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Introduction and overview

Integrability of gauge and string theories continues to generate exciting new types of exactly

solvable models, ranging from new spin chains to novel quantum field theories and hitherto

unstudied string theories. Frequently this stems from deformations and/or subtle limit

taking of previously investigated systems.

A case at hand is a certain double-scaling

limit of the three-parameter y-deformation of N' = 4 super Yang-Mills theory that had

originally been proposed in [3, 4]. It partially or fully breaks R-symmetry and thus also

supersymmetry, while apparently retaining conformality and integrability in the planar limit.

Its double-scaling limit was then proposed in [5], combining a strong imaginary y-twist with

a vanishing coupling constant. In this limit all gauge field interactions decouple and one is



left with an un-gauged quantum field theory of scalars ¢; and fermions ¢;, i =1,2,3. In
light of [6] we refer to the resulting theory as the dynamical fishnet theory, with interaction
Lagrangian

LBy = Netr (630}l o205 + ool osor + ol els1s) (1.1)
+ Netr (iv/EEs (VP 010* + 6] ) + cyclic)

This model can be further simplified by taking £, = £ = 0,&3 = £. In this case we recover
the bi-scalar fishnet theory

L = ENtr (¢ ohon0n) - (1.2)
Notably, the theories (1.1) and (1.2) are non-unitary. However, the chiral nature of these
interactions leads to a vast simplification in the Feynman-diagrammatic structure of many
physical quantities. This raises the hope that the integrability of these models might be more
easily understood from first principles. Recall that the origin of integrability of undeformed
or y-deformed N/ = 4 SYM remains shrouded in mystery. On the contrary, in the chiral
models one often observes recursive structures in the Feynman graphs, and the associated
graph-building operator may sometimes be shown to possess integrable properties [6-8].
In some cases, correlation functions are represented by a single Feynman diagram. An
example of this is the fishnet Feynman integrals. These have been shown to enjoy a Yangian
symmetry [9], which in some cases has been sufficient to bootstrap the integral [10, 11]. In
a four-point limit these fishnet graphs reduce to the celebrated Basso-Dixon correlators, for
which integrability has been studied from various perspectives [12-14]. The fishnet theory
has also been argued to possess at strong coupling a holographic dual [15-17].

As written, the theories (1.1) and (1.2) are not strictly conformal, even in their planar
limit [18, 19]. Double trace couplings are generated upon renormalisation. However, it
has been argued in [6, 20] that these coupling may be fine-tuned as a function of &2 such
that the overall beta-function becomes identically zero, while preserving integrability. As
a result, one expects to get an integrable logarithmic conformal field theory. This is a
consequence of the models’ non-unitarity: while the state space is still reducible, it is no
longer decomposable. The logarithmic nature of the underlying CFT poses curious new
challenges for the spectral problem of the theory [1, 2]. In particular, in certain operator
sectors the dilatation operator is no longer diagonalisable. It is known that this leads to
the appearance of logarithms in the two-point functions [21]. For example, in the simplest
case where the dilatation operator acts on an operator pair 01,05 as a 2 x 2 Jordan cell

(@ Al 01
D = 1.3
the two-point function can be brought into the form

C (6] 1'2
<oz-<x>oj<o>>:WA(lg1 3) (14)

An explicit example of this in the fishnet theory for length 5 operators is given in [7].



Logarithmic conformal field theories play an important role in two dimensions [22].
There, due to their direct connection with two-dimensional statistical mechanics models,
they are of great physical interest. Important examples include models of self-avoiding
walks, polymers, and percolation; for recent progress see [23] and references therein. Often
the logarithmic scaling violations occurring in these models are of both experimental and
theoretical interest. In fact, their mathematical analysis often shows intricate and novel
features as compared to the non-logarithmic case. In higher dimensions, logarithmic CFTs
have been much less studied. Still, given their success story in two dimensions, it is natural
to suspect that they will also be of considerable value.

A systematic study of the dilatation operator in strongly twisted N' = 4 SYM was
initiated in [1]. It was found that the mentioned non-diagonalisability is ubiquitous in
these models, leading to a rich structure of Jordan cells. It was also pointed out that the
standard methods of integrability largely fail when applied to the model’s non-diagonalisable
sectors. This was then studied in more detail in a particularly simple setting, namely at
one-loop and with three scalars of equal chirality, in [2]. The resulting spin chain was
dubbed the eclectic spin chain in [1, 2], and an even simpler model, the hypereclectic spin
chain was proposed, but not solved. Interestingly, the latter appeared to possess an even
richer spectrum of Jordan decompositions as compared to the one in the generic eclectic
model. This phenomenon was called universality in [2].

The current work seamlessly continues [2], and proceeds to find the exact solution of
the hypereclectic model. Curiously, for the moment this does not use at all the model’s
integrability, but instead combines methods of linear algebra and combinatorics. As a
result we obtained an elegant generating function for the spectrum of Jordan blocks. It is
reminiscent of a partition function, since it can be obtained by computing a trace over the
state space

Z(q) = trg”, (1.5)

where ' is a certain counting operator, which is diagonal in the canonical basis of tensor
product states of the spin chain, see end of section 4.2. It uniquely encodes in full generality
the sizes and multiplicities of the Hamiltonian’s Jordan block decomposition:

Z(@) =Y Nililg=Nig"+No (2 +q2) + Ny (¢ +¢" +') +..., (1.6)
j

where NN; is the number of Jordan blocks of length j, and [j], is a g-analog of j, cf. (3.38).
It is easy to see that the {N;} are indeed uniquely fixed once one knows Z(g). We also
derive formulas expressing Z(q) more explicitly than (1.5) in terms of ¢-binomial coefficients.
For example, for the case corresponding to the fishnet interaction Lagrangian (1.2), with
L — M fields ¢1, M — 1 fields ¢, and a single, non-interacting third field ¢3, we find for the
one-loop spectrum of Jordan blocks in the cyclic sector the (shifted) g-binomial coefficients

(1.7)

Lo1] Mo
st = [171] <A
q

M—-1



Interestingly, this result is also valid for the dynamical fishnet theory interaction La-
grangian (1.1) (for generic couplings) due to the phenomenon of universality already pointed
out in [2].

The paper is organised as follows. Section 2 recalls the definitions of the non-hermitian
chiral spin chain models at hand. The hypereclectic spin chain has a particularly simple
Hamiltonian, essentially describing chiral right-movers on a chain along with a number of
impenetrable non-movers, which we call walls. Section 3 derives the exact solution of this
model in the case of a single wall. The partition function method is introduced, and the
solution is expressed in terms of ¢g-binomial coefficients. Section 4 generalises these findings
to an arbitrary number of walls. Section 5 analyses the generic three-parameter eclectic
model, and, for the case of a single wall, sketches a proof of the universality hypothesis.
Some remarks on the general case are made. We end with the short, concluding section 6,
where it is also pointed out that the most important open issue seems to be our current
inability to use integrability to analyse these integrable models. A few appendices A, B, C
give further technical details.

2 The (hyper)eclectic spin chain
In this section we collect basic facts about the models under consideration.

2.1 Hamiltonian

We consider local single-trace operators in the holomorphic 3-scalar sector of the theory (1.1)

Ojy gayernjp (T) =t (S5, )y -~ by (2)) ji €{1,2,3}. (2.1)

In A/ =4 SYM the one-loop dilatation operator in the analogous sector can be written as a
sum over permutation operators and enjoys an su(3) symmetry [24]. In the strongly twisted
theory (1.1) this symmetry is broken and the one-loop dilatation operator He, : ((C3)®L —
((C3)®L is a sum over chiral permutation operators [2]

L
Hee = Hy+ Hy+ Hy = > (6Hy™ + &1y + ey (2:2)
=1

The chiral permutation operators H; : C3 ® C3 — C3 ® C? act as follows:

H132) =23), Ho |13) =|31), Hs[21) = |12), (2.3)
and annihilate all other states. Periodic boundary conditions are implemented ’Hf’LH = HZL 1,
We have simplified the notation for the states of the spin chain by

9j1 Py -+ Pjr) = |drja- - JL) - (2.4)

Therefore the Hamiltonian (2.2) scans a state for neighboring fields in chiral order |32) ,|13),
or |21), and swaps them to anti-chiral order |23),|31), and |12) respectively. E.g. we have

He. |321) = &1 [231) + &5 [312) + & [123) (2.5)
H,.|123) = 0.



Setting & = & = 0, &3 = £ we recover the hypereclectic model

gz ,Hz 7,+1 (26)

The Hamiltonians (2.2) and (2.6) are block diagonal with respect to sectors of fixed numbers
K of ¢3 fields, M — K of ¢y fields, and L — M of ¢; fields. We define VMK o be the
vector subspace of ((C3)®L corresponding to these numbers of fields. Clearly we have

L!

di LMK )
VT = A = KR

(2.7)

Hj corresponds to the one-loop dilatation operator in the fishnet theory, where we consider
K non-dynamical insertions ¢3, which act as walls. For K = 0 this operator, although
non-Hermitian, is diagonalisable via a coordinate Bethe ansatz [1]. It corresponds essentially
to a chiral version of the XY-model [25].

2.2 Translation operator and cyclicity classes

We can further reduce the state space by considering the translation invariance of these
Hamiltonians. Each H; commutes with the translation operator U

[H;,U] =0, i=1,2,3, (2.8)
where U generates a shift along the chain
Uljrj2- - jr—1jr) = ljejrjz - jo-1) - (2.9)

This further implies [Hec, U] = 0. Therefore we can choose to work in a basis where U is
diagonal. U has L distinct eigenvalues given by the L roots of unity

wh = e2mik/L k=0,1,...,L —1. (2.10)

The U-eigenstates in VMK with eigenvalue w? are said to be in the k" cyclicity class
L

VkL’M’K. The k = 0 cyclicity class VkL:’gLK is known as the cyclic sector. The states in the

kth cyclicity class are easily generated by acting repeatedly on a reference elementary state!

with wik U. For example, given [123) € V32! we can form the cyclic state
1123) + U [123) + U?[123) = |123) +|312) + |231), (2.11)
and states with k=1 or k =2

1123) + w3 tU [123) 4+ w3 2U? |123) = [123) 4 e~ 27/3|312) 4 e~47/3|231), (2.12)
1123) + w3 2U [123) 4 w3 U? |123) = [123) + e ~47/3|312) 4 57%/3|231) . (2.13)

For a given L, M, K counting the number of states in VK with a given cyclicity k requires
Pélya counting, see for example [26]. We denote the states in the k** cyclicity class by

2 gLy = Z U) |jija---jr) = Ck ljrda -+ 4L) (2.14)
1=0

M'We call single ket states |[j172 ... jL) elementary. In general states are linear combinations of these.



where Cj, is an (unnormalised) projector? C3 o Cj, onto the Eth cyclicity class VkL’M’K. For
the hypereclectic spin chain we find it more natural to consider a so-called static basis,
which we describe at the beginning of section 3.

2.3 Spectral problem

Given a Hermitian Hamiltonian H on an n-dimensional Hilbert space, it is well-known that
one can construct an orthonormal H-eigenbasis 1;, j = 1,2,...,n, such that

H’QZJ]‘ = j¢j j = 1,2, I S (215)

where E; € C are the (possibly degenerate) eigenvalues of H.

For non-Hermitian Hamiltonians diagonalisability is not guaranteed, and indeed the
(hyper)eclectic Hamiltonian is nilpotent and therefore non-diagonalisable in sectors with
K > 0. In this case there is still an essentially unique® form to which the matrix can
be brought, namely its Jordan normal form. Furthermore, it is exactly the structure of
the Jordan normal form which determines how the logarithms appear in the two-point
functions [21].

Let HEMK be the eclectic Hamiltonian (2.2) restricted to VMK Then there exists
a set of generalised eigenstates Q/J;nj, j=1,...,N, mj =1,...,1;, which satisfy

We then say there are N Jordan blocks labelled by j, each of length [;. We call wé.j the top
state of the j® block. Each block has a true eigenstate ¢J1 of H with eigenvalue 0. In more
general situations each block has a generalised eigenvalue £; associated to it. However, in
our case we have & = 0 for each j since HLME
I, HEME acts as the [ x | matrix

is nilpotent. On a Jordan block of length

01 0
01
Jp = 0. |. (2.17)
1
0 0

For the rest of this paper our goal will be to determine the Jordan block spectrum of He. as
a function of the sector labels L, M, K. This means finding the length and multiplicities of
each of the blocks. For example, consider the sector L =5, M = 3, K = 1, which contains
30 total states. For generic values? of the couplings &; there are 5 Jordan blocks of length 5,
and 5 Jordan blocks of length 1. We denote this as

JNF53 = (5°,1°). (2.18)

2Note that this projection may also result in a zero vector.
3Up to the ordering of the Jordan blocks.
“Interestingly, the couplings can be tuned to give a finer Jordan block decomposition, see appendix C.



3 Hypereclectic with one wall

In this section we describe a method to determine the full Jordan block spectrum for the
hypereclectic spin chain in sectors where K = 1, i.e. there is a single, non-moving ¢s field,
which acts as a fixed wall. In these sectors the model is equivalent to a chiral XY spin
chain with open boundary conditions. The sizes and multiplicities of the Jordan blocks can
be read off very simply from a generating function Z, 5/(q), and the states of the Jordan
blocks are determined by algorithmic methods. Throughout this section we denote the
hypereclectic Hamiltonian H3 = H and set £ = 1.

Since the ¢3 field does not move under the action of H, we can further restrict to sectors
with a fixed position of ¢3. We will restrict to static states of the form |j1j2---jr—13),
where j1, jo, ..., jr—1 € {1,2}. We will refer to the subspace of V™! spanned by states
of this form as WM. We can access states where ¢35 is in a different position by acting
with the translation operator U, so that the Hilbert space decomposes

L-1
vEML — B UuIwhM, (3.1)
j=0

3.1 Warmup examples

General L, M = 2, K = 1. The simplest situation is when M = 2 and K = 1. This
means there are a single ¢3 field, a single ¢o field, and L — 2 ¢; fields. A natural basis for
W2 is given by L — 1 states

|211---113),|121---113),...,[111---123). (3.2)

In this sector the states clearly form a single Jordan block of length L — 1, as can be seen
by acting with H repeatedly on [211---113)

211---113) L 121 113) o s jnne-123) oo (3.3)

We will refer to any state of the form ‘2M_K1L_M3K> as anti-locked, and }IL_MQM_K3K>

as locked. Similarly for the spaces UIWM j =1, ... L —1 there is a single Jordan block
of length L — 1. Therefore for M = 2 and K = 1 we have

INFro1 = (L—1)F, (3.4)

meaning there are L blocks of length L — 1.

L=7,M =3,K =1. The situation becomes more intricate with increasing M, which
we illustrate with the example L = 7, M = 3, K = 1. In this sector there are 4 ¢; fields, 2 ¢9
fields, and a single ¢3 field. In W73 there are 15 states. We use the important observation



that the anti-locked state is always a top state for the longest Jordan block

12211113) H° (3.5)
— [2121113) H'
— [2112113) + [1221113) H?
— [2111213) + 2]1212113) H?
— [2111123) + 3[1211213) + 2]1122113) H*
— 4[1211123) + 5 |1121213) HP
— 5[1112213) + 9(1121123) H®
— 14]1112123) H
— 14]1111223) H®
-0, H?

so we have identified a Jordan block of length 9, whose eigenstate is proportional to the
locked state |1111223). However since there are 15 states in the sector there must be
additional Jordan blocks.

We note that each of the 15 elementary states appear in the tower of states (3.5). We
classify these 15 states by where in this state tower they appear, by defining the level S of a
state. We give the anti-locked state |2211113) S = 8 and the locked state [1111223) S = 0.
In general, if an elementary state appears in the row H* of (3.5), we give it S = 8 — k. One
notices that the S-value for a state is the total number of 1’s to the right of each of the 2’s.
Defining sz,g to be the vector subspace of W73 spanned by states with level S, we get

8
W =P Wi, (3.6)
S=0

and it is clear that

H:W& -wi*,  HW]®=o. (3.7)
In light of this, the next natural place to look for a top state of a Jordan block is in Wg 3,
This is because a single state from each W;’?’ is already contained in the largest Jordan
block, and Wg 3 is the space with largest S with dimension larger than 1. We thus deduce
that the top state for the next Jordan block must be of the form

o |2112113) + 3 [1221113) € W2, (3.8)

where a # [ as we want the state to be linearly independent from the corresponding state
in the length 9 block. We act repeatedly on this state with H until there is a possible choice
for a and 8 which makes the state vanish

a|1221113) + 3 |2112113)

— B2111213) + (a + 3) [1212113)

— 52111123) + (a 4 28) [1211213) + (o + 3) [1122113)
— (a4 36) [1211123) + (2o + 38) [1121213)

— (20 + 38) [1112213) + (3 + 63) [1121123)

— (5o +95) [1112123) .



We see that this yields a zero vector if 5a + 98 = 0, for example a = —9, 8 = 5. Therefore
this chain of states determines a Jordan block of length 5, with top state 5(2112113) —
91221113) € W and eigenstate —3 [1112213) 4 3]1121123) € W% = W, >

There must be a single Jordan block of length 1 remaining, and by state counting this
must be contained in I/V47 ’3, since this is the only space with dimension greater than 2. We
make the ansatz for the top state

o/ [2111123) + 4’ [1211213) ++ |1122113) € W, . (3.9)

This is easily checked to be an eigenstate of H for o/ = —3' = 4/ = 1 and thus determines a
Jordan block of length 1. The story is identical for the remaining spaces U/W ™3, j = 1,...,6,
so the overall Jordan normal form for L=7,M =3, K =1 is

INF731 = (97,57,17). (3.10)
Let us step back and look at the state tower (3.5), from which we can see the dimensions
dim W22, S=0,1,...,8 (3.11)

by counting the number of elementary states in each row. We note that these dimensions
form a diamond, in that they start from 1 at S = &, increase to a maximum of 3 at S = 4,
and decrease symmetrically to 1 at S = 0. We encode these dimensions in a generating
function

8
Zrs(q) = > dimW'eqS =14 q+2¢* +2¢° + 3¢* +2¢° +2¢° + ¢ + ¢°. (3.12)
S=0

Because of this diamond structure it is actually possible to deduce the Jordan block structure
in W73 from the generating function, a purely combinatorial object, up to some possible
subtleties described in the next section. Given the generating function (3.12) we identify
the Jordan block of length 9 by the degree of the polynomial plus 1. We then subtract
1+q+¢q®>+ -+ ¢® to represent the fact that there is one state at each level in this largest
block. We then normalise the resulting polynomial to have lowest power ¢°, and repeat the
procedure:

14g+22+2¢ +3¢* +2¢° +2¢° + ¢" + ¢® (3.13)
= 1+q+2¢°+¢° +4¢'
— 1,

from which we deduce the Jordan block spectrum (9,5,1). Therefore in the next section
it will be our goal to generalise the arguments of this section and compute the generating
function Zy, y/(q) for arbitrary L, M.

3.2 Generating function

For general L, M we similarly grade the vector space in the static sector by the action of H

Smax

whM = @ wiM, (3.14)
S=0

H:weM s whM o gwlM=o. (3.15)



We have in general Spax = L1M7, where Ly = L — M is the number of 1’s in the sector
and M7 = M — 1 is the number of 2’s. The anti-locked state is ‘2M11L13> € WSL"‘K and the

locked state is ‘1L12M13> € W({J M In general an elementary state takes the form

Ini,ng,...nap) =|1---121---121---1---21---13), (3.16)

ng ni ng nan

where n; is the number of 1’s between the j" and (j + 1)** 2. Clearly they should satisfy

My
> nj=L-M=Ly. (3.17)
7=0

In this notation we can define the level S for such a state which counts the number of
1’s on the right hand side of each of the 2’s. Explicitly the state |ni,ng,...,ny;,) defined
in (3.16) has

My
S =Y jn;. (3.18)
j=1

As before we define Wé M 1o be spanned by elementary states with this level S. The
Hamiltonian acts on (3.16) as

My
H:]nl,ng,...,an) — Z\nl,nz,...,nj_l—l—l,nj—1,...,nM1>. (319)
j=1

(3.18) and (3.19) make it clear that H decreases S to S — 1.
We now consider the problem of determining the dimensions of the spaces Wé@ M We
would like to determine a generating function

Smax

Ziw(a) =Y dimwiM ¢S, (3.20)
S=0

These dimensions dim W§ M are given by the number of partitions of the integer .S into at
most M parts, each less than or equal to L;. Expressing (3.18) as

S=mi+na+---+nup)+n2+--+nup)+ - +nag (3.21)

one can notice that there is one-to-one correpondence between an elementary vector in (3.16)

and such a restricted partition of S in (3.21). For example, consider the case of the previous

section, L =7, M = 3, K = 1. There were 3 elementary states in W47’3:

2111123),  (nq + na, n2) = (4,0), (3.22)
[1211213), (n1 4 ne,n2) = (3,1),
11122113), (1 + no,ma) = (2,2)

~— ~—

These correspond to the partitions of the integer 4 into at most M; = 2 parts, where each
part is less than or equal to Ly = 4. There are 3 such partitions 4 =4=3+4+1=2+ 2.

~10 -



Such restricted partitions described above can be generated by Gaussian (or ¢-) binomial
coefficients [27]

ZL7M dlm ( ) = N & (323)
M—-1 ¢ kel 1—gq

which is always a polynomial in ¢. Note that if we send ¢ — 1, the g-binomial reduces to
the ordinary binomial coefficient and we have

S,

max L _ 1

S dimwiM = = dim WM, (3.24)
e M-—1

as expected because of (3.14). (3.23) generates a list of dimensions® dg = dim Wé: M

(dsmax7 dSmax_:L? A 7d17 d()) Wlth dO - dS (325)

max

Furthermore, from a property of the ¢g-binomial coefficient, the dimensions are increasing
from the left to the right until the midpoint, and decreasing after that, because of the

symmetry

ds=dg, S = Smax—5. (3.26)

For the space WSLmJX, there is only one elementary state 1y = ‘2M11L13>, the anti-locked
state. By successive action of H, a Jordan string of states is generated

o 5 Hopg 25 H2pg 2L o 2Ly romasyyy 2 o, (3.27)

Therefore, this generates a Jordan block of size Spax + 1, the largest one.

It turns out that the next dimension dg,, 1 in (3.25) is also one, as can be computed
from (3.23). This means Ws _, is spanned by H1y, the first descendant of the anti-locked
state in (3.27). Therefore there is no other independent vector in WS _; which can
generate a new Jordan string.

The top state of the second Jordan block arises at the first level S = 57 below Spax
whose dimension is bigger than 1. We can form dg, — 1 linearly independent potential top
states in Wé@l ’M, which are linearly independent from the H-descendant of the anti-locked

state. We denote these states by w](-sl) (j=1,...,ds, — 1), and make the ansatz

Sl) Za e(sl), (3.28)

are the elementary states in Wé“l’M. ag-i) are constants which are determined by

the condition that each ¢J(-Sl) constitutes a top state for a new Jordan block. Each of these

(51)

where e;

states generates a Jordan string

Y Iy gyl A g2yt gSiesiy () B =1 ds, — 1. (3.29)

5dg = dg (L1, M1), we suppress the Li, My dependence for now.

- 11 -



The condition HS1—51 1/1](-51) 0 leads to a linear system of equations for the ag-i) which
can be solved to determine the dg, — 1 new top states. These new Jordan blocks each have
size S; — S1 + 1. The only possible subtlety is the potential for an ‘unexpected shortening’
of the Jordan block, that is the possibility for the equation H k?/)J(-Sl) = 0 to admit a solution
in the ay) for some k < S; — Si + 1. While we have not yet been able to rigorously disprove
shortening in full generality, we have verified for a large number values of L and M that it
does not happen. We were able to perform these extensive tests thanks to a mathematically
more succinct reformulation of the problem, see appendix A for details. We will assume
that shortening cannot occur for the remainder of this paper.

The third set of Jordan blocks occurs at a level S, which is the largest integer satisfying
dg, > dg,. Then, as before, we can form dg, — dg, linearly independent potential top
st(zgt?s which are linearly independent from H-descendants of the previous vectors, ¥y and
¢ 1

e We make a similar ansatz for these potential top states

%) <= 0 (8
i = ;65-%5 ), (3.:30)

where ﬁj@ are constants. These states create new Jordan strings
G I %)y gD Sy g 21 dg,~ds,, (331

and the final condition H S2_52w§52) 0 is solved to determine the constants B](-i). This
leads to dg, —dg, Jordan blocks of size So — S + 1. This procedure can be continued until
it reaches the maximum value of the dimension dg which occurs at S = [Spax/2].

We note that for a given L, M, the dimensions dg are sufficient to determine the
sizes and multiplicities of the Jordan blocks. For example, for L =9, M = 5 we compute
using (3.23)

Zo5(q) =1+ q+2¢> +3¢> + 5¢* +5¢° + 7¢° + 7¢" + 8¢° (3.32)
+7¢° + 70" + 5¢" + 5¢"2 + 3¢"3 + 2¢™ + ¢1° + ¢S,
from which we can identify the Jordan normal form of H in W% to be (17,13,11,92 52 1)

using the same procedure® as (3.13). We can exhaust the Hilbert space by application of
UJ,j=1,...,8, so that overall we have

INFg 5, = (17%,13%, 119,918 518 19). (3.33)

For higher K, see the next section 4, we find it necessary to work with a slightly modified

generating function for the dimensions of Wg M that is symmetric under ¢ — g~

_ . L-1
Zr(@) = q 2 Zp(q) = lM B 1] : (3.34)
q

SWith some practice one can easily and quickly ‘read off’ the Jordan normal form from the generating
function by visual inspection, i.e. this does not involve any calculations, just a bit of bookkeeping.
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For example, (3.12) and (3.32) are modified to
Zes(@) = ¢ ¢ 3+ 207+ 207 + 3+ 20+ 243 + ¢ + ¢, (3.35)
Zos(@)=aq ®+a " +2¢ 0 +3¢ 7 +5¢ +5¢ +7¢+ 7" +8 (3.36)
+7q+7¢% +5¢° + 5¢* + 3¢° + 2¢° + ¢" + ¢°.

The modified function also provides an elegant way to determine the sizes and multiplicities
of the Jordan blocks in a sector uniquely. We have

Ziw(@) =3 Nilila=Nig® +No (77 +q3) + Ny (¢ +¢"+¢")+...,  (3.37)
j

where N; is the number of Jordan blocks of length j. [j], is a modified g-number

Jj—1

. q3/2 — q_j/2 2 k;
lilq = e > ¢~ (3.38)

=

For example Z73(q) and Zg5(q) can also be written
Z7,3(q) = (g + [5]q + [ (3.39)
Zy,5(q) = [1]q + 2[5]q + 2[9]q + [11]q + [13] + [17]4, (3.40)

reflecting the Jordan block structures (9,5,1) and (17,13,11,92,52,1) respectively. A
generating function which generates the Jordan block spectrum of all of VEM:1 can be
obtained as a trace over the Hilbert space

. L1
Zpm(q) = trg® Smex/2 = L [M B 1] , (3.41)
q

where S acts on elementary states with well-defined values of S
518y =519), (3.42)
and is extended by linearity.

Cyclicity classes. We note that instead of considering states in U/W M where the ¢3

field is in a fixed position, we could have considered states in any cyclicity class k. If

we replaced the states |j1j2- - jr—13) — Ck |j1j2 - - jr—13) for any k =0,1,...,L — 1 the

arguments of this section are unchanged because [H,Ci] = 0, where Cj, is the unnormalised

projector defined in (2.14). Therefore the Jordan normal form of H is the same in WM
L,M,1

and V, for any k.

4 General hypereclectic

Here we discuss the extension of the previous section to sectors with many walls, i.e. K > 1.
The main observation is that K > 1 states behave essentially like a tensor product of K
states with K = 1. Any elementary state v € VMK ending in a 3 can be written

V=01 QU2 - Quk, (4.1)
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where v; € WhtmitLmit+l are elementary states themselves. We defined WM above (3.1).
£; denotes the number of 1’s in v; and m; denotes the number of 2’s. The hypereclectic
Hamiltonian H acts on states of the form (4.1) as

Ho=HuQu® - Qug + 11 @H0 ® - Qug + -+ 11 Qv Q- Q@ Hug. (4.2)

We define £ = (¢1,...,0g) and m = (my, ..., mg), which should satisfy

K K
Z&ZL—MZLh Zmi:M_K:Ml- (4.3)
=1

=1

We will denote the spaces ®fi1 Whtmitlmitl a5 subsectors, and picking the vectors £, m
corresponds to a choice of subsector. We consider subsectors (£, m) satisfying (4.3) which
are unique up to application of the translation operator U7. In practise this means we
identify (£,m) ~ (£, m/) if £,£' and m, m’ are related by the same cyclic permutation "

&,m) ~ (£, m') «— &, m)=(c"L,c"m), (4.4)
U(fl,gg, e ,KK) = (EQ,. .. ,EK,El).

VLMK

In this way we can describe all the states in using the translation operator U.

Overall we have

L/Sl,m K
VL,M,K — @ @ U] ® Wfi—i-mi-f—l,mi—l-l, (46)
lm)/~ j=1 =1

where we introduced the symmetry factor for a subsector Sj ,,. The symmetry factor reflects
the fact that some subsectors are especially symmetric with respect to cyclicity. This occurs
when there is an n < K such that

(c™,0"m) = (£, m), (4.7)

where o is the cyclic permutation defined in (4.5). In this case we give the subsector
a symmetry factor Sp,, = K/n. For example, let L = 14, M = 8, K = 4 and take
the subsector £ = (2,1,2,1),m = (1,1,1,1). We have 0?4 = £ and o?>m = m and so
Se.m = 4/2 =2 in this case.

4.1 Warmup examples

L=7,M =4,K = 2. We begin with the simple example L =7, M =4, K = 2. In this
sector there are three ¢; fields, two ¢9 fields, two ¢3 fields and ﬁ:y = 210 total states. In
table 1 we show the 6 inequivalent choices of (€, m), which corresponds to the 6 ways to
decompose the states into K = 1 states, on which H acts block diagonally.

All subsectors except for 4 behave trivially as a single K = 1 sector under the action
of H. Their Jordan normal forms were determined in the previous section and are listed
in the table. We look at states of the form 4 in a bit more detail. These states have the
formofan L =4, M =2, K = 1 state and an L = 3, M = 2, K = 1 state glued together,
which have Jordan blocks of size 3 and 2 respectively. The natural ‘anti-locked’ state comes
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Form of state | Number of states Lm JNF
1| 111223) ®3) | 10 x 1 =10 (3,0),(2,0) | T®3
2| [11123) ®23) |4 x1=14 (3,0),(1,1) | 4
3| |11223) ® |13) | 6 x1=6 (2,1),(2,0) | 51
4] ]1123) ®|123) | 3x2=6 (2,1),(1,1) | 3®2
5| (1223) ® |[113) | 3x1=3 (1,2),(2,0) | 3
6| [1113)®1223) | 1x1=1 (3,0),(0,2) | 1

Table 1. Decomposition of L = 7,M = 4, K = 2 states into K = 1 states. The 3’s should be
regarded as fixed, whereas the 1’s and 2’s can be permuted within their ket.

from gluing together the anti-locked states of the respective K = 1 parts [2113213). We act
successively on this state with H

2113213) — |1213213) + [2113123) (4.8)
— |1123213) + 2(1213123) — 3[1123123) — 0,

which is a Jordan block of length 4. There is a further Jordan block of length 2 obtained
by making the ansatz for a new top state

71 [1213213) + 12 [2113123) , (4.9)

and similarly to the last section this gives a Jordan block of length 2 for v = —1,v = 2.
Thus the Jordan decomposition of the subsector 4 is (4,2). Since the Jordan decompositions
of the K = 1 sectors are (3) and (2) respectively, we denote this as 3 ®2 =4 ® 2.

At the level of generating functions, we can deduce the Jordan normal form of the
‘tensor product’ sectors by multiplying the generating functions of the corresponding K =1
sectors. For example, for the subsector 4 we have

Z%49(q) = Z12(0) Z32(q) = (¢  + 1+ q) (¢ /> +¢*/?) (4.10)
_ Y2 0g 2 4 9g1/2 4 32,

from which the Jordan normal form (4, 2) can be easily deduced using (3.37). To obtain the
full generating function for each of the subsectors in L =7, M = 4, K = 2 we can simply
add the generating functions for each of the subsectors 1,2,...,6

6
Zrap(@) =) Z1.45(q)
i=1
= 24207242073 2 4 13072464 3¢ P+ Aq+ 2% 21240+ 5. (4.11)
Using (3.37) leads to the following Jordan normal form:

JNF7,472 = (775)42732727 12) (412)
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Form of state Number of states £m Jordan decomposition
1| |1111223) ®3) | 15 x1 =15 (4,0),(2,0) | 9@5a1
2 | [111223) ®|13) | 10 x 1 =10 (3,1),(2,0) | 7@ 3
3| [111123) ®[23) | 5x1=5 (4,0),(1,1) | 5
4] 1]11123) ® |123) | 4 x2=8 (3,1),(1,1) | 4®2=5®3
5] ]11223) ® |113) | 6 x 1 =6 (2,2),(2,0) | 7T® 3
6| [11113) ®|223) | 1x1=1 (4,0),(0,2) | 5
71 ]1123) ®|1123) | 3 x3=9 (2,2),(1,1) | 3®3=583a1
8 | ]1223) ® 1113) | 3x1=3 (1,3),(2,0) | 3

Table 2. Decomposition of L = 8, M = 4, K = 2 states into K = 1 states.

In this sector there are no subtleties with cyclicity and the rest of the Hilbert space can be
exhausted by application of the translation operator U7, j = 1,...,6. For each j we have
the same argument as before, so the full Jordan block structure can be obtained as seven
copies of (4.12)

INFL;, = (77,57, 4 31 27 11). (4.13)

At the level of the generating function this can be obtained by multiplying (4.11) by L = 7.
However, there are cases where cyclic symmetry leads to some subtleties, as we discuss next.

L =8 M = 4,K = 2. Let us consider the case of L = 8 M = 4, K = 2. There are
ﬁim = 420 states in this sector. Therein one finds an (€, m) subsector that is symmetric
with respect to cyclicity. In table 2 we break the states into K = 1 states as in the previous
section, where we replaced 4®2 = 5@ 3 and 3®3 = 5@ 3@ 1 by multiplying the appropriate
K =1 generating functions and naively extracting the resulting Jordan block structures
using (3.37). We see that 7 is the subsector where the issues with cyclicity emerge. For the
other subsectors we can exhaust the rest of the state space by acting with U7, j = 1,...,7.
However for subsector 7 applying the translation U4 maps the states to a state in the same
subsector, which reflects the fact this subsector has a symmetry factor Sy ,, = 2. Therefore
acting with U’,j = 0,1,...,7 leads to a double counting by a factor of 2. We can realise
this at the level of an overall generating function for the L = 8, M = 4, K = 2 sector by
multiplying by 1/S¢ ., = 1/2 for the subsector 7

Z342(q) =8 (Z§,4,2 + Z82,4,2 + 23,4,2 + Z§1,4,2 + Z85,4,2 + Zg,4,2 + %ZgA,Q + 288,4,2> o (4.14)
We compute (4.14) to be
Zs42(q) =8¢ +16¢73 +52¢72 + 80¢ ! + 80q + 52¢* + 164> + 8¢*. (4.15)
Using (3.37) we identify the Jordan normal form to be

INFio = (9°,7°,5%,3%,1%). (4.16)
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4.2 General L, M, K

Here we generalise the observations of the previous subsections to arbitrary L, M, K sectors.

Given an L, M, K sector we consider a subsector ®fi1 Whitmitlmitl defined by the vectors
£, m. The anti-locked state takes the form

Q=1(2---21---1);3(2---21---1)33 - (2---21-- - 1)g3), (4.17)

where (£;,m;) are the numbers of 1’s and 2’s in the j*" bracket. Recall that we have

K K
Stj=Li=L-M, Y mj=M=M-K. (4.18)
£ =

As for K = 1, we can grade the vector space by the action of H

max

(X)W‘Z hmitlmitl @ we™, (4.19)
=1

where Wé::x is spanned by the anti-locked state and H lowers the level S — S — 1. By
acting successively with H on 2, we will arrive at the locked state

((1---12--2)13(1---12-+-2)93 -+ (1---12---2)3). (4.20)

There will be many different configurations in the middle with lower values of S. For the
anti-locked state we have

K
S = Smax =f-m= Zéjmj, (4.21)
j=1
and so the size of the largest Jordan block in each subsector is Spax + 1. If we define the

number of actions of H on the j*™ bracket as n;, a general state has a level

K
S = ZS] Smax — IV, sjzﬂjmj—nj, N:an, with Oﬁnj §€jmj. (4.22)
j=1
The anti-locked state has S = Spax (or N =0) and the locked state has S =0 (or N = Spax).
Now consider states obtained by acting with H N-times on the anti-locked state,

{1mq Ligmp
HNQ = Z Z |H™(2---21---1)3H"™(2---21---1)3--- H"%(2---21---1)3). (4.23)

n1=0 n=0

The number of elementary states generated by each H"i(2---21--- 1) was found in section 3.2
to be dy;m;—n, (¢;,m;), which appeared as a coefficient of the g-binomial (Zj:;;nj ) as defined
q

n (3.23). Therefore we can compute the number of elementary states at each level S to be

p l1mq bkmig K K
D N = dimWSmax N = Z Z H dijm;—n; (€5, m5), with Z”j =N
n1=0 ng=0 j=1 i
(4.24)
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This can be recast into a generating function

Smax ‘ Smax | f1m1 Lgmp K
=0 , N
Z""™(q) = Z DS:,ZX—NQ = Z Z Z 5N,ZK ng Hdljmj—"j(gj’mj) g~
N=0 N=0 |n1=0  ng=0 =i
fmy Lgmg K K Tmiq 7qej+mj+1—k;
.
=D IRD SN ) (LENRURTHVEIES | D1 s e MRS
n1=0 ng=0 j=1 =1 Lk=1

using the expression for K =1 in (3.23). This may be expressed through g-binomials as

ZEm(q) = ﬁ (lj +m]’> . (4.26)

j=1 m;

It proves that the generating function for an £, m is simply a product of the corresponding
K =1 generating functions. For example, if we take L = 13, M = 7, K = 3 and consider
the subsector £ = (3,2,1),m = (2,1,1) we find

9
o) ().() - £ n
q q g N=0

=1+43¢+6¢%>+9¢> + 11¢* + 11¢° + 9¢° + 6¢" + 3¢® + ¢°.

Analagously to the K =1 case, we can use (3.13) to determine the Jordan block spectrum
in this subsector
INF{h 5 = (22,4%,6°, 8%, 10). (4.28)

Since the states belonging to a given partition £, m of (L1, M7) are not mixed with those in
a different partition, the total Jordan block spectrum is just direct sum of all the spectrum
sets. One can sum over all inequivalent partitions formally. For this purpose, it is necessary
to use the modified g-binomial coefficients defined in (3.34)

K
— [ o (lj +mj> . (4.29)
q

¢ =1 M

fj +my;
myj

Lm _ K
z5™(q) =[]
i=1

For each €, m subsector we can exhaust the rest of the state space by acting with the
translation operator U7,j = 1,...,L — 1. The arguments of this section do not change in
these cases, and so the overall generating function for a subsector can be obtained by simply
multiplying it by L. The only exception is £, m subsectors which have a symmetry factor
Se,m # 1. Adjusting for this possibility, we can define the generating function for a whole
L, M, K sector as a sum over inequivalent partitions

Zivr(@)= ) LZ‘Z’m(q)- (4.30)

(e~ St

This total generating function gives the complete Jordan block spectrum, as in (3.37):

. 11 _
Zrmkx(q) :ZNj[]]q:quo+N2 (q 2 +q2) + N3 (q 1+q0+q1) +.... (431
J
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As for the K =1 case, Z1, ar,x(q) can alternatively be computed as a trace over the entire
Hilbert space o
Zp .k (q) = trg¥Smax/2) (4.32)

where S measures the level S of an elementary state and Smax measures Smax = £ - m of
a state in an £, m subsector. Both operators are extended to the full Hilbert space by
linearity. We can define S'=8— S /2 for brevity.

Cyclicity classes. The expression (4.32), which can also be expressed as (4.30), gives a
generating function that describes the Jordan block spectrum of the hypereclectic model in
an arbitrary sector of operators defined by L, M, K. However, in certain circumstances it
might be useful to compute the Jordan block spectrum in a specific cyclicity class k, for
example the cyclic sector k = 0 relevant to quantum field theory. In this case, remarkably
the formula (4.32) still applies

27 w(e) =treg”, (4.33)

where we take care to trace only over states of a fixed cyclicity k.

5 Eclectic spin chain and universality

In the previous sections we described a method to find the full Jordan block spectrum of
the hypereclectic model, as opposed to the eclectic model (2.2) which is our main interest.
However, we claim a universality hypothesis: the Jordan block spectrum of the eclectic
model for generic couplings &1, &2, €3 is identical to that of the hypereclectic model, provided
L, M, K satisfy

Lh=L-M?>K, Mi=M-K>K. (5.1)

(5.1) implies that the number of ¢3 fields in the sector does not exceed the number of ¢;’s
or ¢2’s. Without loss of generality we can further take

L-M>M-K>K. (5.2)

Throughout this section we will consider (5.2) to be satisfied, otherwise we can simply
relabel the fields so that it is. It is possible to fine-tune the couplings to break down the
Jordan block structure in certain cyclicity classes, as discussed in appendix C. Since the
¢3 fields no longer act as walls it is useful to work with states of a fixed cyclicity k, see
section 2.2. For definiteness in the following examples we will restrict to the cyclic sector
k = 0, which in addition happens to be the case relevant to quantum field theory.

5.1 Eclectic spin chain and level S

Recall that for elementary states in K = 1 sectors we defined a level .S, which corresponds
to the total number of 1’s to the right of each of the 2’s in a state. Here we work with
cyclic states

L—1
iz jr-13)g = Co ljije -+ jr—13) = > U7 |jrja -+ jr—13) . (5.3)
=0
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We define S in an analogous manner for states of the form (5.3). For example the state
11211213), has S = 4. Let us define Vs to be the vector subspace of VEM1 spanned by
cyclic states with level S.” We saw previously that the hypereclectic Hamiltonian maps
states in Vg to Vg_1

H3 : VS — stl, Hg% =0. (54)

Let us investigate the action of the full eclectic Hamiltonian He. = Hy + Hs + Hs on the
vector spaces Vg. We find that

Hy: VS — VS—Ll, Hs : VS — VS—Ml- (5.5)

Since L1 > M; > 1 (5.5) implies that H; and Hsy decrease S for a state by a greater
than or equal amount to Hs. This already makes plausible that they will not affect the
Jordan normal form of Hj, since Ho and H; will annihilate states faster than Hj3. For
example, consider the anti-locked state |221113), € Vi for L = 6, M = 3, K = 1, so that
L1 = 3,M1 = 2. Then

Hy |221113), = [211123), € V3, (5.6)
Hy |221113), = [122113), € V4,
Hs [221113), = [212113), € Vs.

5.2 Warmup example

Let us consider the eclectic model for L = 7, M = 3, K = 1. In the hypereclectic model
this sector has the Jordan block spectrum (9,5,1) in W95, Here we show that the eclectic
model has the same Jordan block spectrum in the cyclic sector.

Top block. The anti-locked state in the cyclic sector |2211113), € Vg again determines a
Jordan block of length 9. The first descendant of the anti-locked state is

Hee |2211113) = & [2111123), + & [1221113), + & [2121113),, . (5.7)

Note that the coefficients of &1, &2, and &3 are states with S = 4,6, and 7 respectively, which
reflects equations (5.4) and (5.5). In general acting with a power of He. on [2211113), gives

H [2211113), = H} |2211113), + lower S states. (5.8)

It is then easy to see that HY|2211113), = 0 and thus |2211113), is the top state for a
Jordan block of length 9, as before.

Middle block. In the hypereclectic case the top state of the next Jordan block is
P® = —9]1221113), + 5[2112113), € V&, (5.9)

which satisfies H35w(6) = 0. Thus ¥ determines a Jordan block of length 5 for Hs.
However, in this case things are a bit trickier in the eclectic model. We have

HEA)® = 156,¢51111223), # 0. (5.10)

"We suppress the L, M dependence of Vs.
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It is however possible to modify the top state (5.9) by adding states of lower S, such that
the residual term (5.10) vanishes. In this case it is sufficient to add states with S =5 to
¥, Since dim Vs = 2 we can add 2 states, to arrive at a new top state

X8 = © 141 11212113) + 72 [2111213) . (5.11)
This state satisfies
HEp®) = (=158 + (571 + 492)€3)&4 [1111223),, (5.12)

which is 0 for 5y + 42 = 15£2/&3. Note that this defines a one-parameter family of top
states. Therefore the eclectic model also has a Jordan block of length 5 in this sector, with
a slightly modified top state (5.11) which contains lower S = 5 states.

Bottom block. In the hypereclectic model the top state for the final Jordan block is
@ =12111123), — |1211213), + |1122113), € V4, (5.13)

which satisfies H31)(¥ = 0 and thus determines a Jordan block of length 1. The action of
the eclectic Hamiltonian on this state gives a residual

HoepW = —£, [1111223), — & |1112213), — &5 [1121123), # 0, (5.14)

which consists of states with S = 0 and S = 2. As before we can eliminate this residual by
adding states of lower S to the top state (5.13). We first try to add states with S = 3, and
since dim V3 = 2 we add 2 states

X = @ 4 aq 1121213, + an |1211123), . (5.15)

We check that for a; = &2/&3, an = —2&2/&3 the S = 2 states in the residual (5.14) vanish

2
Hoex™ = —£ |1111223), + Z 1112123),, (5.16)

which is a new residual consisting of an S =1 and an S = 0 state. These can be removed
by adding S = 2 states into the top state ansatz

X = x® 4 6, [1112213), + B2 [1121123),, (5.17)
and setting 1 = &1/&, Be = —&1 /€2 — €3/€3. With these choices for a; and ; we have
HeexW =0, (5.18)

and so we have identified the Jordan block of length one in this sector of the eclectic
model. In summary, by taking a top state for the hypereclectic model at a level S, we can
manufacture a top state (of a Jordan block of the same length) for the eclectic model by
adding appropriate combinations of states with lower values of S. We will argue that it is
always possible to add these states of lower S, thus rendering the Jordan block spectra of
the hypereclectic and eclectic models equivalent.
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5.3 General argument for K =1

Here we sketch a proof of universality for K = 1, where the filling condition (5.1) is trivially
satisfied, if all three particles are present in the spin chain state. We find it useful to first
introduce the notion of supereclectic models. These are intermediate models between the
eclectic model He. and the hypereclectic model Hs, defined by setting only a single coupling
& or & equal to zero

Hsuper,i = H; + Hs, 1=1,2. (519)

For both of these cases it is possible to prove rigorously that Hguper,; has the same Jordan
normal form as Hgs for generic couplings. The general strategy of the proof is reminiscent
of the example given in section 5.2. For the hypereclectic model, at a level S satisfying
ds > dgy1 we can construct dg — dg41 top states

ds
S) (S
(S = Zla§. >e§. ), (5.20)
]:

where aés) are known coefficients and 625) are the elementary states at level S. ¥(%) is the

top state for a Jordan block of length S — S + 1
HE=5+19(8) =, (5.21)

where we recall S = Spax — S = (L — M)(M — 1) — S. We show that it is always possible
to modify the state by adding a linear combination of states with lower S

S—1
P o ¥ = ) 1 37 o™ (5.22)

n=0

where (™ € V,,. The modified state is a top state for a Jordan block of the same length in
the supereclectic model Hgyper,i
HS St — ¢, (5.23)

super,i 1

which renders the Jordan normal forms of Hgyper; and Hs3 equivalent for generic couplings.
More technical details of this proof are given in appendix B. This argument can then
be slightly modified to motivate that the Jordan normal forms of H.,. and Hj are also
equivalent, see again B, even if we have not yet worked out all details of the proof.

Universality for K > 1. It is even more complicated to show the universality for K > 1.
One main difference from the K = 1 case of the supereclectic models, as explained in
appendix B, is that the action of h; on 90(5) in general generates several states with differing
S-values. If we interpret S(h;o(%)) in (B.4) as the largest among these and replace L
with the associated /;, the same logic should be valid, so that one can construct for the
supereclectic models all subleading states in (4.24).

For the eclectic model, however, a critical simplification used in (B.22) is not valid.
While we have extensive numerical evidence for general universality, we are currently unable
to provide a proof. We leave this for future work.
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6 Conclusions and outlook

We introduced a generating function Zj, sk (q) that we conjectured (and partially proved)
to fully enumerate the Jordan block spectrum of the hypereclectic model introduced in [2],
for any sector of particles labelled by L, M, K. Interestingly, it takes a form reminiscent of a
partition function, where one traces a certain kind of number operator over the state space.
It may also be expressed as a sum over products of (shifted) g-binomial coefficients, which
elegantly reduces to a single ¢-binomial for the case of one wall, i.e. K = 1. Furthermore,
our approach for determining this generating function yields an algorithmic method for
generating the states of the Jordan blocks. We also provided further strong evidence
and partial proofs for the validity of the universality hypothesis of [2], i.e. the claim that
the spectrum of the hypereclectic and eclectic models agree for special filling conditions.
This is important, as the hypereclectic model is much easier to handle combinatorially in
comparison with the eclectic one. Apart from its intrinsic value as a new type of solution for
a new type of spin chain, our results appear to be an important starting point for an in-depth
analysis of the indecomposability properties of the dynamical fishnet theory, cf. (1.1), an
integrable logarithmic conformal field theory in four dimensions. In this context, note that
g-binomials are ubiquitous in the analysis of two-dimensional logarithmic conformal field
theories, see for example [28].

There are a number of gaps in our derivations that call for further research. Firstly, our
combinatorial arguments do not rigorously exclude the possibility of ‘unexpected shortening’
of Jordan blocks, as explained in appendix A. Secondly, while we made some progress
towards a proof of the universality conjecture, a full proof is still missing. It is possible
that the filling of these two gaps will require entirely new methods.

In this context, note that our results for these integrable models have not been derived
by directly using integrability. Instead, they have been obtained by linear algebra arguments
combined with combinatorics. Still, note that we were able to provide rather elegant formulas
that clean up and organise to a large degree the (at first sight) incredibly intricate Jordan
block structure of the models. One therefore wonders whether this, at least to us, rather
astonishing fact is not an indirect manifestation of the integrability of these non-hermitian
spin chain models. Understanding our findings from integrability is not only an interesting
intellectual challenge, but might eventually allow to fill in the above mentioned gaps and
incomplete proofs of this paper. Also, using integrability might lead to more explicit
formulas than (4.30) for Zr, a kx(q) for K > 1.

There are numerous further directions for investigations to consider. An interesting
conceptual question is whether the Jordan block spectrum of other non-diagonalisable
spin chains, integrable or not, can also be described by similar generating functions. Or
else, is this something particular to the (hyper)eclectic spin chain? There would be a
few natural ways to test this. For example, one could study the dilatation operator in
other non-diagonalisable sectors of (dynamical) fishnet theory. These sectors could contain
derivative fields/fermions, and would be more intricate to analyse. There are also different
strong twist limits of N' = 4 SYM available, which should contain new diagonalisable
models, see [2]. One could also consider the dilatation operator in the strong twist limit
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of ABJM theory [29]. In this case the first quantum correction to the dilatation operator
appears at two loops, and we expect this would be a chiral version of the alternating spin
chain given in [30].

The results of this paper concern the dilatation operator at one-loop order. It is natural
to ask what might happen at higher loops. The dilatation operator certainly continues to
be nilpotent, and therefore is non-diagonalisable. It would be interesting to see in detailed
generality if and how the dilatation operator at different loop orders refines the Jordan
block spectrum. And clearly if would be exciting to understand the structure of Jordan
blocks on the non-perturbative level. Note that the QSC approach does not, in its current
form, allow to even address the question [31].
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A Unexpected shortening

Here we succinctly reformulate the conditions for the unwanted ‘unexpected shortening’
described in section 3.2. This might be helpful for eventually finding a rigorous proof. In any
case, it was very useful for the extensive numerical checking of our conjecture: unexpected
shortening cannot happen.

In a sector with general L, M, K = 1, we argued for the existence of a top state in
WSL’M, where S was such that dg > dgy1:

ds
oS =3 el (A1)
=1

(5)

where o; are constants and e;”’ are the elementary states in Wé M Acting with a power of

H on this state gives

TE&E (5w (S—k)
a9 =37y A age; =Y (AW, (A.2)
i=1 j=1 i=1

where A®) is a dg_j, x dg matrix, and « is a vector of length dg with entries a;. The top
state 1(%) defines a Jordan block of length k if H*4(5) = 0, or equivalently the homogeneous

linear system
ARq =0 (A.3)
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admits at least one nontrivial solution in «. We claim that the rank of A®) is always
maximal:

rank(A®)) = min(dg_y, dg). (A.4)

In this case, it is well-known that (A.3) can only admit a nontrivial solution in « if and
only if rank(A*)) < dg. Moreover, the number of independent nontrivial solutions is
dg — rank(A®)). Therefore a nontrivial solution only exists when dg_j < dg. This occurs
precisely when k = S — S 4 1, as can be deduced from (3.23). Therefore, if the rank of
A®) is always maximal, the top state 1)(5) determines dg — dg; Jordan blocks, each of
length S — S 4 1. We checked the rank of A®) for all top states and for all values of k, up
to L = 30, M = 6, and always found it to be maximal, in line with our conjecture.

B Universality details for K =1

In this section we prove that Hgyper i, defined in (5.19), has the same Jordan block structure
as the hypereclectic model H3 for K = 1, under the assumption discussed in appendix A.
Then we describe how to modify these arguments to include the full eclectic Hamiltonian,
and sketch a possible universality proof for K = 1.

Universality for Hgyper,1. We start with the first supereclectic model defined in (5.19),
Hgyper,1- Consider a top vector ) for the hypereclectic model at a level S. This vector
determines a Jordan block of length ng =5 — S +1

Hysy) = 0. (B.1)
We can expand HgJ . | as
< (n _ _1 ng(ng—1 _
H&%er’lzz<k5 HngS k:HgS—i—nSHngs 1_|_S(;)H12H§S 2_|_..., (B.2)
k=0

where we have used [Hj, H3] = 0. We introduce a shorthand notation

n & n n j s —J .
HIS . = hj, ho=HYS, hj= (;) HIHPS ™ j=1,... ng. (B.3)
j=0

Because of (5.4) and (5.5) each hj lowers the S-value of a state by j(L; — 1) +ng. In other
words, given a vector (%) € Vg we have

S(hje') = S = j(L1 —1) = ng = (5 = 1) — j(L1 — 1). (B.4)

In particular, hjcp(S ) = 0 if this value is negative. Now let us consider the S value of a top
vector to be in an interval

ULy —1)<8S—1<(+1)(L; —1). (B.5)

In this case, all operators h; with j > £ will annihilate the top vector and its descendants.
Therefore, we may consider only operators hg, h1,...,h; and disregard others in (B.3).
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For this S value of the top vector of the hypereclectic model (%), we claim that we can
construct a corresponding top vector zp§5) of the supereclectic model Hgyper,1, defined by

Hnsper,lﬂ)§3) = 07 (BG)

su

via the ansatz
S
Y =got+or -t po=9), (B.7)
if the top vector has S which satisfies (B.5). The condition (B.6) can be written as

(ho +h1 +ho 4 -+ hg)(wo + o1 + -+ @) (B.8)
= (hoyo) + (how1 + hipo) + - - - + (hope + h1we—1 + - + hepo) + - -+ = 0,

where we have grouped terms in a very particular way. The first term hypg in (B.8) vanishes
due to (B.1). Now we want to find ¢; in the second bracket from the restriction that it
vanishes

how1 + h1po = 0. (B.9)

Since S(hipo) = (S — 1) — (L1 — 1) from (B.4), this equation should be expressed by
elementary vectors with this S value. There are d( So1)—(L1-1) of them, which becomes the
number of constraints.® This equation also determines S(p1) = S(h1po)+ng = S— (L1 —1).
Therefore, ¢; can be expressed as a linear combination of dg_(z, 1) elementary states. Since
dS,(Ll,l) = d5‘+(L1—1) > d(S’—l)—(Ll—l)’ one can solve coefficients of the linear combination
from (B.9) (not always unique). This proves that we can always find the solution ¢;.

We require the next bracket in (B.8) to vanish:

h0g02 + hl@l + hggpo =0. (B]_O)

Again, one can find that S(h1p1) = S(hawo) = (S —1) —2(L; — 1), from which we determine
S(ps) = S —2(Ly —1). Since the maximum number of constraints is smaller than that
of the coefficients due to dg_o(1, 1) > d(S’—l)—Q(Ll—l)7 one can find @9 from the known
vectors 1 and g using (B.10).

One can easily generalise this argument up to the ¢-th bracket in (B.8):

howe + hipe—1 + -+ hepo = 0, (B.11)

where the vectors ¢;, j = 0,...,¢ — 1 have already been found in previous steps. Since
S(pj) = S —j(Ly — 1) we have S(hjp,_;) = (S —1) — £(Ly — 1) for j = 1,...,¢. This
determines S-value of the unknown vector ¢, to be S(¢;) = S — £(L; — 1). Again, the
maximum number of constraints in (B.11) is smaller than the number of coefficients in the
expansion of ¢, in terms of elementary states, which guarantees that we can always find
its solution.

There are more terms which we did not include in the second line of (B.8), but it is
easy to show they all vanish. For example, the (¢ 4+ 1)-th bracket would be

hige+ - -+ hepr. (B.12)

8In fact, this is the maximum number of constraints since some of the elementary vectors may not appear.
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Their S-values should be (S — 1) — (£ 4 1)(L; — 1), which is negative due to (B.5). This
means that all these vectors vanish.

This proves our universality conjecture for the supereclectic model Hgyper,1 by con-
structing the top vector explicitly as

O = o+, (B.13)

for S in (B.5).
Because S < Syax /2 (S’ < S by definition), the interval (B.5) is limited by the maximum
value of ¢ which is

LMy } : (B.14)

where [z] is the largest integer not exceeding .

Universality for Hgyper,2. The second supereclectic model Hgyper,2 defined in (5.19)
can be analysed in exactly the same way. Again, one can express

ns
ngs _
HS?IS;)CI‘Q:ng? ng<m>H§ans m, m:O,...,nS, gOZhOZH;;LS. (B15)
m=0

Each g, lowers S-values as follows:
S(gm¢'®) = § — m(My — 1) — ng. (B.16)
In the same way as before, a top vector with level S (and corresponding S) with
m(M; —1) < S —1< (m+1)(M; —1), (B.17)

we only need to consider terms in (B.15) up to gp,.
The remaining procedure is identical to the previous case. One can always find @y from

©0, - - -, Pr—1 USING
JoPk + Pr—1+ -+ gxpo =0, k=1,...,m. (B.18)
This proves the universality conjecture for Hgyper,2 by constructing the top vector explicitly as
W =) £ G+ + G, (B.19)

for S in (B.17), where m should be limited by the maximum value

LM, }
max = | ————— | - B.20
hma {2(1\41 — 1) (B:20)
Universality for general eclectic model. Powers of H.. can be written as
ns n
HIS = ( kf) (Hy + Hy)"HIs™F, (B.21)
k=0

_97 —



This expression can be simplified greatly by observing that HiHs = HoH; = 0 in sectors
where K = 1. This can be seen by acting with H; on any state

Hy21---121---1---21---13) = [1---121---1---21---123). (B.22)

Then, Hy will annihilate the resulting state since it cannot contain 13. Therefore we can
remove any terms with both H; and Hs in the expansion (B.21), which leads to

H{E =ho+ (g1 + 92+ + gng) + (h1 +ha+ -+ hpy). (B.23)

We can restrict the interval for S by the two relations (B.5) and (B.17). Since Ly > M;,
for a given ¢ we can find m such that

m(M; —1) <Ly —1) < (m+1)(M; —1). (B.24)
In this case, the intersection of the two intervals is given by
m(M; —1) <ULy —1) < S —1< (m+1)(M —1). (B.25)
For these values of S, the expansion of power of the eclectic Hamiltonian is truncated to
HiS =ho+ (g1 4+ g2+ -+ gm) + (b1 + ha + -+ hy). (B.26)

We now claim that the top vector of the eclectic model can be always constructed from the
hypereclectic top state ¢(5) = o as follows:

¢
U =+ 5+ Y (B.27)
i=1 j=1
Let us provide the detailed proof for the simplest case m = 2,/ = 1, with
2(M; —1) < (L1 —1) <8 —1<3(M; —1). (B.28)
We will show that the top vector for the eclectic model can be constructed as
P8 = o+ 1 + G2 + 1. (B.29)

One can expand HJS ¢e(>cs ) =0 as

(ho+g1+g2+h1)(po+ @1+ G2+ 1) (B.30)
= (howo) + (g0P1+ g100) + (goP2 + 121 + 92¢00) + (go1 + g1P2 + g2p1 +hipo) +--- = 0.

The first three brackets in (B.30) have already been solved for Hgyper,2, therefore we only
need to consider the fourth term and ellipsis. The S-values of each term have already been
computed as

S(g182) = S(g2¢1) = (S —1) = 3(My — 1) < S(hage) = (S —1) — (L1 —1).  (B.31)
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Therefore, 1 can be determined from ¢ in the same way as for Hgyper,1 With additional
subleading terms in S from the known @1, 2. The terms in the ellipsis in (B.30) are

= 0191 + g2p2 + higr + gapr + hapa + hipr. (B.32)

The S-values for these vectors are given by

S(gij) = S(hi@i) = (S —1) = j(L1 = 1) —i(My — 1),

S(hig)) =(S=1) = (i+7)(L1—1), S(g@;)=(S—1)—(i+j)(M —1). (B.33)
It is not difficult to see from (B.28) that all these vectors should vanish since their S-values
are all negative.

This procedure can now be generalised in principle to any value of (£,m), although it
is hard to give general, explicit expressions, since the mixed interval depends closely on
explicit vaues of L1, M;. It would be interesting to complete the details of this sketch of a

proof of K = 1 universality.

C Fine tuning and cyclicity classes

Although we have proven the universality hypothesis for generic values of the couplings &;
for K =1, it is possible to fine-tune the couplings to destroy the Jordan block structures
in a particular cyclicity class. We give a simple example of this occurring, for the sector
L =5 M =3,K =1. There are 30 states in this sector:

Cp[22113), Cp|21213), Cj[12213), (C.1)
Cp[21123), Ci|12123), C;[11223),

where Cj is the unnormalised projector defined in (2.14) and k = 0,1,2,3,4 labels the
cyclicity class. In each cyclicity class k the hypereclectic model H3 has Jordan decomposition
(5,1), so that the overall Jordan decomposition is (5°,15). The other models related to H3
by permutations of the fields H; and Hy have Jordan decomposition (3,2,1) in each cyclicity
class. For generic & we have argued that the eclectic Hamiltonian H,. = H; + H2 + H3 also
has the Jordan decomposition (5%, 1%), since this sector satisfies the filling conditions (5.2).
Setting £3 = 0 leads to a Jordan decomposition (3?,2°,15). Interestingly, this decomposition
can be further refined by tuning & and &. Let us act with Hec|e,—0 on the top state
Cr |22113):

Cr |22113) — wP€1Cy [21123) + wFEaCy, [12213) (C.2)

— (Wl +wked)Cy [11223) — 0,
where w = €2™/% and we used CLUT') = w**Cy1p, [H;,Ci] = 0. For generic couplings this
gives a length 3 block in each cyclicity class. However, if we tune the couplings such that
€2 = —w** €2 the block splits into a 2-block and a 1-block in this cyclicity class k. There

are two further top states in this sector:

Cp [21213) — (& + &uw )¢y |12123) — 0, (C.3)

EawFC|21123) — Wk ¢y, [12213) — 0.
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The first of these is a 2-block, which can be broken into two 1-blocks in a single cyclicity
class if & = —w?*¢;. The next of these is always a 1-block. From this example we see

explicitly that finer Jordan block decompositions can be obtained in specific cyclicity classes

by tuning the couplings appropriately.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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