafermion theories. Generalizing Felder's BRST cohomology approach we con- 
struct from the string functions the branching functions of the SU(2)t. × SU(2)K/SU(2)r+L coset 
theories, where both K, L are rational. New N = 2 superconformal field theories and topological 
field theories are also constructed. Their characters are obtained in terms of the new string 
functions. 

1. Introduction and summary  

Conformal  field theories (CFTs) have been studied for their possible applica- 
tions to string compactifications,  two-dimensional  critical phenomena ,  integrable 

systems and matrix models.  Except  for string theory, unitarity of  CFTs is in general  

not  necessary. For  example, in integrable field theories, the physical states are 

nei ther  pr imary fields nor  their descendents  of  the corresponding CFTs; thus, 
unitari ty of  the CFT  is not necessary for the unitari ty of  integrable systems. In  fact, 

non-uni tary  CFTs may have more  applications than unitary CFTs. In this paper ,  

we construct  new rational CFTs that are generically non-unitary.  
The  classification of  rational CFTs is far f rom complete.  The  best known 

example is the BPZ series Mp.p, with c = 1 -  6 (p  _p,)2/pp,  [1]. It is useful to 

identify Mp, p, with coset CFTs constructed f rom SU(2) W e s s - Z u m i n o - W i t t e n  

(WZW)  models  [2]. Consider  the coset 

su(2) K su(2) ,. 
COSET[ K, L] = (1.1) 

SU(2)  K+L 

Goddard ,  Kent  and Olive (GKO)  [3] showed that  Mp, p, = COSET[1,  L]  with 
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L + 2 = p / ( p ' - p )  where p,p'  are coprime. When L is integer ( p ' - p  = 1), they 
correspond to the unitary series with c < 1 [4]. Generalization of this construction 
to K, L both positive integers have been studied in the literature. It was pointed 
out by several groups [5] that the above COSET[K, L] has an extended Virasoro 
symmetry. We can first consider the coset SU(2)K/U(1) which is simply the Z K 
parafermion (PF) theory constructed by Fateev and Zamolodchikov [6, 7]. Then the 
coset theory COSET[K, L] can be constructed by introducing a background charge 
for a free boson using the Feigin-Fuchs (FF) construction [8] 

COSET[ K, L]  = U(1) • FFboson[c  < 1]. (1.2) 

Here the coset theory is analyzed under the extended chiral Virasoro algebra, the 
{~(K~, T} algebra, where a new current ~,CK) (for K / ,  2) is added to the Virasoro 
generator T(z). The ~,(K) current is constructed from the Z K PF theory and the 
FF boson [5,9-11]. Its dimension (or spin) is (K + 4 ) / ( K +  2). The central charge 
of the boson c = c(K, L) is chosen to match that of the coset theory. The K = 1, 2 
cases correspond to the conformal and superconformal unitary series, respectively. 
For K = 2, ~,(K) is the supercurrent with spin 3/2.  For higher K, the spin of ~,(K~ 
is fractional. 

As noticed by several authors [12-18], it is possible to generalize the above GKO 
construction by considering rational levels L. In particular, SU(2) L, L rational (or 
more appropriately SL(2, N) L) has been analyzed by Ka~ and Wakimoto [13]. While 
the extension from integer L to rational L is straightforward, a new issue arises. 
The COSET[K, L] clearly has the duality property 

COSET[ K, L ] = COSET[ L, K ]. (1.3) 

This implies that the COSET[K, L] can be analyzed under the {~,(K), T} symmetry 
or under the {~,(L~, T}. For example, the tricritical Ising model = COSET[1, 2] has 
a hidden superconformal algebra which can be explained by the duality 
COSET[1,2]= COSET[2,1]. Since the coset theory for rational L exists, the 
duality (1.3) implies that there is a {~,(L), T} chiral symmetry even for rational L. 
To find this symmetry is our initial motivation. 

In this paper, we generalize the Z L PF algebra from integer level L to rational 
level L with L --- t /u  where t, u are coprime integers satisfying t + 2u i> 2, u > 0. 
Our construction exhausts all possible Z L PF algebra with admissible representa- 
tion and central charge less than 2. (Z L PF theory with u < 0, whose central 
charge is larger than 2, has been analyzed by Lykken. See fig. 1.) This Z L PF 
theory is quite novel in that there are an infinite number of parafermion currents, 
most of them, if not all, having negative conformal dimensions. We also derive 
their characters, so-called string functions; again there are an infinite number of 
them. From the Z L PF theory, we can construct the corresponding ~,(L) current 
and define the {~,(L)T} chiral symmetry algebra. Next we generalize Felder's 
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BRST cohomology analysis [19-21] to construct the characters (and the branching 
functions) for the COSET[L,  K], where both L and K are rational, using the ZL 
PF string functions constructed earlier. These CFTs are new, in either the CFT or 
the GKO approach. The central charges are 

3L 3K 3 ( K + L )  

c =  L + 2  + K + 2  K + L + 2 '  (1.4) 

where L = t / u ,  the same as defined before, and K + 2 - p / q  with p, q coprime. 
Classification of modular invariant partition functions is also derived. 

As a check of the above analysis, we can consider the special cases COSET[L,  1], 
L rational, which correspond to the BPZ series, i.e. COSET[1, L] and whose 
branching functions are well known [8]. The construction of branching functions 
for COSET[L,  1] relies on the BRST cohomology of the {g'CL),T} symmetry 
algebra and the new Z~. PF string functions. We illustrate this with the example 
COSET[1/2,  1] in sect. 6. From eq. (1.4), it is clear that there are many coset 
models with c < 1 but not in the BPZ series. An example COSET[1/2,  1/2] with 
c -- 1 /5  is given in sect. 6. 

Using the new Z z PF theory, new N = 2 superconformal theories can be easily 
constructed. The bosonization of the new PF theories is also discussed; however, 
their BRST cohomology properties remain to be clarified. 

This paper is organized as follows: In sect. 2, we study new Z L PF theory as a 
coset SL(2)L/U(1). A brief review of SL(2) L with rational L is included. The 
associativity of PF algebra determines the central charge and the conformal 
dimensions of the PF currents. The primary fields are introduced as well. The 
string functions and their symmetry properties are given. In sect. 3, we consider the 
bosonization of the parafermion theory. 

In sect. 4 we apply our new PF algebra to construct N =  2 superconformal 
algebra (SCA). It is straightforward to construct N = 2 SCA from the generalized 
PF algebra using the relation 

SL(2)L ] 
( N  = 2) SCA = U(1) • boson[R] ,  (1.5) 

with a free boson compactified on an appropriate radius R. The new N - - 2  
superconformal field theories (SCFI') have central charge c = 3 t / ( t  + 2u). t and u 
have the same restrictions as before. These theories have an infinite number of 
highest weight states but a finite number, u ( t  + 2 u  - I), of chiral primary fields. 
From these N =  2 SCFT we can construct new topological field theories by 
twisting the energy-momentum tensor. In the resulting theories, the central charge 
c = 0 and the number of physical observables is u ( t  + 2 u  - I). 
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In sect. 5 we apply Z L PF algebra to understand COSET[L, K] theories. Here 
we construct the {~,CL), T} chiral symmetry algebra and their representations based 
on the Z L PF and the FF boson. The branching functions and characters of 
COSET[L, K] can be derived by using the Z L PF string functions given in sect. 2 
and the BRST cohomology method. Their symmetry properties are also given. For 
the special case of K = 1, we reproduce the familiar characters of the BPZ series. 
This consistency check confirms the logical coherence of our approach based on 
the new PF algebra. The modular invariant partition functions for the coset 
theories can be easily constructed from the known results on SL(2) WZW theory 
with rational level. In sect. 6 we present some examples which illustrate the 
construction. In appendices, some technical details are explained. 

2. Z L parafermion theory from SL(2)L/U(1) 
In this section, we construct the generalized Z L PF theory as a coset CFT 

SL(2)L/U(1) with rational level L. After deriving the generating (PF) currents and 
their OPEs for the Z L PF theory, we identify the primary fields from those of 
SL(2)L/U(1) theory. The string functions (or the characters) for these primary 
fields are derived from those of SL(2) L theory first given by Ka~ and Wakimoto 
[131. 

2.1. A{~ ~ CURRENT ALGEBRA 

We start with the SL(2) L WZW theory, whose chiral algebra is a direct sum of 
Virasoro and Atl ) Ka6-Moody (KM) algebras. These affine algebras can be 
expressed compactly in terms of the operator product expansion (OPE) of holo- 
morphic currents 

c/2 2 1 
= + T ( w )  + - -  O ~ T +  0 ( 1 ) ,  T(z)T(w) ( z _  w)4 (z_w)2 ( z - w )  

L 1 
J+(z)J-(w) = + --j3 w  + O(1),  

( z - w )  2 ( z - w )  

j 3 ( z ) j  + ( w )  = _ _  
_+2 

J±(w) + 0 (1 ) ,  

2L 
= - -  + O ( 1 )  J 3 ( Z ) J 3 ( w )  ( z - -  W) 2 

1 1 

W)2Ja(W)  - -  T(z)Ja(W) = (Z-- -}- (Z--W) 0wJ~+O(1) '  a =  + ,3  (2.1) 
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where the energy-momentum tensor T(z )  is defined in terms of the currents by 

1 
m lim T ( z )  = L + 2 w-,z s3(w)J3( z) + z) + 

3 L / 2  

(z-w) 

(2.2) 

with the central charge c = 3 L / ( L  + 2), where L is the level of A(~ ) affine algebra. 
Ka~ and Wakimoto [13] have worked out the highest weight representations, 

called "admissible" representations, whose characters form a finite-dimensional 
representation of modular group SL(2, Z). We give a brief review of these results. 
Let L = t / u  where t and u are coprime integers (u > 0). Whenever u = 1, we will 
reproduce the well-known integer level results. The "admissible" representations 
of the A(~ ) KM algebra can be expressed in terms of two integers n and k for 
2 u + t - 2 > / 0  

Ak.,, = [ L - n  + k ( L  + 2)]A 0 + [ n - k ( L  + 2)]Al ,  

O < n < ~ 2 u + t - 2 ,  0 ~ < k < u - 1 ,  (2.3) 

where A 0 and A 1 are the affine and finite fundamental weights, respectively. The 
coefficient of At, denoted by l, can be represented by two integers (n, k) 

l - ( n , k )  = n - k ( L + 2 ) ,  (2.4) 

which is in general a fractional number. The dimension of this spin-/ representa- 
tion with respect to the global At~ ) algebra is infinite. This is quite different from 
the integer-level case in which the dimension is l + 1. Since each highest weight 
state of the affine algebra corresponds to a primary field of the SL(2) L WZW 
theory with the At~ ) current algebra, the primary fields can be represented by 
~t ' l ( z ,  2). In terms of modes L~, J,,", defined by 

L n = ~ d z z n + l T ( z ) ,  

the primary fields sat isfy 

L,fltt,i = 0, 

J,~ = ~ dzz"Ja(  z ) ,  (2.5) 

j,~gtt,t = 0, for n > 0, 

j~  gtt,i = O, Lo~t , l  = A~t, l ,  j3gtt,  l = lgtt,1, (2.6) 
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where the conformal weight A is 

l ( l  + 2) 
A(~ t )  --- 4 (L  + 2) " (2.7) 

The anti-holomorphic sector satisfies similar relations. 
For the highest weight l -- (n, k), let 

a = u 2 ( L  + 2),  b ± = u (  + ( n  + 1) - k ( L  + 2)) .  (2.8) 

Then the character 

X t ( r , z )  - Trt exp{2rrir[ L o - ZJ3o - ½c]} (2.9) 

is expressed in terms of theta functions 

as follows: 

O,,,, , ,(r,  z )  = ~'~ e x p { 2 r r i m ' r ( j 2 - 2 j z ) }  
j ~ Z +n /2m 

(2.1o) 

O~÷,a(~, z /u )  - Ob_,a(~, z /u)  
Xt(~', z) = (2.11) 

Ot,2(~, z)  - O_l,2(~, z)  

For the case of k ~ 0, it is obvious that the character is not well defined for 
z - - 0  because the denominator becomes zero. If k = 0, the numerator also be- 
comes zero because of b+= - b _  and the final character formula with z - - 0  can 
b e well  defined. Due to O-function identities, it is straightforward to show the 
symmetry O f the character 

x , ( ' ,  z)  = - x - , - 2 ( ' ,  - z ) .  (2.12) 

If we denote l = (n, k), the highest weight state - l  - 2 corresponds to (t + 2u - 
2 - n, u - k). The symmetry (2.12) holds only for k e 0. 

For the case of integer L (u = 1), the character (2.11) is reduced to that of Ka~ 
and Peterson [27] for the integer level [23-25]. The character (2.11) has also been 
derived from the BRST cohomology framework [20]. We considered only holomor- 
phic chiral algebras based on SL(2)t. KM algebra. The combination of this with the 
anti-holomorphic sector is determined by the modular invariance conditions of the 
partition function 

z = ENt,t, x t ( , ,  z)~t,( , ,  z) .  (2.13) 
I,l' 
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The non-negative integer matrix Nt, r should satisfy the modular invariance condi- 
tion 

S N  = N S ,  T N  = N T ,  (2.14) 

where two matrices S and T are defined by 

X , ( -  1/~-) = ESt.rXr(T), Xt(T+ 1) = ETt.t, Xr(-r). (2.15) 
I' I' 

Eq. (2.14) can determine the matrix N completely for the A(~ ) with integer level 
[26]. This celebrated ADE classification for SU(2) r (K integer) partition functions 
has been extended to rational level [15, 16]. This extended result will be used to 
find the modular invariant partition functions of SU(2) coset theories. 

2.2. Z L PARAFERMION CURRENT ALGEBRA 

We construct the generalized PF theory as a coset SL(2)L/U(1) theory. We start 
by introducing the Z L PF currents 01(z), 0~-(z), which are defined by the relation 

J+ ( z ) = vI-L ~bl( z ) :exp[ iqb( z ) /x/-L ] :, 

J - ( z )  = ~/-L-~(z) : e x p [ - i , ~ ( z ) / v ~ ] : ,  

j 3 ( z )  = iv/L - O~b(z), (2.16) 

where : : denotes the usual normal ordering for the bosonic field ~, which is 
normalized by the relation (~b (z )~b (w) )= -2 1 n ( z - w) .  Since we demand the 
conformal weight of the ja  to be 1, we can determine those of qq(z), q,~-(z) to be 

1 
A(~l) = A(~b~-) = 1 -- -~.  (2.17) 

Note that qJ~(z) need not be the hermitian conjugate of ¢~(z) because we are 
considering SL(2) for which J - ( z )  ~ ( J+( z ) )  t. Using eqs. (2.1) and (2.2), one can 
derive 

~b,(z)~b t (w) = (z - w)-2a' [  I + ( 2A l /%)  ( z - w)2T~,(w) + O ( ( z -  w)3)] 

(2.18) 

where T~ = T - T ~  = T +  ¼(04)) 2. This implies the Zt. PF theory is the coset 
SL(2)t./U(1) and the central charge is % -- 2(L - 1) / (L  + 2). 
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In addition to ~ ,  @~-, the Zt. PF algebra needs a set of additional currents, 
defined by the following OPE 

~,s(z)  q,;,(w) = c;,;,( z - ~ )  ' ÷ " - '  - ~ '  [ ~,j+;,(w) + o (  ~ - w ) ] ,  

tO f ( z )~O j+ (w )  = c + y ( z  - w)ZJ++;-zf-af[q,++j,(w) + O(z  - w ) ] ,  (2.19) 

where aj. and A~ + denote the conformal weights of qti(z) and @7(z), respectively. 
The number of the currents is in general infinite. The constants cj4,, ci+i, and the 
conformal weights Aj., A~ + are to be determined by the associativity of the Z L PF 
algebra. 

Let us consider the holomorphic correlation function of ~b 1 and @~ fields in 
terms of J ± and the bosonic field 

< J + ( ~ , ) J + ( ~ O  . . .  J + ( ~ , ) J - ( w , ) J - ( w ~ ) - . .  J-(w,,))  

= <exp[ iff(z,) /V~-]  ... exp[ i~b(z,)/vt-L - ] exp[- i~b(w,) /x/L-] . . .  

X . . .  x e x p [ - i 4 a ( w , , ) / V ~ ] ) ( ~ , ( z t ) q q ( z 2 )  ... 

q,,( z , , )et  ( w,)q,t  ( w2) .. .  ~Ot(w,,)>. 

(2.20) 

The correlation function of SL(2) currents <J+(z0 . . .  J-(w,)> can be computed 
from the Ward identities derived from eq. (2.1) and that of the bosonic fields. 
Using this information, one can write down the Ward identities for the correlation 
function of @l and ~ as follows: 

< q , , ( z , ) q , , ( z = ) . . . q , , ( z . ) q , t ( w , ) q , t ( w 2 ) .  • • q,t (,,,,)> 

/1 n 

= YI  ( z ,  - z , )  -=/L l-I ( z ,  - w~) 2/ '  
iffi2 j f f i l  

n 

x E  
k = l  

,, ]} 1 2 /L  1 ~_, 1 

( z l - - W k )  2 + (Z , - -Wk)  I=1 Wk--Zl ,.=1 Wk--Wm 
m # k  

n k - 1  n 

x TI (~.-w~) ~/~ I-I (w, -wO -~/' TI (w~-wA -~/~ 
q = 2  p = l  r = k + l  

x(~O,(z2) ... ~O,(z.)~O~(w,)... ~ O ~ ( W k _ , ) ~ b ~ ( W k + , ) . . .  ~O~-(W,,)>. (2.21) 



C. Ahn et al. / Superconformal field theories 199 

These Ward identities can be used to find all PF current correlation functions 
recursively. 

Using the above formulae, we can fix the conformal weights and the OPEs (2.19) 
completely. The results are 

j ( L - j )  2 ( L -  1) 
A(~Oi) =A(~O~)= L ' c =  L + 2  ' (2.22) 

and the extra OPE is 

O~(z)~+(w)=(z-w)-2a'[I+(2AJc)(z-w)2T~,(w) +O((z-w)3)]. (2.23) 

For an illustration, we compute the four-point correlation function to derive some 
of the above results in appendix A. This completes the proof that the Z L PF 
theory, defined by eqs. (2.18), (2.19), (2.22) and (2.23), is equivalent to the coset 
CFT SL(2)L/U(1) and forms an associative current algebra. For integer L, 
A(~ L) = 0 and we can decouple all the negative dimensional currents from the 
theory by imposing the periodic condition ~7 = ~L-i" This is not possible for 
rational L. Hence the Z L (L rational) PF theory contains an infinite number of 
negative dimensional currents. This new aspect is perfectly consistent in non-unitary 
CFT. 

2.3. PRIMARY FIELDS OF Z L PF ALGEBRA 

The primary fields of the Z L PF theory can be constructed from those of SL(2) L 
theory. From the primary fields of SL(2) L, qtt, l in eq. (2.6), we define the Virasoro 
primary fields 

I,l N~,I,1 ~,,-n = ( J o )  ~ ( ] o )  , l - m = 2 N ,  ] - ~  = 2/V, (2.24) 

which have the same conformal weight A t with J03 quantum number m. Since l is a 
fractional number, so is m. As already explained, the range of m is not bounded 
from below if the level L is a rational number. This means SL(2) L CFT has an 
infinite number of Virasoro primary fields. If we consider the SL(2)t. chiral 
algebra, only a finite number of them survive as primary fields, rrt~l'l. 

1,1 To express ~ , m ( z ,  2) in terms of the primary fields of Z L PF theory and U(1) 
boson theory, let us consider the primary fields of the boson theory. Since j3 ~ 0~b, 
the U(1) primary fields must be 

:ew[ gme( z + :, (2.25) 

fo r  1,1 ~n,m to have quantum number m. If we denote the Virasoro primary fields of 
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Z L PF theory by ¢~]glm, 

!F~,ra(Z,t,l 2) = ~,',,~t'l :exp[im~b( z ) /2vFL + ~ b (  2)/2v/-L-] :. (2.26) 

The conformal weight of ~,t;i,- n is, using T~ -- T -  T6, 

Af~ t , l  ~ = 1(1 + 2) m 2 
" 'mJ 4 ( L  + 2) 4L ' for m ~< 1. (2.27) 

Furthermore, if we define the modes of ~l and ~ by 

E 
k = - ~  

Z t / L + k - l A  + q~t,//n O) (2.28) : E , 
k = - o 0  

from eq. (2.6), the parafermion primary fields ¢~jJ satisfy 

A I~ ) t ' l  - A  + cl )t '] -- t/L+,, t.i-- -t/L+,,+l t,Z - 0 ,  fo rn>~0 .  (2.29) 

All the results on the holomorphic sector holds equally for the anti-holomorphic 
one with similar expressions. 

2.4. Zt. PF STRING FUNCTION 

Let us derive the characters of the Z L PF theory, which we refer to as string 
functions. Since the character is defined in the (anti-) holomorphic Hilbert space 
independently, we will consider only the holomorphic sector of the primary fields. 
The Hilbert space "~c of SL(2) z can be decomposed as follows: 

= x t . , , , ,  
m 

a l  a 2  . "~t.,, = {J-, ,J-n2"" J ~ r  II,rn)} (2 .30)  

with n i> 0 and a = + or 3. The highest weight state is defined by I / , m ) =  
~',t,(0)10). Since the primary fields, ~,,t(z) and their descendents can be expressed 
by those of Z L PF and the bosonic theory using eq. (2.16) and (2.26), we can 
decompose ,'~t.,, into the direct product of ,,?'t.P~ and , ,~ :  

"~t.,,, --- ~,r,r~ ~ ~ , b  ( 2 . 3 1 )  
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To see this, let us first express a state in "YEt.,,, 

201 

Istate) = ¢ d z ,  z - (" '¢dz  z z~"2 . . . ¢dz~  zT". 

X lips'( Z,+l ) . . .  l]/~ (Zs)l]]l( Zs+ I) . . .  ~b'l(Zr) ~t/(O)] 

x [o4,(z,)...o4,(z,) :exp --iq~(Zt+l) - i ¢ ( z ~ )  
: . . .  :exp 

ick( z,+l) ick( z~) im ] 
×:exp V-L-" : . . . : exp  ~ . : exp -~ -~b (O) : ] lO) ,  (2.32) 

then one notices that the factor in the first square bracket generates the PF 
Hilbert space while the second one gives that of the boson. The operators O~b 
generate descendents of a bosonic state and :exp +icb/~/L:'s make the contour 
integrals well defined and change the quantum number m of bosons, m ---> m + 2(r 
+ t - 2s). The null states in ,YEt.,,, move into ~,"tP,, v, because X,, b does not have any. 

Using eq. (2.9), the SL(2) z character can be written as (l - m ~ 2Z) 

I 

X,( z) = E 
t n ~  - - 0 o  

Tr ,%.  e 2rriz[ L°-zJ(~-c /24] 

E Tr  a,..P~, e 2~rir[L~o-c*/24] x Tra,,,~ ' e2~ri~[L~ -zy¢~- 1/24] (2.33) 

Notice the change of upper bound in the second sum, which originates from the 
fact that the m quantum number changes due to the action of the :exp + idp/~-L--:'s 
in both the positive and the negative directions. Let us denote the PF character or 
string function by ~TCt~, after summing up the bosonic part, we get 

q(mZ/4L -zm) 

Xt(~',z) = E r/C~(T) X (2.34) 
,n=l+2N ' r / ( ' r )  ' 

N ~ Z  

where ~7(r) = e2~i~/241--I ~ (1 ,,=1, - qn) with q -- exp(21riz). Notice that eq. (2.34) can 
be viewed as the SL(2) L character decomposition into that of U(1) theory and that 
of the PF theory. Therefore,  the ~TC,t,, become characters of the coset SL(2)L/U(1) 
CFT. 
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To compute r/C~ from eqs. (2.11) and (2.34), we will compare the z dependence 
of both sides. First, to express eq. (2.11) in power series of qZ, we use the identity 
[241 

[ @ 1 , 2 ( " r ' Z )  @_l,2( .r ,z)]_ 1 1 ® r ~  ° r , z  , - = -  1) qvr-(p-~Xr+2z) (2.35) 
n3 E ( -  " 

p =  - - o o  = 

to obtain the SL(2)~. character for l = (n, k) 

x,(~', z)  = x+(~', z) -x_(~,z),  
c o  c o  

m X±(T,z) = ,/3 E E ( - -1) rq  a±-zm*, 
j,p= - ~  r=O 

1 2 with A±=aj2+b±j+(b2/4a)+-~r - r (p-½)  

m ± =  2 p -  1 + 2(t + 2u)j + (n + 1) - (k/u)(t + 2u) ,  (2.36) 

where a and b ± were defined in eq. (2.8). Comparing z-dependence of eqs. (2.34) 
and (2.36), one can equate m = m ± and obtain string function C, t, as follows: 

oo  

r=O ~ = ±  

[ / [ ( r )  ir ml /] b~]~-L + (2.37) Xexp 27ri~- a P + ~ u  + 2 a J  2 ~ " 

To get a more familiar form, we can reduce eq. (2.37) using the identity 

2 p - 1  
E ( -- 1)rq r2/2-r(p-l /2)  = 0 .  (2.38) 

r = 0  

After some algebraic operations (shown in appendix B), we find 

~c~(~) 

(5,0 
[ ([/ r b+ 2 LIr+m]2)] 

[ ( r b2 r m 2)] (r~O r~O) ~ 1,r 2~i~ a[(~+~u + + 

(2.39) 
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2.5. PROPERTIES OF THE STRING FUNCTIONS 

The conformal highest weight of q~  can be read off directly from string 
function C~, eq. (2.39). However, in practice, the cancellations taking place in the 
summations make this less obvious than expected. Instead, we will first present the 
symmetries of the string functions and then derive the highest weights using 
the symmetries. 

The string function Ctm(r), has the following symmetries: (See appendix B.) 

C[, = C L-I  
L - m y  

Ctm=Ct_m (for k = 0 ) ,  

Ctm = Ct2L_,,, (for k = u - 1) ,  (2.40) 

where l = n - k ( L  + 2). The third symmetry follows from the first two: 

c l t n , k = u - I )  = C L - I  = c L - I  __ c l ( n , k = u - l )  (2.41) 
m L - m  m - L  - -  2 L  - m  

From eq. (2.26) and eq. (2.27) we have 

l ( l  + 2) m 2 
/~t~--A(~'t")= 4 ( L + 2 )  4L (for m < ~ l ) .  (2.42) 

From the symmetries (2.40) we can derive the highest weight of C[,, for m >/I. 
Their  values are different according to the three cases k = 0, k = u - 1, and the 
rest. In summary they are 

k ~ O , u - 1 ,  htm=/~l m (m<~t )  

him ^ l = h m + ( m  - 1 ) / 2  (l  <~ m ) ,  

k = 0 ,  htm= h~ ( - l < ~ m < ~ l )  

h t  ^t = h m + ( m  - 1 ) / 2  (l  <~ m )  

h~  ^t = h . ,  + ( - m  - 1 ) / 2  (rn <~ - 1 ) ,  

k = u - 1 ,  htm=fZ t (m<~l )  

htm= h,,̂ t + ( m  - l ) / 2  (1 <~ m <~ 1 + (t + 2u  - 2) - n) 

h~. = / ~  + (m - l) - (t + 2u - 2 - n) 

(l + (t + 2u - 2) - n ~< m) .  (2.43) 
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L - I  From the requirement that Ctm = CL_ m we obtain the second line in the above 
three cases. For the k = 0 case, the additional requirement C[,, = Ct_m gives the 
case m < - l .  For the k = u - 1  case, the last two lines are simply from the 

L - I  symmetry Ctm = CL-m and the values of htm in the k = 0 case. 
In the u = 1 case (integral level L), the above symmetries imply the periodicity: 

C l,  = CIn+2L . The proof is: 

C~ n C I L - I  = c L - I  I = --m = C L + m  - L - m  ~" C m + 2 L  , (2.44) 

and the highest weights become 

h i m _  ^l - h m ( - l  ~< m ~< l)  

htm __hm+(m̂t - 1 ) / 2  ( l < m < 2 L - l )  (2.45) 

Due to the periodicity we can also rewrite the character Xt(z, z )  (2.34) in a more 
familiar form. If we divide the sum over m into two parts 

oo oo 2 L - I - 1  

~ ~ ~_, m =, m + 2 s L ,  (2.46) 
m = - ~  s = - ~ ,  m = - I  

the summation over s (i.e. summation over the winding modes) can be applied only 
to bosonic characters (due to eq. (2.44), which gives 

oo 

E qCn2/(aL)-z")( n = m + 2sL)  - Om.L(r,  Z ) ,  (2.47) 

and eq. (2.34) becomes 

2 L - I - 1  

. ,~/(T,  Z )  = E C I m ( T ) O m , L (  T ,  Z ) .  ( 2 . 4 8 )  
In = --[ 

Hence we recover the string functions for integral L [7, 27]. 

3. Bosonization in the generalized PF theory 

In this section we introduce the bosonization of the Z L PF theory we derived in 
sect. 2. This bosonization is a straightforward generalization of the integral L case 
[23-25,28-31]. Next we present the string functions in a particular basis of the 
bosonization formalism, which clearly suggests an underlying BRST cohomology. 
However, such a BRST cohomology analysis is beyond the scope of this paper. 
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3,1. THE GENERAL FORMALISM 

The standard strategy is to start with three bosons to bosonize the SL(2) theory: 
two of them can have background charges but the third cannot. The coset 
SL(2)L/U(1) corresponds to stripping the third boson of the SL(2) theory, which is 
compactified on radius f l - / L .  This procedure allows us to use the first two bosons 
to construct the generalized PF theory, requiring that the resulting PF theory have 
the OPEs obtained in sect. 2, eq. (2.18). This procedure will be shown to constrain 
our general formalism. 

Let us start with 

( 9 i ( z )  ~o , (w) )  = - 2 e  i In( z - w) ,  

T ( z )  ' 2 . = - - ~ ( a ~ o )  + IOL 0 • 02~0, (3.1) 

where e i = + 1 ( -  1) if the boson is space-like (time-like) and a0 = (ao,  1, °~0.2, 0). 

In the above inner product we use the diagonal metric, r/ii = e i. The central charge 
associated with the PF energy-momentum tensor T4, is 

c = 2 -  24a~ = 2 -  24(e,a021 +e2a022) 

2 ( L  - 1) 

L + 2  
(3.2) 

We take the PF current to be of the following form: 

~b I = i A  . Oq~ e x p [  iC  . ~0 ] , 

~O ~ = iB  " Oq~ e x p [ - i C .  ~ ] , (3.3) 

where the two-component constant vectors A, B, and C are to be determined. 
It is straightforward to calculate the OPE of ~Ol(z)~O~(w) and T , ( z ) ~ O l ( w )  in 

terms of the bosons. We can then compare the results with the following OPE to 
get the constraints on A, B, C, and A 1 

~O, (z )~O~(w)  = ( z - w)-2a ' [1  + ( 2 A x / c , ) ( z  -- w ) 2 T q , ( w )  + O((  z - w)3) ] ,  

T , ( z ) ~ O , ( w ) = ( z - w ) - 2 [ A , ~ O , ( w ) + ( z - w ) a ~ O , + O ( ( z - w ) 2 ) ] .  (3.4) 
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A straightforward calculation gives 

1 

A1=1  L ' 

A = /3 (  - ~ (  ~'~o., - O,o.~), ~,( ~O,o,~ - '~o,,)) ,  

B =  m 
L + 2 ( 2e,ot~,._____22- ere2______/4 

/3L I 6°to, I -- 0~0,2 ' 

--2e2°t°2,1 + e l e 2 / 4  / 

~0~0,2 -- t~0, 1 ) 

/ . + 2  (,~o,~,,~o,,), (3.5) 
C = + _ L e l e  2 

where 6 is defined as 6 -- + ¢ ( L  + 2 ) / (  - e l e z L  ) and/3 is an arbitrary constant. 
The solution, At = 1 - l / L ,  implies that the third boson has to be compactified on 
a circle of radius R = 1 / ~ - .  Now if ao, lao,2 = 0, there are no further constraints. 
However, if Oto, tOt0, a ~ 0, then we must also demand 

e , e 2 = - I  (if ao.,ao, z4~O). (3.6) 

In other words, if we choose the background charges to be non-zero for both 
bosons, we must have one time-like and one space-like boson. 

To be specific, it is convenient to choose the background charge to be a0 - -  
(½/C-L+ 2 ,0 )  and the metric to be e I = 1, e2=  - 1  for the L > 0 case. In this 
basis, the parafermion currents become [29-31] 

q,,(z) = 7 0 ~ 2 -  L 0~, :exp ~ -  :, 

i[ ] 
O~-(z )=- -~ -  Oq~2+ Oq~, :exp ~ 1:. (3.7) 

Using the bosonization of parafermion currents, we can easily derive the 
conformal dimensions of 0 r  From 01Ol ~0 2 ,  OtOj~0~+l we obtain Aj.= 
j - ( j2 /L) ,  where j = 1, 2 . . . .  , oo. 

3.2. BOSONIZATION OF PRIMARY FIELDS 

In the basis we specified in the last subsection, the Virasoro primary fields are 
defined as: 

q~  = V t - exp 2 LvtL---~ ~o I exp ~o z , (3.8) 
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which has conformal dimension 
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l ( l  + 2) m 2 
hi,,, = ( m < l ) .  (3.9) 

4 ( L  + 2) 4L 

We can also calculate the OPE of the ~b~, ~,~- currents with these highest weight 
states 

~bl( z )  V,I,,(w) = ( z - w )  - , , / L - , [ ( I  _ m)  

+(  z-w)(~ (l-m + L)iO~o2(w ) - 1/'2(L + 2)iO~ot(w)) 

d/~( z ) V ~ ( w )  = ( z - W ) " / L - ' [ (  I + m )  

- (  z -w ) (v I (2 /L )  (1 + m + L)iO~oz(W ) + 1//2(L + 2)iOqh(w)) 

+ O((z - w)2)] Vmt_2(w). (3.10) 

It is not hard to see that when m - - l ,  Vt t satisfies eq. (2.29) and becomes the 
parafermionic primary field. 

Here  we would like to make some comments  on the choice of e i. If  we have 
L < 0 we have to flip the sign of e 2 such that we have two space-like bosons. And 
the one we remove from SL(2) becomes a time-like boson. Another  special case is 
discussed in refs. [22, 32] regarding the SU(1, 1) conformal theory in which there 
are the restrictions that L < 0 and u < 0, t >/0. In our notation it simply means 
they have two time-like bosons, e~ = e 2 = - 1, and the removed third boson is also 
time-like. It  is clear to see the above comment  from fig. 1. In this figure we use the 
first two bosons to construct the parafermion, and the third one is needed to 
recover the SL(2) CFT. Our  construction covers region A, B and C. Lykken's PF 

theory covers region C and D. 
There  are three possible choices for screening currents [30, 31] 

S 1 -- VLL+2 S 2 --- vL+2 S 3 =-i0~21/o 2 
' - - L  ) " 

and screening charges 

Qi - ~ d z  S i ( z ) .  (3.11) 
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(REGION()/ "¢-'>0 "~ / /  
• / LREG'ON . ) p  

• T " " " /(J<o ) 

• Q • • • 

I 

u: ~ u=-I/ u2l u'-?. -u 
z+zu:z'~ 

u:O ) 

Fig. 1. This figure describes different regions of (t,  u) values specifying different PF theories: Region 
A, B, C are considered in this paper. Region C (t = K, u = 1) is the original Z K PF constructed by 

Zamolodchikov and Fateev [6]. Region D was first considered by Lykken [22]. 

Using the screening currents, the string function (2.39), can also be written as (see 
also appendix B, eq. (B.3)): 

1 

1 - E ( (3.12) 

where we use the notation hi(r, p), h2(r, p) to denote the conformal dimension of 
the vertex operator Vb". They are defined as (see also eq. (3.9)) 

hi( r, p) = h( Vt++c:~. 2p,,xc + 2 0 = h( S[+pusfuvt~) , 

h2(r,p ) =h(V~+(~z2-'-zP"xc+z' ) =h(S~-t'"Sg-°"-'V,t,). (3.13) 

In order to understand this alternating sum and subtraction procedure, we plot 
each term on the two-dimensional lattice spanned by vectors Sl and S 2. We show 
these results in fig. 2 and fig. 3. Each lattice point denotes a two bosons' Fock 
space generated by two bosonic creation operators acting on the highest weight 
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k--I 

~ S a 

_ l J ' "  
~ 7 )  . . . .  ~ • + ~  . o 

s S ~ 

Fig. 2. A typical example of the adding and subtracting procedure in the string function C,t,. We 
choose u = 3, k = 1 in this figure. S I and $2 vectors are the movements of the screening charges QI 
and Q2 (defined in sect. 3). Black dots are the points which can be reached by S~ and S 2 starting from 
the center, VJ,. Each circle represents a bosonic Fock space associated with the highest weight state Vff, 
whose highest weight is h~, defined in eq. (3.9), and character is equal to exp(2rri'rh~)/~ 2. The plus or 
the minus sign inside each circle indicates whether this Fock space has to be added or subtracted. Then 

the string function C,t,, is equal to the sum of all circles. 

u--I  

o K 
~'x °s 

B' 

B JAV 

G 

Fig. 3. This picture compares our formulae with those of Distler and Qiu [23]. The line connecting C, 
A , B , D  is their BRST operator complex. For each circle on this line there is another line (e.g. 

A,~, A~,~ l . . . . .  BB', BIB' t . . . .  ), which is their ghost zero mode subtraction. 
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state, I Vba(0)>. The + indicates whether we need to add or subtract the corre- 
sponding Fock space. So the string function becomes a sum over the traces of 
these Fock spaces represented by the lattice points. 

When u = 1, the above picture was explained by Distler and Qiu [23] in terms of 
ghost fields. In fig. 3 the line connecting points C, A, B, D is the movement in their 
BRST cohomology. The lines A .~ ,AIb : I , . . .  and BB',BIB'  I . . . .  are the ghost 
zero-mode subtraction. Fig. 2 shows an example of the rational L case, where a 
definite pattern emerges. However, a complete BRST cohomology analysis is 
beyond the scope of this paper. 

4. New N = 2 superconformai  field theories  

In this section we formulate new N - -  2 superconformal field theories (SCFT) in 
terms of the Z L PF theory and a boson with an appropriate radius of compactifica- 
tion. We then use this formalism to derive the N ffi 2 superconformal (SC) 
characters based on the string function we derived in sect. 2. Also we introduce the 
chiral primary fields and the twisted N -- 2 SCFT in subsect. 4.3. 

4.1. N = 2 S U P E R C O N F O R M A L  ALGEBRA 

The superconformal field theory is defined by the energy-momentum tensor, 
T(z), two supercurrents, G ±, and the U(1) current J(z). (Later we use N = 2 SC 
currents to denote these four currents.) They satisfy the following OPE: 

c/2 2 1 
= + w ) +  T(z)T(w) (Z__W)4 (z_w)2T( (z-w) - - a T ( w )  + 0 ( 1 ) ,  

T(z)J(w) = 
1 1 

+ 
( z - w )  2J(w) ( z - w )  - -  OJ(w) + 0(1), 

T(z)G~(w) = 
3 / 2  1 

( z - w )  + ( z - w )  
- -  aGe(w) + 0(1),  

c/3 
= + 0 ( 1 )  J(z)J(w) (z-w) 

+1 
J(z)G~-(w) = ( z - w )  G+(w) + O ( 1 ) ,  

C + ( z ) C - ( w )  = 
2c/3 2 

(z_w)3 + (z_w)2J(w) 

+ (z_w----~[aJ(w)+ 2T(w)] +O(1), (4.1) 
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where c is equal to 3L/(L + 2). Corresponding to these currents are the genera- 
tors of superconformal algebra, which are defined by: T(z)= Y'.~-_®L,,z -n-2, 
G±(z)  = ~n=_®G,~±a z-(n±a)-3/2 and J ( z ) =  Y'.~=_®J,z -"-l, where a is a free 
real parameter which dictates the branch cuts in G(z)±. Shifting a by an integer 
yield isomorphic algebras. Therefore we restrict a within the range 0 ~< a < 1. It is 
the Neveu-Schwarz (NS) sector when a -  1/2 and the Ramond sector when 
a = 0 .  

The highest weight state (assuming ~ is a primary field) 1~) is defined by 

G~ I~V> =o, 

L~,I~'> = J~,l~> = 0, / z > 0 .  (4.2) 

This completes our review of SCFT. 

4.2. THE C H A R A C T E R  F O R M U L A E  OF  N = 2 SCFT 

The relation between the N = 2 superconformal minimal model and the Z L PF 
theory (L integer) is well known [33]. We now generalize to rational L and 
construct new non-unitary N = 2 SCFT, with central charge c = 3L/(L + 2). We 
shall write down the representation for the currents, the highest weight states and 
the characters associated with these highest weight states. 

The N = 2 SC currents are written in terms of ¢l, g'; and ~o 

r(z) = 

~/ L 
J(z)=i 2 ( L + 2 )  a~ (z ) ,  

- F ] 2L 
gq(z)exp[/v ~ ~o(z) , G+(z)= 

G-(z)=~L2~L+2¢~(z)exp[ iJL+2~o(z)] 
- v - 5 2 -  (4.3) 

They satisfy eq. (4.1) if we use eq. (2.18) for the OPE between ¢1, ~ o+ and choose 
the radius of boson's compactification to be R=~/2L/(L+2) such that 
G+(z), G-(w) have dimension 3/2. The primary fields in N = 2 SCFT can also be 
represented by the generalized PF and a boson, of the form q~ exp(i~tkq~) which 
are already primary with respect to the energy momentum tensor. The only thing 
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to be checked is their OPE with G ±(z). Using the OPE in eq. (3.9), we find, for 
l ~ k case 

G + ( z )  q~f(w)exp [ ia~ q~( w)] = ( z - w )  - k / L - , (  Z -- W) 2"f~/(L +2)/~ZL) 

X ~,+2 exp[ i (a  t + v / ( L  + 2 ) / 2 L  )q~(w)] + . . . .  

G - (  z ) q f l ( w ) e x p [ i a t k ~ O ( w ) ]  = ( z -- w )  k / L -  ' (  z -- w )  -z~,fCtL +2)/C2t.) 

xqbf_2 exp[i(t~t - v/(L + 2 ) / 2 L  )tp(w)] + . . . .  

(4.4) 

So the highest weight condition is equivalent to the following inequalities: 

- k / L -  1 + 2Odkvl(L + 2 ) / 2 L  + a  + 1/2>_-0, 

k / L  - 1 - 24~,l/(L + 2 ) / 2 L  - a + 3 / 2  >/O. (4.5) 

This implies 

k + L(lsign(0) - a )  
°dk = ~ / 2 L (  L + 2) (4.6) 

The sign(0)= + 1 indicates the degeneracy of the ground states (P  ±) in the 
Ramond sector when a -- 0. sign(0) = 1 when a ~ 0. We use the notation N t to 
denote the highest weight state q~t k exp[ia~0]. Its corresponding U(1) charge, q, 
and conformal dimension, hl ,  are 

k + L(½ sign(0) - a )  
q ~ 

L + 2  

l ( l  + 2) k z (k  + L[½ sign(0) - a ] )  2 (4.7) 

h l  = 4( L + 2) 4----L + 2L(  L + 2) ' 

which can be easily obtained from eq. (4.3). When l = + k, a~ will have one more 
solution in addition to (4.6). But that one is ruled out by the requirement of 
integral U(1) charge. 

Now we can use our generalized PF as a machinery to calculate the N = 2 SC 
character. First we can see that any state in the highest weight representation 
(HWR) can be reached by the negative modings of the N = 2 SC currents. They 
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can be written as: 

Istate) G + G + G -  . . . . . . . .  = _,,, . . . .  ,,,, _,,, G : , , , L _ , ;  . L _ , J _ m ;  J_ , , ; IN~(O)) .  (4.8) 

From the OPE's between the N = 2 SC currents, eq. (4.1), and the parafermionic 
representation of the N = 2 currents, we can rewrite the above states in terms of 

Istate) = ( q ' l ) - , , ' ~  .. ( 0 1  , + , + t • )-,,,,(¢,, )_,,,,... (¢,,)_,,,,:1%(o)> 

®(o~)-,~,;...(o~)-,n'i, lexp[i(~ +(Jl-h)~/(g + 2)/2L )÷(0)]). (4.9) 

When we take the trace over those states in the HWR we can decompose them 
into the following factors and sum over 

1 r 2rri~". 
- - e x p [ - - - ~ ( ( k  + L[sign( O) / Z  - a] ) l / Z / L  ( L + 2) = E 

+ 2 n ~ / ( L  + 2 ) / ( 2 L )  )2] 

F 2~' i~"  ] 
= n = y'-~ c t  +2"(~')exp[ 2 L ( - - " 7 " L  -f z) ( k + L [ s i g n ( O ) / 2 - a ]  + n ( L  + 2)) 2] . (4.10) 

We shall emphasize here the specific features in our construction. For u ~ 1, we 
have an infinite number of N~. This is because k = l + 2 m  and m = 0 , + l ,  
_+2 . . . . .  _+ ~. In subsect. 4.3 we will introduce new conditions to restrict the 
primary fields• The resulting fields are called chiral primary fields. 

If L is integer we have the symmetry t t Ck+2tL = Ck. We then perform the change 
of variables k + 2n - m + 2tL and the summation in n can be decomposed into 
the summation in m and t. So the character becomes 

2 L - I -  I 

E E ' = C, , ,+2, ,  (~-) 
I n  ~ - - I  l =  - -~o 

×exp ( m + 2 t L )  - ~ - ( k  - s ign(0) /2  + 2a)  

2 L  - I -  1 

= E C/n(T)Om(L+2)/2-L(k-signtOl+2a)/2, L(L+2)/2(T), (4.11) 
m = -1 

where the O-function is defined in eq. (2.10). This result is in agreement with the 
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early results of N - - 2  superconformal minimal model obtained by Qiu, Ravanini 
and Yang [34, 35]. 

4.3. THE NEW TWISTED N = 2 SCFT 

In this section we first define the chiral primary fields in our N = 2 SCFT and 
then obtain the new topological field theories (TFTs) by twisting our new N = 2 
SCFT. In this subsection we only consider the NS sector for simplicity and follow 
closely the work done by Eguchi and Yang [36]. 

The chiral primary states, ]~bcp(0)), are defined by: 

G -  + , / d 4 % ( 0 )  > = GT/21,b~p(O) } = O. (4.12) 

We can assume that ~bcp has similar form as found in subsect. 4.2. We can then 
repeat the calculation, eq. (4.4), in terms of the generalized PF and the boson. The 
only difference from the previous subsection is due to G_+l/21~bcp(0))= 0, which 
results into 

- k / L -  1 + 2 4 ~ / ( L  + 2 ) / 2 L  >10. (4.13) 

Combining this with the second one of eq. (4.5), we found there is no solution for 
a t if l #: k. When l = k, the OPE between G +(z) and ~[(w)exp[ ia~q~(w)]  becomes 

G + ( z )  ~ : (w)exp  [ ia;tp( w)] = ( z - w )  - t / L (  Z -- W) =~lx/cL +=)/(2L) 

X~;+2 ex'p[i(a; + ~/(L + 2) /2L )~p(w)] + . . . .  

G- ( z ) ~:( w )exp[ ia~qo( w ) ] = ( z - W ) t/L- ' ( Z -- W) - 2"ICL + 2)/C2L) 

X qb~_2 exp[i(a~- v/(L + 2) /2L )(p(w)] + . . . .  

(4.14) 

So in order to satisfy eq. (4.12), we must have 

- I / L  + 2 a ~ / ( L  + 2 ) / 2 L  >1 0 and l/1_, - 2 a ~ / ( L  + 2 ) / 2 L  >/0. (4.15) 

We then obtain a~ and the chiral primary field, q~tp as 

qbctp --- *~ exp(ia[qS) 

a~ = l / ~ / 2 L (  L + 2) . (4.16) 
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The number of chiral primary fields are finite and are determined by the number 
of spin fields. It is easy to calculate the U(1) charge, qt, and the highest weight, ht, 
of this chiral primary field 

q t = I / ( L  + 2) and h t = I / 2 ( L  + 2). (4.17) 

They satisfy the property, h t = q,/2, which can also be derived purely from the 
N = 2 SCFT [371. 

Now we can try to obtain the corresponding topological field theory (TFT) by 
twisting this N - - 2  SCFT. The basic idea is to add the term O J~2 to the 
energy-momentum tensor, TN= 2. We use the 7 ~ to denote the twisted 
energy-momentum tensor: 

7" = TN= 2 + ½0J. (4.18) 

This new energy-momentum tensor has zero central charge as calculated from the 
OPEs (4.1). It also changes the conformal dimension of G + from 3/2  to 1 and 2 
respectively. 

It is now straightforward to identify the nilpotent operator, QBRST in the TFT 
and the ancestor of the energy-momentum tensor, 7 ~, under QBRsT'S action. We 
can see from the last equation in (4.1) that if we identify QBRST -- ~ dzG+, we will 
have 

{QBRsT, G-(w)} = 27~(w). (4.19) 

From the property of the TFT, G - ( w )  is just the ancestor of the 7~(w). 
The chiral primary fields in our theory are the physical observables in the TFT 

C + t > = O. (4.20) 

The last equality is entirely due to eq. (4.12). To complete the story we also have to 
calculate the correlation function of~these observables. It must be independent of 
the positions where these observables are located. 

5. The new coset theories 

In this section we construct new SU(2) COSET[K, L] theory where both K, L 
are rational (see eq. (1.1)). To do so, we first introduce the fractional supersymme- 
try current g,(L) which survives after we change the compactification radius of the 
third boson in SL(2) CFT and turn on the background charge associated with that 
boson. The primary fields in the coset theory, defined with respect to {~,(L), T}, can 
be obtained through the requirement of having non-trivial BRST cohomology, an 
approach forwarded by Felder [19]. The character formulae for these primary 
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fields, and the closely related branching functions can be derived through this 
BRST cohomology. The analysis follows that of ref. [21]. The symmetry properties 
of the branching functions are also derived. A non-trivial check on the construction 
is provided when we specialize to the K = 1 case and compare the results with the 
BPZ series. The last subsection is devoted to modular invariant partition functions 

of the new coset theories. 

5.1. FRACTIONAL SUPERSYMMETRY CURRENT 

In addition to a direct product of A(~ ) KM and Virasoro algebra, the SL(2) L 
theory can also be considered as representations of a non-local algebra, which 
includes a fractional supersymmetry current, denoted by ~'~L)(z), and the stress- 
energy tensor T(z).  The g'tL)(Z) current has conformal dimension A t =  
(L + 4 ) / ( L  + 2) and is expressed in the following form [5,9-11]: 

~(L)(Z) = ~qabJ~_lqgb(Z), (5.1) 
a,b 

where J~-l are the generators of the A(~ ) KM current as defined in eq. (2.5). q~(z )  
is the chiral primary field in the generalized adjoint representation of SL(2) L. This 
current exists whenever t + 2u >t 4. (See eqs. (2.3) and (2.4) for clarity.) For L = 2, 
~'{L)(z) is just the usual N - - 1  supercurrent. Together  with the stress-energy 
tensor T(z) ,  it generates an extended Virasoro algebra. 

In sect. 2 we use the Zt. PF and an U(1) boson compactified on the radius of 
Vf-f/L as a representation of the SL(2)t. theory. Here we can also bosonize the 
fractional supercurrent by using the Z L PF. Following the similar calculation done 
in ref. [11], we can derive the following form for ~'(L}(z) current: 

/ / '~(z')(z) = 4 c ( L + 2 )  e,a~o(z) + -~ - - -~ [g , (z )  - g~ - ( z ) ]  , (5.2) 

where c -- 3 L / ( L  + 2) is the central charge of SL(2) L, and 

~l(z) =½(A  + ¢'2~z~ =,~+ ¢,2/z', -~1~ 2~ J + A - 2 1 L q ~ + ( z ) ) ,  ~ ( z ) - . ~ - 2 1 , - ~  2~ ~, 

~'(Z) = A _ 2 / L _ I ~ + ( Z )  = ½ L A _ 2 / L _ I A ~ / l e I ( Z  ) • (5.3) 

The overall normalization is chosen such that g'{L)(z) has the following OPE with 
itself and with the energy-momentum tensor: 

~CL~( z )g'~L~( w) = ( z -- w)-Za~{1 + (2a ,  / c ) (  z - -w)ZT(w)}  

+ AL(c) ( z  -- W)-aL{g'{L)(W) + ½(Z -- W)0g'~L)(w)} + reg.,  

LI L a~'cL~( w ) 
T(z ) '~ (L ) (w)  = (z----) z~(L)(w)w + ~'--w-") ' (5.4) 
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where the structure constant AL(C) is determined by associativity and closure of 
the algebra. 

What we have here are a free U(1) boson compactified on radius f l - /L  and the 
Z L PF. As is well known [10], we can change the compactification radius to obtain 
a deformed fractional CFT. Changing the compactification radius does not change 
the energy-momentum tensor, 

1 T (  z ) = Te( z ) + T~, = - ~ :aq~Oq~: + Te. ( 5 . 5 )  

The modular invariant partition function can be obtained by combining the 
partition function of the parafermion and that of the U(1) boson with twisted 
boundary conditions [10]. Here we are only concerned with the diagonal modular 
invariant partition function and denote it as Z(R) for compactification radius R. 
We demand the whole theory should satisfy the duality symmetry, R / R ,  ~ R , / R  
with R ,  = X]~-/L. That is, 

Z ( R )  = Z ( R 2 , / R ) ,  

~ /  L ( L  +4) {e,O~,(z) 
~'RL)(z) = ~ 4 c ( L  + 2) ) - 

(5.6) 

It is only at the self-dual radius that we have the SL(2) L symmetry. Once we move 
away from this radius, we lose the symmetry. Instead, the fractional supersymmetry 
current, g'(nL)(Z), and the energy-momentum tensor, T(z), remain symmetry 
currents. 

5.2. N E W  C O S E T  T H E O R I E S  

The coset theories we are going to construct are COSET[L,  K], where L and K 
are fractional numbers. Let L = t /u,  the same as before, and K is defined by 
K+ 2 =p/q ,  where p and q are coprime integers. For later convenience, we also 
define p ' - p  + Lq. The central charge of this new coset theory can be derived 
from the usual GKO construction. It gives 

C ~ - -  
3L 3K 3 ( K + L )  

+ 

L + 2  K + 2  K + L + 2  

2 ( L  - 1) 

L + 2  
+ 1 - 24a z , (5.7) 

where ot 2 =- (p -p')2/(4Lpp') = tq2/[4p(pu + tq)]. From eq. (5.7), it is clear that 
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the new coset theories can be constructed from the Zt. PF and a boson with some 
background charge a 0. It is usually known as the generalized Feigin-Fuchs 
construction. In other words we construct the Zt. PF by removing from the SL(2) 
theory an U(1) free boson compactified at certain radius ~ - / L .  Now we can move 
to the coset theories just by putting the boson back at different radius and turning 
on the background charge associated with the boson. To have a consistent 
deformed CFT [5, 10, 11], we must choose the radius to be R = X/p/(Lp'). 

The PF part of the energy-momentum tensor does not change when we turn on 
the background charge: 

1 T( z) = T¢( z) + T~ = T~( z) - Z :O~oOq~: + iao02~o. (5.8) 

But the appearance of the background charge changes the primary status of the 
~(RL)(Z). So we have to add a term 0e~ with coefficient proportional to a 0, such 
that ~(L)(Z) remains primary with respect to T(z) 

/ L(L + 4) 
~(t')( z ) = 4c( L + 2) 

X {[exOd~(z ) - i ao (L  + 2)OEl(z)] + } L + 4  [ g l - ~ - ]  , (5.9) 

where we have used 

a+=R/R,2 = p~p = J'-~.+__tq,v pt 

P [ pu 2 
a _ = - R = -  LP' = - V t ( ~ - + t q )  (5.10) 

Even though we lose the SL(2)z. symmetry, the off-diagonal currents, J ±(z), can 
be modified such that their dimensions remain equal to one. They are now the 
screening currents 

S + ( z )  = ~b,(z) :exp( ia+~b(z)) : ,  

S - ( z )  = ~ b ~ ' ( z ) : e x p ( i a _ ¢ ( z ) ) : .  (5.11) 

It can be verified easily that the OPE of S ±(z)  with g'(L)(Z) has the following 
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simple form: 

s W(w) 
(z - w) 2 + reg., (5.12) 

where W(w) is some operator, and the residue of the single pole piece vanishes. 
We define the screening charge as the contour integral of S ±(z), 

Q+-- ¢ dz ~x(z) :exp [ ia +¢( z ) ] : ,  

Q - -  ¢ d z  ~O~ ( z ) :exp[ ie~_~( z ) ] : . (5.13) 

Since the screening currents, S +(z), are dimension-one operators and their OPE 
with ~'CL)(z) is given by eq. (5.12), we can conclude that Q ± commute with T(z) 
and ~'(L)(z) 

[Q±,r(z)]=0, (5.14) 

These screening charges will be used later as the basic ingredients of the BRST 
operator. 

In sect. 2 we discussed the relation between the primary fields with respect to 
SL(2) L chiral algebra and those with respect to ZL parafermionic algebra (eq. 
(2.26)). The relation is 

~ / (  z ) = ~ :exp[ il¢(z)/2VrL] :. (5.15) 

When we turn on the background charge, only the bosonic part of eq. (5.15) has to 
be modified and the parafermionic part remains intact. According to the require- 
ment that they are primary with respect to the ~'(L)(z) and the T(z) currents, we 
modify them into 

V/.Ij, ( z ) = ~] :exp[ i~]j,j,q~( Z ) ] : ,  

where /3i, j, = ½(1 - j ) a + +  ½(1 - j ' ) a _  , (5.16) 

and j, j '  are arbitrary integers satisfying the condition: 

I n - 2 k l = [ j - j '  (mod2[t+ 2u -2] )  I, 

l ~ < j < p ,  1~<j'</5', (5.17) 
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where/5'  -= ( p u  + t q ) / D  and D -- g.c.d.{pu + tq,  uq}.  We derive these conditions in 
appendix C. The second equation in (5.17) comes from demanding a non-trivial 0th 
cohomology class which we will discuss in subsect. 5.3. According to the appear- 
ance of the background charge, the conformal dimension of the primary field 
V/f (z)  becomes 

I I hi. i, = A(q~t ) +/32i , - 2 ao/3id' 

l ( l  + 2) 12 ( j p ,  _ j , p ) 2  _ ( p  _p , )2  
- - -  + ( 5 . 1 8 )  

4( L + 2) 4L 4 L p p '  

5.3. CHARACTER IN THE COSET THEORY 

In this subsection we calculate the characters of the primary fields with respect 
to {~,(L), T} by using the BRST symmetry. We follow Felder's approach [19, 21]. 
Here the reducible Verma module is defined by applying the negative modings of 
the extended Virasoro algebra 

~ q,I 
Reducible Verma Module - I--I ~-,,t'L) ..  . ~(__L~T_,,,,." . T _ , ,  k V/i,(0)) 

q,l=l i,k=l 

(5.19) 

From the parafermion content of the current G (L) in eq. (5.9), it is natural to 
conclude that the reducible Verma module is embedded in 

t + 2 u - 2  t + 2 u - 2  

"~J( i '-- ~ )  __~'.t'(-r ),, = , . /  ~ )  Xr(r),PF t ® 'glib1' , .  (5.20) 
r = 0  r = 0  

n - r = 0 ( m o d 2 )  n - r = 0 ( m o d 2 )  

PF where l - n - k ( L  + 2) and l ' ( r )  =- r - k ( L  + 2). The Fock space Yrcr),t has been 
defined in eq. (2.31) and the other one is defined as 

o i a_, , ,  ])} 
,~ib, i, - ~_, I - I a _ , , a _ , , 2 . . .  exp[i/31,j,~(0 ) , (5.21) 

i = 0  j = O  

where a _,, are the creation operators of the boson. 
The BRST operator we need is defined as 

n 

B R S T  - -  (5.22) 
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z( 
, 3 , - - - - ,  n )  

Z I 

1 
CONTOURC': Z/. I ~ I  , 2 , : I , 2 , - - - - , n  

Fig. 4. The contour go is defined as follows: z t goes from I to I. z i goes from z I to z I, for 
i = 2,3 . . . . .  n. This is an ordered contour which means that the imaginary part of inner circle is smaller 
than the outer ones. We use this contour to define the BRST operator. The contour go' is defined as 
follows: z i goes from I to 1, for i = 1,2,...,n. The difference between contours go and go' is a phase 

factor discussed in appendix C. 

The  contour  ~ '  is chosen in the same way as Felder  did: z~ goes from 1 to 1 as a 

closed circle, z i goes from z~ to z 1, for i = 2,3 . . . . .  n. This  is described in fig. 4. 

All  the following a rguments  and def ini t ions can be applied to or_ and  S - ( z )  as 

well. SO we shall concent ra te  on S ÷ ( z ) .  In  appendix  C we also discuss the other  

contour  choice and show the ni lpotency proper ty  of the B R S T  opera tor  

Q(p-")•(") - o (5.23) B R S T  ~ B R S T  - -  • 

The power of the screening charges we need  to construct  the B R S T  opera tor  

depends  on the Fock space on which t3(,,) ~BRST acts. The  cr i ter ion is based on the 

closure of the outer  contour ,  z t. It is shown in appendix  C that  the well def ined 

B R S T  opera tor  on the Fock space ."~/i' is ~(i) B R S T  • 



222 C. Ahn et al. / Superconformal fieM theories 

From the property of ~1 when acting on the Virasoro primary fields, ~/,,(0) and 
the ja+ charge carried by the BRST operator, we see that the BRST operator has 
the following action: 

a ( j )  . _ j , j  • 

So the BRST complex can be described as 

o(p-J) o(I) 
--, ~,t_2(p_ 0 ~.~s,- 'g11! ,-.~s'r ~7-'z+2j" ._, 

. . . . . .  j+2p , j  ,j' > - - - j , j  . . . . .  (5.24) 

Now the irreducible Verma module defined with respect to the negative mod- 
ings of the g, cz) and T(z) currents is identified with the 0th cohomology class 

Irred. V e r m a ( ~  exp[ i[3id, q~ (0) l[0)) = (Ker Q(~)RST/Im Q~PRS~)Io, ,,T~/, j, (5.25) 

and the other cohomology classes are empty. In appendix C we also show the 
restriction on j, j ' such that we have non-trivial 0th cohomology class by examining 
the non-vanishing two-point functions. These restrictions are 

1 < j < p  and 1 < j '< / Y ,  (5.26) 

where if' is defined by ~' = (pu + tq)/D and D = g.c.d.{pu + tq, uq}. 
Now that we have the BRST nilpotence property and have identified the 

irreducible Verma module as the 0th cohomology class, we can calculate the 
character, g~d', which is the trace over the irreducible Verma module with 
the highest weight state I~(~,(0)) 

t ~  

t ( ~,t-2,p Xj , j  ' =  ~_, T r ( q  L ° - c / 2 4 )  , ° ve r"~ j+2sp , J ' ]  
S =  ~ o o  

o o  

- E (5.27) #~ --j + 2sp,j' ] " 
S ~ - - 0 0  

~ , l -  2sp The trace over the Fock space "~i+2sp,j' is equal to 

t + 2 u - 2  
T r (  q L o - c  /24 ) (over "°j+2,p,j'] E Tr(qL~F-¢,/z') (over Xr(r),t_Zsp) 

r=O 
n -- r = 0 (mod 2) 

® Tr(q tbo-cb/24) (over .~jb+zsp,j., ) 

----- [ t + ~ - 2  

n - r = 0 (rood 2) 

, ( 1 

(5.28) 
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So eq. (5.27) can be simplified as 
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l Xj', j' = C['n(,rc])(~')q #'J'(s)- 
s=-oo | r=O 

~n-r=O(mod2) 

t+2u-2 ) 
Z [',l'(r) (,,.~ • . . m 2 ( s ) k , ] q  13-A'i'(s) , 

r=O 
n - r = O (mod 2 ) 

(5.29) 

where C/n(ir)(T) is the string function we defined in eq. (2.39), and/3jd,(s)  is defined 

as 

[2spp' + P7 _pj,]2 _ ( P _p,)2 
[3i./(s) = 4Lpp' 

and 

[2spp' -P~i _pj,]2 _ ( P _p,)Z 
[3-i'/( s ) = 4Lpp' 

mn(s ) - l -  2sp, m2(s ) - l +  2 j -  2sp. 

(5.30) 

(5.31) 

Before we close this subsection, we would like to answer the question why we 
need to specify the admissible representat ion by restricting the level to satisfying 
t + 2u >/2 from the point of view of constructing the coset theories. First we argue 
that if t + 2u ~< - 2 we can flip the signs of t and u without changing the level. So 
this range of t and u is excluded because of the redundancy. Now if t + 2u = 0 or 
t + 2u = 1 we can see from eq. (5.17) that the coset theory SU(2)~ ® SU(2)L/ 
SU(2)~+ L is empty because p = t + 2u and 1 ~<j ~<p - 1. So the existence of the 
SU(2) L W Z W  theory is a contradiction. Thus we obtain the condition t + 2u >/2, 
which is the same as the one required from having admissible representations. 

5.4. THE DERIVATION OF THE BRANCHING FUNCTION 

In this subsection we first define the branching function and derive their 
symmetry properties. Next we use the BRST cohomology method developed 
earlier to calculate some of the branching functions. We can then obtain the rest of 
the branching functions via the symmetry properties. Also we should point out 
here the checkpoint of the string functions derived in sect. 2. We can obtain the 
same branching functions in the coset construction in two ways: (i) using the Z L 
PF and the corresponding BRST complex, (ii) derived from its dual theory, 
namely, by using the Z K PF and the corresponding BRST complex [21]. The two 
approaches give the same results, as should be the case. 
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The branching function B[~.t~(r) is defined by 

= " " (5.32) 

where K and L are the same as we have defined before, and x}iL*)(r, Z) is the 
character of the admissible representation for level L~, which is defined by Ka~ 
and Wakimoto [13]. The spins I i are defined by l i = n i - k i ( L  i + 2) -- (n i, ki), 
where L i = L ,  K, and ( L  + K ) ,  respectively. The summation in 13 has to be 
restricted due to the requirement that z's coefficient in the SU(2) characters must 
be matched: From eq. (2.34), this condition leads to m 3 = m t + m 2. Since l; - m; = 
even integer, l 3 should satisfy the following selection rule: 

l 3 - -  12 - -  I l = e v e n  i n t e g e r .  (5.33) 

We can rewrite eq. (5.33) into two parts 

j = (k  3 - k t ) L  + (k  3 - k 2 ) K =  integer, 

n 3 = n I + n  2 + j ( m o d 2 ) .  (5.34) 

The first equation in (5.34) turns out to be a strong condition on k3; for given 
values of k~ and k 2, there is at most one solution of k 3, Therefore, the summation 
over 13 becomes the summation over all possible n3'S. 

The branching function has the following symmetries: 

I.  B / l . t 3 ( , ) =  B -I ' - z  - -t~-z.-t~-z(1") (for all k i • 0 ) ,  

II .  L-t' - 

III. B]~ ,3(~" ) =B]~.t3(, ) .  (5.35) 

The first one is derived directly from the symmetry of the character, eq. (2.12). The 
second one is confirmed by comparing the conformal dimensions 

A(B[, ,3) - A(B~--/~.K+L_t3) (mod integer). (5.36) 

Since each primary field with a given conformal dimension forms an irreducible 
representation of chiral algebras underlying in a given CFT, eq. (5.36) means the 
two primary fields ~ , / 3  and ~L-t~ should be identified. The third symme- K-12, K+L - I  3 
try in (5.35) is the duality symmetry, which is obvious from eq. (5.32). In terms of 
the components of li, (ni, k/), eq. (5.35) means the following identifications of the 
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branching functions: 
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I. ( n i , k i ) - -* ( t i+2u i+2-n i ,  u i - k i )  , 

II. (ni,ki) --* (ti+ 2ui+ 2 - n i , u  i -  1 - k i ) .  (5.37) 

Now let us discuss how to obtain explicit expressions for these branching 
functions. We can first use the BRST cohomology method in subsect. 5.3 to obtain 
only branching functions with k 2 = 0. This is because the BRST operator QBRSTi 
must be an integral power j of the screening charges and j -  12 + 1. If k 2 is 
non-zero j is not an integer. So the BRST cohomology method only gives the 
branching functions with k 2 = 0. Then we will obtain the others (k 2 ~ 0) using the 
symmetries in eq. (5.35) or (5.37). 

From subsect. 5.3 we know how to form a BRST complex starting from the 
highest weight state, Vii,(z) which is associated with a Fock space ,gg/j,. This 
highest weight state is defined with respect to both currents, ~'(L)(z) and T(z). 
But we also know that ~ t  exp(i/3m,O ) is a highest weight defined with respect to 
T(z). The Fock space associated with this highest weight state is ,gg/,).,'. Then the 
relation between the branching function and the BRST cohomology complex 
starting from ,~gj!)m is 

B/~,, 3 = Irred. V--"e~a (qb/t exp[ i~i,i,O (0)]) 

(J)  = (Ker QSRST/Im C~¢,-J'fil ,g<',,m, BRST]Ion J,Y ' (5.38) 

where Verma defines the Verma module with respect to the energy-momentum 
tensor only, and 

j = 12 + 1, j '  = l 3 + 1, and m I = j '  - j  = 13 - 12 . (5.39) 

Since k 2 = 0, j is an integer so that ~BRSTr~(J) is well defined. Here p is determined 
through K +  2 =p/q. The Fock space, ,,~j!~,", is equal to ,g/tp~,,,, ®"~FU, which is 
a subset of ,,~j!y, without summing over the l'(r) in the previous definition (5.20). 
For simplicity we neglect l~'s subscript in the following. 

The properties of the BRST operator do not change; in particular, its action on 
the Fock spaces is the same as before, eq. (5.24): 

. 

B R S T "  - j ,  j , 

~ ( P - J )  t3(J) ~ ' l ,  m + 2 j  Zt,,n_=2~e,_j) ~RST ,,T./,)m ~aRST "~--m ~ 
. . . .  j..t-~.p,d . . . .  (5.40) 
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By the same alternating sum and subtraction procedure as eqs. (5.27) and (5.29), 

we arrive at 

B[~,t3= Tr(qL.-c/24 ) (over Ve--~ma[~/.exp(i/3y.y,~b(O))]) 
oo 

= E Tr(q L°-c/24) t . . . . . .  t uv~I '¢~y+2sv,Y } 

co 

- E Tr (q  a°-c/2`)  ( °ver  ~/t' ' '+2y-z'p~'° -j+2so,y' ! 
$ ~  - - o o  

o o  o o  

= E E 
S ~  - - o o  S ~ - - o o  

(5.41) 

where fli, j,(s) and mi(s) are the same as we defined in eqs. (5.30) and (5.31). 
Since eq. (5.41) covers all the branching functions with k 2 = 0, which we denote 

B[k 2 -- 0], we can then use symmetries I, II  in eqs. (5.35) and (5.37) to find all the 
other branching functions B[k 2 ~ 0] as follows: 

B[k 2 = O] ~ B[k 2=u 2 -  1] ~ B[k 2 = 1] ~ B[k 2 = u 2 -  2] ~ B[k 2 = 2] . . . .  

(5.42) 

Since the symmetry I holds for k i4 :0 ,  if u I < U  2 it may be possible that k 1 
becomes zero in the sequence (5.42) before we can cover all the k 2 from 0 to 
u 2 -  1. If  this happens, we can just use dual symmetry I I I  to start the sequence 
with B[k I = 0]. Therefore,  the branching function B[k 2 = 0] in eq. (5.41) and the 
symmetries in eq. (5.35) determine all the branching functions completely. 

While most of these branching functions are new, we can derive the BPZ 
characters for minimal models using eq. (5.41). Considering COSET[L,  1] theory, 
we can find the corresponding branching functions which should be identified with 
those of the BPZ minimal models because of duality. Since the BPZ characters are 
well known, this gives a good consistency check for all of our construction of new 
coset theories. Using the " M A T H E M A T I C A "  program, we checked these two 
character formulae up to the order of (qS0). We will show some examples in 
sect. 6. 

The relation between the character of  the chiral algebra, ~'(L)(z) and T(z),  and 
the branching functions is 

t + 2 u - - 2  

' -- Y' B f  . , (5.43) X ) ,  y' . . . .  2 ~ -  , t3 = y ' -  l ,  
r ~ 0  

n --  r = 0 ( r o o d  2)  
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where l = n - k ( L  + 2), l' = r - k ( L  + 2) and In - 2kl = [ / - j '  (mod 2[t + 2u - 
2])1. For some cases, the branching functions can appear in the character in 
multiple copies. 

5.5 .  M O D U L A R  I N V A R I A N T  P A R T I T I O N  F U N C T I O N S  

The modular invariant partition functions of the COSET[L,  K] theory can be 
constructed straightforwardly from the ADE classification of the SU(2) KaY-Moody 
algebra. Since the non-negative integer matrices Nt, I, in eq. (2.13) have been 
constructed in ref. [16], we use this result to find partition functions of the coset 
model. The following combinations of holomorphic and anti-holomorphic branch- 
ing functions of the COSET[L,  K] theory are modular invariant: 

Z c o s e t  = ~ ~ ~ l , ,12 , ,a ; i . , i2 , i3B[~ .13(~ ' )B] l , .13( 'g ) ,  
11,12,13 I I ,  i2 ,13 

./t"t~,t2.t3:i,,12,13 = [ N ( L ) ® N ( r ) ® N  (t '+r)  " " " = N ( t ) N t r - ) N  (t-+L) (5.44) 11,12,13;11,12,13 l l , l  t 12,12 13,13 • 

To prove this, we should find how the branching functions are changed under 
the modular transformations. From the definition of the branching function (5.32), 
one can find 

I t 
B [ ~ . 6 ( - 1 / T ) =  Y'. Sat,.t2,t3:t~.t;.t'3Br~,ta(',- ) ,  

r P r Ii, 12,13 

B[~ t ~ ( z +  1) = • ~ t t - r  r ,'B,/) , ( ~ ) ,  (5.45) l, 2, 3, I, 2,~3 12,13 ~" i 

where .S a and 3-  are expressed in terms of S and T of eq. (2.15) 

= [S  'L' ® S("'  ® ( S ''~ + " ' ) -  'l,,j ~',.'2,'3;'~."~.'~ 12 13"1 ~ I' 2 I' 3 

- s ( L ! , s t r ? , t c ( t . + K ) x t  , 
- -  i 1 , 1 1  12,12~ ° )13,13) 

ovarl . . . . . . . . . .  [ T ( L ) ® T ( K ) ® ( T ( L + K ) )  -11  
1, ,2 , ,3 ,  f l ,  ,2 , ,3  w t t I ,12,13,1 ,12,13 

"I'(L)"I"(K)[ ,'P(L +K)'~ - 1 
= ,tll ,l , l . tl2,l,2L~ )13,l ~ , (5.46) 

where we used the unitarity of S matrix. Using these matrices, it is easy to check 
the modular invariance of (5.44) using eq. (2.14): 

,.flax = ..4v'S a , ,Y.A/" =.dr, Y -. (5.47) 
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Since the matrices N are classified under the name of ADE, the partition 
functions of the COSET[L, K] theory may be denoted by (X,, ,Y,2, Zn3) where 
each one of X,,j, Yn2, Z~3 is one of A, D or E according to n i defined by t i + 2u i for 
the levels t J u  i. A-series is for any ni and D-series is for n~ even. E-type exists only 
for n~ = 12,18,30. For example, (A,A,A) partition function represents the coset 
CFT with only spinless primary fields; 

Zcoset ~ E I 1 2 [BI2.13I • 
11,12.13 

This classification completes the construction of the COSET[L, K] theories which 
include many new rational conformal field theories. 

6.  E x a m p l e s  

In this section we will present some examples to demonstrate our new construc- 
tions. We first show some properties of the Zl/2 PF, which is goingto be used to 
construct the coset theories, COSET[1/2, 1] and COSET[1/2, 1/2]. We compare 
the former with the BPZ minimal model, COSET[1, 1/2], as a consistent check of 
our whole construction. Finally we use the latter to demonstrate some special 
novel properties. 

6.1. Zl/2 PF 

The central charge of the Z~/2 PF is cpF -- - 2 / 5 .  ~ has conformal dimension 
- 1. In general, ~j has conformal dimension j(1 - 2j), where j = 1, 2 , . . . ,  oo. 

The Virasoro primary fields are ~ .  l takes the values 0,1,2,3 and 
- 5 / 2 , - 3 / 2 , - 1 / 2 ,  1/2. m is equal to l + 2n and n is an integer running from 
- ~  to oo. The parafermionic primary fields are ~ with highest weights, 

ht = I(I + 2) l 2 

10 2 
6.2. COSET THEORY COSET[1/2,1] 

In this subsection we consider the coset COSET[1/2, 1]. This implies p = 3, 
q = 1, p'  = 7 / 2  and 15' = 7. (See eq. (5.17).) From eq. (5.10) we obtain 

a + = ~ ' - / 3  and t ~ _ = -  1 ~ / 7 .  

The primary fields, with respect to T(z)  and ~'ct-)(z), are the first two columns 
( j  = 1, 2) of table 1. The conformal dimensions are given by eq. (5.18) 

l ( l  + 2) l 2 (7/" - 6j ')  2 - 1 

h~..f = 10 2 + 84 

Now we also present BPZ minimal model, Mp=s. p'=7 (-- COSET[1, 1/2]), in the 
following table, where c = 1 - 6(p _p , )2 /pp ,=  11/35. 
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TABLE I 
The KaY: table of the highest weight states h~j, in the coset theory, COSET[I/2,1] ,  with central charge 

c = I I /35 .  The numbers in parentheses (n, k) denote the spin ! = n - k (L  + 2) = n - k(5/2).  The 
number below is the highest weight. 

j = l  j f f i2  j = 3  j=4  j=5 

(0, 0) (1, 0) 
j ' =  1 0 11/20 

(1,0) (0,0) (0,1) 
j '  = 2 3/35 1/28 I / 2 8  

(2, 0) (1, 0) (1,1) (0,1) 
j '  = 3 8/35 - 3/140 - 3/140 3 / 7  

(3,0) (2,0) (2, I) (1,1) 
j '  = 4 3 / 7  - 3/140 - 3/140 8/35 

(3,0) (3, 1) (2, I) 
j '  = 5 1/28 1/28 3/35 

(3,1) 
j '  = 6 0 

We can see from these two tables that only part of table 2 appears in the first 
two columns of table 1, which are supposed to be the primary fields in the coset 
theory, COSET[1/2,  1]. The rest of the table 2 become the descendents of the 
primary fields in this coset theory. For example* 

4/5 t = 0 4/5 H[,~°=hl,l > h3 ,1 ,  H2,2  = h l , 2  > h3. 2 , 

6 /5  6/5 
n t , ~  1 - - h 2 , 1  , h4,1 , HI,-21 = h 2 .  2 > h4, 2 , 

HI2,42 h3,4 1 - 4 / 5  H l f 2 = h 3  3 1 - 4 / 5  ----- > h i , 4 ,  1,3 , h i , 3 ,  

H [ . ~  3 = h4. 4 1-6/57 h 2 , 4 ,  (6.1) 

where the number above the arrow indicates the negative moding (mod integer) 
generated by the ~,~z.) current [11]. According to their analysis, we can write down 
the following sequence: 

. . .  ~ Ht_2(descendent)  ) - l / (L+2)  H~j, (1+2)/(L+2) nt+2(descendent )  ~ . . . .  

(6.2) 

where we use "Hr(descendent )  '' to denote the descendents of the coset primary 
fields. "He(descendent)  '' are still primary with respect to the Virasoro algebra. 

H ~ I  = h2,3 6/5 , h4 ,3 ,  

* In the following H]j,, and h,,,. m, are used to denote respectively the primary fields in the coset 
theory ( = COSET[1/2,1]) and those in the BPZ minimal models (ffi COSET[1,1/2l).  
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TABLE 2 
The KaY: table of the highest weight states h.,. m' in the BPZ minimal model, M p = s, #-7,  

with central charge c = 11/35 

m = l  m = 2  m = 3  m = 4  

m ' =  1 0 11/20 9/5 15/4 
m '=  2 1/28 3/35 117/140 16/7 
m '=  3 3/7 -3 /140  8/35 33/28 
m ' =  4 33/28 8/35 - 3 / 1 4 0  3/7 
m ' =  5 16/7 117/140 3/35 1/28 
m ' =  6 15/4 9/5 11/20 0 

The number above the arrow indicates the conformal dimension difference gener- 
ated by the ~,(t-) current. 

In addition to the above relationship between the highest weight states, there is 
another more restricted relation. It is that the branching functions derived from 
both approaches must be the same due to the obvious dual symmetry (1.3). Recall 
the formula, eq. (5.32), 

x ( l / 2 ) . . ( 1 )  'g"~lcll, ,.(3/2) ~ " ~ 1 ,  , (3/2) (6.3) 
I I /~.12 ~ L~a,,12,13/l[13 ~ L~X..Sll, 13.a[13 • 

n 3 ?z 3 

The first one, B/~,t 3, is derived from the cohomology complex using the Z L PF 
based on the highest weight state HI'r,"',, =t3-t2 = ~,t,~ exp(i/3: ,,<h) where j = 12 + 1 
and j ' =  l 3 + 1. The second one, a/ ,3,'uses the Z,  P1 ~ (which'is trivial, hence giving 
just the BPZ's minimal model) based on the highest weight state h,,,=lj + t,m'=/3+ I" 
Notice that the cohomology method is applicable only in the case where the first 
subscript is an integer, which means k 2 = 0 in B[~,/3 and k t = 0 in /3/~t3" 

In the following we want to compare the branching functions derived from these 
two approaches by Taylor expansion up to order of q40. The calculation is based 
on eqs. (5.41) and (2.39) in the COSET[1/2, 1] case. We also need the symmetry of 
the branching function, eq. (5.35), when k I ~ 0 (the case (c) below). We only cite 
three typical examples in detail, which are the branching functions based on the 
primary field, H[~7 °" m,=o, its descedent (but Virasoro primary), H[~7 2' "t=°, and 
finally the Ht~5 1/2' m l = l / 2  (k x • 0 case). 

(a) Ht,=o. ,,,,=o. (We must have B t~=° _ ~t2=o in this case.) l,l " 12=0 ,13=O-'t'lt=O 1 3 = 0  

~ B I I ~ o  _ ..~ 1/84 [ (-,0 2 0 __ qlOCO 4 q 2 0 C g + q 2 2 C O _ _ 6 _ q 3 6 C O  t2=0, t~=0--u 1'~0--q C2 + 

_60,,"0 + q82CO 2 + -86/"0 _ q112C04 _152/-,0 
- -~  I.---10 ~ k.,_12 --r,/ t..,_16 

_192f,0 +q S c°s +,t ...] 

= q,/3511 _ q _ q24 + q33 + q37 __ O ( q 4 0 ) ]  . (6.4) 
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From the B P Z  minimal  mode l  we also have 

~ g l , = O  rlot?=o, t3=o=~qX . . . .  1.,,'=1 =q1/35[1 _ q _ q 2 4  _1_q33 _1_q37 O ( q 4 0 ) ]  , (6.5)  

where  Xm,m' is the charac te r  with highest  weight  h,,,, m, which was first given by 
Rocha-Car id i  [8]. As expected,  up to the te rms  calculated,  eq. (6.4) f rom 
C O S E T [ 1 / 2 ,  1] and eq. (6.5) f rom COSET[1,  1 /2 ]  agree.  

(b) Ht,=2.,,,,=o. (We must  have B I '=° /~t,=o in this case.) 1, I " 12=0,  13=0  ~ 11-----2, •3=0 

,r]/•11=2 1 / 8 4 [ C 0 2 _  q10C2 4 2 0 - - , 2  -k- 2 2 - - , 2  ~ 3 6 C 2  • u12=0 , 13=0 = q q2C2 - + q t.6 q t . . _ 6 -  

q60:,2 _ ,,.. _ 10 + q 8 2 C 2 2  +q_86,,-,2,,.._12 - q 112CI24 - t/-152 " "  _ 1 6  

_ 1 9 2 , " , 2   -16- ..-] 

= q 2 9 / 3 5 [ q - q 4 - q 1 3 + q 2 ° + O ( q 4 ° ) ] .  (6.6) 

The  cor responding  one  in the B P Z  minimal  model  is 

r/•,,=o q29/35[ _ q 4  q,3 +q20 O(q40)]  (6.7)  
DI1=2, 13=0  = T /Xm = 3 ,  m ' =  1 = q -- + 

Again  they agree,  as expected.  
(c) Hat:; I/2 . . . .  ,= 1/2 _~ H t, = 1/2, ,,,, = ,/2. 1,3/2 . In this example  we first have to shift 

j = 4 to the range  1 ~<j < 3 = p  because  of  the r equ i rement  of  the B R S T  cohomol-  
H I, = i/2, ,,,t = i/2 The  ogy. The  highest  weight  of  H 1' = i/2. ,,,,= i/2 is equal  to that  of  1.3/2 4,5  

jL]'l I = 1 /2 ,  m I = I / 2  branching funct ion is derived based on -*1.3/2 . This is why we use the 
symbol  ---- above. In this case, k~ ~ 0, so that  the cohomology me thod  can not  be  
directly appl ied to the derivat ion of  /~/~.13- There fo re ,  we must  first use the 
symmet ry  (5.35), e i ther  on B1!~o1"/t2.=1/2 (to get B t ' = l / 2  _ 1,=o 12=0, 1 3 = 1 / 2 - B t ~ = L  13=1) or  on 

1,=o t,,-, ,,o~ B 1,=o -' ' ~ __'ff t ,=, can see  ihe duality ~ , 1 1 ~ 1 / 2  1 3 = 1 / 2  ~.Lu ~,wL Z~,ltT~l/2 13=1/2 -- x.,11~0 13=1 ). Then  we 
easily. 

•7B1, = 1 / 2  _ ~ / : ~ 1 1  = 0  
•2=0, 13= 1 / 2  - -  'la~12= I, 13= 1 

_ ,,., 1 /21  [ / - ,  1 / 2  _ ,., 3[- ,  I / 2  ,,., 8 t'-, 1 / 2  _L ,., 19t,'-, 1 / 2  ,,., 23 t", I / 2  
- - ' -~  [ ~ 1 / 2  "/  " ' 5 / 2 - - " /  ' . - - ' - 7 / 2 - - " /  " . - ' - 1 1 / 2  + ' - /  " . "13 /2  

I 19/,',  1 / 2  _ , . , 4 0 / " , 1 / 2  _ r , 5 5 C 1 / 2  " 8 ° C 1 / 2  + q 8 8 C 2 ~ ' : 2  - q " ' 2 9 / 2  
"! " 1 7 / 2  "/  - 1 9 / 2  -'l" J.! --23/2 

_ , , , ,  1 4 4 C  I / 2  ,.., 195 t", 1 / 2  .-u 1 8 3 / " , 1 / 2  _ ] 
'.1 - 3 1 / 2  + "/  " - ' 3 7 / 2  - q " - 3 5 / 2  " ' "  

___ q9/14011 _ q 2 _  q20 + q32 + q38_  O(q40)]  . (6.8)  
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The corresponding one in the BPZ minimal model is 

,r/1~12-0 ~/~/2 =l  
Sl  I-  1/2,13m 1/2 : q~"l I=0, 13= I = ' / T X m =  1, m'=2 

=q9/140[l_q2_q20 +q32 + q38 _ O(q40)] " (6.9) 

terms calculated, this checks COSET[1, 1/2] = COSET[1/2, 1], as Up to the 
expected. 

6.3. COSET[1/2,1/2] 

This coset model is an example of the new cosets constructed in this paper. The 
central charge is equal to 1/5, which is absent from the BPZ minimal model. We 
first have p = 5, q = 2, p' = 6 and ,5' = 3 and then 

and a _ = -  I ~ / 7 .  a + =  X/7--/3 

The highest weight is equal to 

l(l + 2) 12 (6j - 5j ')  2 - 1 

h~"i'-- 10 10 + 60 

The Ka~ table is shown in table 3. 
The characters are obtained using eqs. (5.41), (5.43) and (2.39). 
We point out the similarity between, COSET[1/2, 1/2] and COSET[1/2, 1]. In 

the COSET[1/2, 1] case we can generate finitely many branching functions, i.e. 
Virasoro primary fields, from the coset primary fields such that they form a closed 
algebra, dictated by the fusion rule. These finitely many Virasoro primary fields 
are the same as those obtained from COSET[1, 1/2], which is a BPZ mini-mal 
model. In the COSET[1/2, 1/2] case we can also find a closed set with only finite 
number of branching functions which close under fusion rule. (Closure under 
fusion rule follows from the fact that they form an admissible representation under 
modular transformation and Verlinde's conjecture [38].) Since COSET[1/2, 1/2] 
with c - - 1 / 5  is absent from BPZ's analysis. Our construction for c < 1 can be 
considered as a generalization of the BPZ series. 

TABLE 3 
The Ka~ table of the highest weight states h~,j, in the coset theory, COSET[1/2,1/2] with central 

charge c = 1/5. The top line in each entry specifies the spin I 

j = l  j = 2  j = 3  j = 4  

l = 0  1=1 1=2 1=3 
j ' =  1 0 3/5 8/5 3 

1=1 l=O / = 1  l = 2  
j '  = 2 1/20 1/.20 51/60 41/20 
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Appendix A 

FOUR-POINT CORRELATION FUNCTION 

From the current-current correlation function (J+(z)J-(w)> = L/(z  -w)  2, we 
obtain 

1 
< q,l(z)q,;~ (w)> = 

( z  - w )  2 - 2 / L  " 

Using the Ward identity (2.21), we can derive all correlation functions of @1 and 
~b~-. In particular, the four-point correlation function is given by 

< ~,( z,)~,( z2)~ ( w,)~ ( w~)> 

=[(ZI_Wl)(Z2_W2)]-2+2/L~-2/L[ 2 ( L - 1 )  2 ( L - 1 )  ] ~L- + "L ~ + ~2 , (A.1) 

where ~: - (z t -z2)(w I - w2)/(zl - w2)(z 2 - wl)- 
Now, using eq. (2.19) 

g,,( z ) q , , ( w )  = c , . , (  z - w ) ~ 2 - 2 ~ ' g , 2 ( w )  + . . . .  

¢ ~ ( z ) ~ ( w )  - c  + - (A.2)  - , . , ( z  w)~Z-2~'q ,~(w)  + . . . .  

one can read off the most singular power of (z I - z  2) and (w I - w 2) to find 

a2 = zl~= 2(L - 2 ) / L ,  

c + = 2(L - 1)/L, (A.3) Cl,l 1,1 

and using eq. (2.23) 

~b2( z)~b; (w) --- ( z -  w)-2~2[1 + (2A2/c)(  z -  w)2T,(w) + 0(( z -  w)3)],  

(A.4) 

one can derive c = 2(L - 1 ) / (L  + 2). To compute other conformal weights A t and 
structure constants cj./, %+j,, we need to consider higher-point correlation func- 
tions using eq. (2.21) recursively. In general, it is easier to use the bosoization 
approach to calculate A I. 
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Appendix B 

THE SYMMETRIES OF THE STRING FUNCTIONS 

In this appendix we will first show how to obtain eq. (2.39) and then present the 
detailed proof of the symmetries of the string functions. 

Starting from eq. (2.36), we first separate the range of summation in p, i.e. 
o o  o o  e ~  o o  o o  c o  b o o  ao  

E EE=E EEE+E E EE (B.1) 
j ,  p =  -oo  r = O  o'= ± j =  - =  p = O  r = O  o,= + j =  - ~  p =  - I r = O  cr= + 

We then simplify the second terms in the above equation by using eq. (2.38) to 
delete the first 2p terms in the r summation. Finally we obtain eq. (2.39) by 
comparing the z-dependence with that in eq. (2.34) and substituting the j value in 
terms of m. 

The string functions have the following symmetries: 

C[,, = C L - t  
L - -  m ' 

C/,, C t (for k 0) C/,, t (for k = u - 1 ) ,  (B.2) = - m  =" , = C 2 L - m  

where l = n -  k (L  + 2). To prove it we have to rewrite eq. (2.39) into slightly 
different forms by changing the p summation's range according to o-= + 1 or 
cr = - 1 .  Let us start from eq. (2.36) again, where the summation is split in two 
different ways, 

o o  

j ,  p ~  - -oo  r = O  o - =  -I- 

oo oo oo oo oo oo 

= E E E(~=+I)+ E E E(~=-I) 
j = - = p = O r = O  j = - ~  p = l  r = 0  

oo  - - o o  oo  ~ - - o o  oo  

+ E E E(~=+1) + E E E(or=-1) 
j = - o = p = - I  r=0  j = - = p = 0 r = 0  

o o  oo oo  oo  oo o o  

= E E E E 
j = - = o  p = l  r=O j = - o o p = l  r = 0  

oo ~ o o  oo oo - - o o  oo 

+ E E E(~= +1)+ E E E(cr=-l). 
j =  - =  p rO  r=O j =  - =  p r O  r=O 

Then we repeat the same procedures described immediately below eq. (B.1) and 
obtain two other forms for C~. 

= ( - ~ ) ( - -1)rq  g' - ( }". -- ~ ) ( - -1 ) rq  g2 (B.3) 
'1~ 3 C/ t (" / ' )  p,~r;*O p , r < O  p>0 ,  r;*0 p ~ 0 ,  r < 0  

r/3C:n,.r) = ( Y ' .  _ ~[~ ) ( - 1 , r q g ' - (  ~ - ~ ) ( - l ' r q  gz , 
p>O, r;~O p~O, r<O p>O, r~O p~O, r<O 

(B.4) 
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where we define 

gl(tl, k, m, p,  r)  - a[( p + r/2u) + b +/2a] a - L[r/2 + m/(2L)]  2 

[ n + l - k ( L + 2 ) + ( r + 2 p u ) ( L + 2 ) ]  2 ( rL+m)  2 

4(L  + 2) 4L 

g2(n , k ,m ,p , r )  =-a[(p + r/2u) + b_/2a]2-  L[r/2 + m/(2L)]  2 

[ n + l + k ( L + 2 ) - ( r + 2 p u ) ( L + 2 ) ]  2 ( rL+m)  z 

4(L  + 2) 4L 

(t3.5) 

which corresponds to the exponents in eqs. (2.39), (B.3) and (B.4). 
L-I Now it is easy to see the first symmetry. CL_ m defines its exponents in the 

summation, denoted by gi(fi, it, fit, p, r). h, [c are defined by L - l = fi - / ¢ ( L  + 2). 
After some algebraic manipulation, we obtain 

g,(fi,fc, rh,p,r) =gx(t + 2 u -  2 - n , u - k -  1,fit,r,p) 

=gl (n ,k ,m,  - r -  1, -p )  

g2(h,~:,fit,p,r) = g z ( t  + 2 u - 2 - n , u - k -  1,fit,r,p) 

= g z ( n , k , m , - r -  1 , - p  + 1). 

So we finally have 

3cL-I  zT) ( E -- E )( 1)rq g'(t+2u-2-''u-k-l''~'r'p) 
p, r;~O p, r<O 

p>O, r~O p<O, r<O 

--( z - 
p>O, r~O p<O, r<O 

(B.6) 

Idh,r,p) 

- - Z ( -  (p>o,~o p~o,,.<o ) 1) ~qg'-(''*'m'r'p) 

= ~ 3 C i ( r  ) . (B.7) 
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Before we prove the second symmetry we would like to emphasize here that 
XI(~', z = 0) is well defined only when b+--  - b _ ,  which holds only when k = 0. 

Then we can simply write 

Xl('l',Z = O) = E CIm(T) Xq  m2/(4L)= E C_m(,T)I xq,n2/(4L). ( B . 8 )  

m R  - ~  m= - ~  

This gives us the second symmetry when k = 0. Notice that when k = 0, 1 + m ~ 27/, 
both j3  eigenstates m and - m  exist. The third one can be easily derived from the 
first and the second as we have done in sect. 2. This completes the proof  of string 

function's symmetries. 

Appendix C 

BRST P R O P E R T I E S  IN T H E  COSET THEORIES ,  SU(2) L ® S U ( 2 ) r / S U ( 2 )  L ÷ K 

In this appendix we show the relation between different choices of the contours 
in defining the BRST operator,  and derive the condition for non-vanishing two- 
point function which determines the non-trivial cohomology complex. " 

We first define the BRST operator  [19, 28] 

n 

Q(") =- r I  (f)_ dzi ~b,( zi) :exp[ia+~b(zi)] :  (C.1) BRST 
i=1  

The contour ~ '  is chosen in the same way as Felder did: z I goes from 1 to 1 as a 
closed circle, z i goes from z I to z I, for i = 2,3 . . . . .  n. This is described in fig. 4 
and we use the symbol ~ '  to denote this contour. 

There  is also another  choice of the contour. Instead of restricting z i, for 
i = 2,3 . . . . .  j,  in going from z~ to z 1, we choose z i to be the same as z I contour. 
This contour is denoted as g~'. The difference between contours g~ and ~ '  is a 
phase factor which comes from switching operators  S+(zi)= ~bl(z):exp(ia+~b(z)): 
to form an ordered contour. From the OPE of ~bl(z i) described in sect. 2 and the 
OPE among the bosons, we can have 

S+( z h S + (  z:) = ( zi - zi) 2~:+-'/L~ :S+( z h S + (  z~) :. (C.2) 

So in order to get the integral along the contour ~ from that along ~ ' ,  we have to 
re-order the screening operators.  This re-ordering will give us 

I1 

I-[ ~,, dz, ~b,( zi) :exp[ io~+th( zi)] :  
iR1 

X-exp[4~rin(o~2+- X/L)] :~, r 
= ~ l ( ~  d Z i @ l ( Z i ) : e x P t i o t + c ~ ( z i ) ] : .  ( C . 3 )  1 -  exp[4rri(a2+ - l / L  )] jR1  J ~  
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Then from the definition of a ±, eq. (5.10) and the property of p, q being coprime 
we can conclude that 

a 2 - 1 / L  = q / p ,  

Q(p-,,),o¢,,) - 0 (C.4) BRST ~ B R S T  - -  • 

To have a well defined BRST operator on the Fock space, ,~],j., which we have 
defined in eq. (5.20), is equivalent to have a well defined operation of tk) Q B R S T  o n  

I~[ :exp[i[3j, fck(O)]:). It is essentially the same as demanding the closure of the 
outer contour z~. The condition is 

k = j ,  and In-2kl=lj-j'(mod2[t+2u-2])]. (C.5) 

The derivation is based on the operator product expansion of the boson and that 
of the parafermion. By the standard method, we have 

:exp[ ia + ~o( z,  ) ] : . . . :  exp[ ia  + qb( z k )]: :exp[iflj.j, dp(O)]: 

= 1-I ( zi - z,,) 2'~ l-I zi 2'~+ai'j, :exp ia+ E ~P(zi) + iflsd,<b(O) :, 
i<n i = 1  i = 1  

el(zk) [(O) 

k 

= 1--[ ( z , -  zn)-z/t, i - - i z t / a _ , ( : ~ [ + 2 k ( O ) :  + higher order terms). 
i<n i = 1  

(C.6) 

Then after we make the change of the variables z i --*z~ui, for i - - 2 , 3 . . ,  k, and 
demand the exponent of z~ be integer, we obtain the above condition (C.5). 

We next examine the condition for the non-vanishing of the two-point function 
which determines whether there is a state that has non-zero overlap with Q~')RST[ 
~ :exp[i/3id,~b(0)]:). We first see the bosonic part: 

{ >}- E I - - [a_ , , . . . a_ , , ,  :exp[ifl_jd,~b(O)]: =,,W_jd,. 
n i 

(C.7) 
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Due to the similar argument from Felder, there must exist a covector, X~ -i'~', in 
b (,,~b ,~. which is the dual space of .,~_j.j,, such that . - j , j .  , 

(X~i ' ) ' :  exp[ ia + ~b( z, ) ]  : . . .  : exp[ ia  + q~( z j ) ]  : : exp[ i f l ,  d, qb (0 ) ] :  ]0> 

J 
= VI (z,-~,)~°~ 17zp+~,.~,. (c.8) 

i<n i=1 

The parafermionic part can be obtained in the same way: 

J 
< XPFq',( Z, ) . . .  q,,(Z~-) ~ (0 )1  O> = Y l  ( Z, -- Z,)  -2/,~ Y I  Z;  ' / ' - ' .  

i<n i=1 
(C.9) 

So the two-point function is proportional to 

- j , j '  ( j )  I .  • 
< XPFXb QBRST~A) I .CXp[ I [~ j , j '~ (O)] :>  

J 
= 17 f d.; u?~*~'."-'/'~-"(1 _u,)2~o~-,/,,i- I (._u.,)2,+,/L, 

i=2  i<n  

./ 

= ;~.= f du; u ~ - ' / '  ×'-; ,- '(1- u,)2'~+-'/'' I-l;<,, (u , -  u,,) 2'~+-'/L' . (C.IO) 

By the same procedure as Felder's calculation to evaluate the above integral, we 
arrive at 

, ,,-i,J'lo(i) qbt.ex,.,[ia ,~tO'd APFAb [~,~BRST I • ta[ H L j  wk IJ :> 

r [1  +j(a2+ _ l /L)]  
( 2 ~ i ) 1 - '  e x p [ - i r r ( a  2 -  1 / L ) ( j -  1)] F[1 +(a2+ - I / L ) ]  - ~ : ~ 3 ~  

i - ,  sin[rrn(a2+ _ l / L ) ]  

× .=,I7 s in [~(~+  - l / L ) ]  (C.11) 

So the non-trivial cohomology (non-vanishing two-point function) will give us the 
constraint that 1 ~<j < p  because p, q are two coprime integers. (Remember that 
a2+- 1 / L  = q / p  and a 2 _ - 1 / L  = - q / p ' . )  By the same procedure but with the 
a counterpart, we will obtain the constraints on j'. It is 1 ~<j' < i f ,  where .5' is 
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d e f i n e d  by 

f f = ( p u + t q ) / D ,  D = g . c . d . { p u + t q , u q } .  

T h e s e  two  cons t r a in t s  on  j and  j '  a r e  jus t  eq.  (5.26). 
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