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Abstract

Beisert et al. have identified an integrable SU(2, 2) quantum spin chain which gives the one-loop anom-
alous dimensions of certain operators in large N, QCD. We derive a set of nonlinear integral equations
(NLIEs) for this model, and compute the scattering matrix of the various (in particular, magnon) excita-
tions.
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1. Introduction

The search for integrability in QCD has a long history (see, e.g., [1-6] and references therein).
A remarkable recent development is the discovery [7] that the one-loop mixing matrix! for the
chiral gauge-invariant operators

tr fo, 8, (X) -+« foy pp (%) (L.1)

¥ Corresponding author.
E-mail address: ahn@ewha.ac.kr (C. Ahn).
1 Given a set of operators OM (x), the mixing matrix is defined by I' = Z “l.az /d1n A, where Z is the renormal-
ization factor which makes correlation functions of Orﬂgn x)=2Z %’ oN (x) finite, and A is the ultraviolet cutoff. See
also [8].
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in the limit N, — oo is given by the integrable spin-1 antiferromagnetic XXX Hamiltonian
(9,101,

L
g N, 7 1- - 1 - - 5
r=—— -4+ =8 S+1—=(S - S . 1.2
- ;[6+21 I+1 2(1 I+1) (1.2)
Here fyp are the selfdual components of the Yang-Mills field strength F,, = 9, A, — 0,A; —
igym[A,, Ay] (where the gauge ﬁelds A, (x) are N X N, Hermitian matrices), which together
with the anti-selfdual components f;, 4 are defined by

Fuv =020 fup + 58 fip. (1.3)
where 0, =i02(0,6, —0,6,)/4, 6, = —i (6,00 —6y0,)02/4and o, = (1,6),6, = (1, —0).
Moreover, a; = g%, /47, as N is the t Hooft coupling [1] which is assumed to be small, and S
are spin-1 generators of SU(2). Indeed, since fyp has three independent components

1
V2
the operators (1.1) can be identified with the Hilbert space of a periodic spin-1 quantum spin
chain of length L. The eigenvectors and eigenvalues of I, i.e., the linear combinations of the
operators (1.1) which are multiplicatively renormalizable and their anomalous dimensions, re-

spectively, can therefore be obtained using the Bethe ansatz [11,12]. In particular, the anomalous
dimensions are given by

f+ =i, fo=—=(fi2+ f21), S-= f2, (1.4)

M,;
agN, (7L 2
— = , 1.5
v 27 ( 6 Z 241 (1.5)
j=1"J
where {I1, ..., 1y} are roots of the Bethe ansatz equations (BAEs)2
L+i\E o —+i
(/"‘l.) ZHJikﬂ (1.6)
lj—i k:llj_lk_l
k#j
This result was generalized in [13] to gauge-invariant operators with derivatives
tr(D’”lf)...(DmLf), (1.7)
where
D" f = Dy,&, - - - Dayya, f8y + symmetrized (1.8)

(complete symmetrization in the undotted and dotted indices, respectively), and D, = aﬁd‘ Dy 1
the usual Yang—Mills covariant derivative. Namely, the one-loop mixing matrix for the operators
(1.7) is given by an integrable SO(4,2) = SU(2, 2) (non-compact!) quantum spin chain Hamil-
tonian with spins in the representation with Dynkin labels [2, —3, 0]. The anomalous dimensions
are given by

M; M,
asNe (7L 2 3
— = + , 1.9
27 <6 ;zjﬂ ;u§+9/4) %

2 There is an additional (zero-momentum) equation due to the cyclicity of the trace in the operators.
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where the BAEs are now given by?

<1j+i>L: 1’1’[ lj—lk—i—iﬁlj—uk—i/Z
lj—1i i l.,—lk—ik:llj—uk+i/2’
KZj
<uj—3i/2>L= i‘i[ uj—uk+iﬁuj—lk—i/zﬁuj—rk—i/z
uj+3i/2 oo Wi g = le+i/20 uj—rg+i/2’
=y
M, .M, .
1=Hrj_rk+ll_[rj_uk_l/2- (1.10)
e rj—rk—ik:1 ri—ug+1i/2
k#j

As noted by Beisert et al., a u-root corresponds to adding a covariant derivative D,j; and an
[-root and an r-root flip a left-Lorentz-spin 1 — 2 and a right-spin 1 — 2, respectively. The
scaling dimensions and SU(2);, x SU(2) g quantum numbers are given by

1 1
D=2L+My.  Si=L+ My=M.  S=5M,~M,. (1.11)

respectively.

As noted in [13], the BAEs (1.10) can be obtained from those of the “beast” form of N =4
SYM [14] by truncating the supergroup SU(2,2|4) down to the Bosonic subgroup SU(2,2).?
Much attention has been focused on the S matrix of A =4 SYM and of the corresponding string
theory (see, e.g., [16]).

For the pure spin-1 problem (1.5), (1.6), the ground state for large L is described by a “sea” of
approximate ‘“2-strings” of [-roots [11,12] (in contrast to the case of the spin-1/2 antiferromag-
netic XXX chain, for which the ground state is described by a sea of real roots). The excitations
consist of “spinons” (roughly speaking, “holes” in the sea) which carry RSOS [17] quantum
numbers. The spinon—spinon S matrix was found by indirect methods in [18,19], correcting the
result obtained in [11] using the string hypothesis. A nonlinear integral equation (NLIE) [20,21]
has been obtained for this model [22-24], which does not rely on the string hypothesis and pro-
vides a more direct way to compute the S matrix [25]. The NLIE of the SU(2) sector of N' =4
SYM has been studied in [26].

For the general case (1.9), (1.10), the ground state is still a sea of approximate 2-strings of
l-roots, since the u-roots contribute positively to the energy (and the r-roots do not contribute at
all). Hence, there are again spinon excitations corresponding to holes in the sea. However, there
are now also “magnon” excitations, corresponding to u-roots [13].

Our main objective here is to further investigate these magnon excitations, and in particular,
to compute the magnon—-magnon S matrix. Owing to the nontrivial nature of the ground state,
this S matrix (like the spinon—spinon S matrix) must be computed with care: using the string
hypothesis as in [11] gives an incorrect result. To this end, we first derive in Section 2 a set of
NLIEs for the model. Although we do not invoke the string hypothesis, we do make a certain
analyticity assumption in order to describe the u-roots. For simplicity, we restrict to real u-roots,
and we do not consider r-roots. We then use these NLIEs to determine the energy and momentum

3 For some early references on integrable g/(n|m) spin chains, see, e.g., [15].
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of the excitations (Section 3), and their S matrices (Section 4). We end in Section 5 with a brief
discussion of our results.

2. Nonlinear integral equations

We restrict our attention to the case without r-roots (M, = 0), for which the BAEs (1.10)
reduce to

.\ L M, . M, .

<lj+z'> ZIJ[zj—szrz.l_[zj—uk—z'/z’ 1)

lj—i k=1_lj_lk_lk=1lj_uk+l/2

k#j
. L M, . M, .

(uj—3l‘/2> Zl_[uj_uk+l.l_1[uj_lk_l./2- 22)

uj+3i/2 1,2;1 uj—uk—lkzluj—lk+l/2

J

We now proceed in turn to recast these two sets of BAEs in the form of NLIEs.
2.1. The first set of BAEs (2.1) and an auxiliary inhomogeneous mixed spin chain

An important hint on how to analyze the first set of BAEs (2.1) comes from rewriting it in the
obviously equivalent form

.\ L M, . M .
<1j+l.> l—[lj—uk—i-l'/Z:l—[[lj—lk—i—l.' 2.3
lj—i kzll./—”k—’/z ,f;l-lj_lk_l
J

We recognize these as the BAEs for an inhomogeneous “mixed” spin chain which has two types
of spins: spin-1 and spin-1/2, with L of the former and M, of the latter. (See, e.g., [27].) More-
over, the latter have associated “inhomogeneities” iug, k=1,..., M,.

We therefore consider an auxiliary integrable inhomogeneous mixed quantum spin chain,
where the number of spin-1 and spin-1/2 “quantum” spaces are given respectively by L and M,,;
and with spectral parameter inhomogeneities iu; only for the spin-1/2 spins. This chain has two
relevant transfer matrices T (x), T>(x), corresponding to “auxiliary” spaces which are spin-1/2
(2-dimensional) and spin-1 (3-dimensional), respectively.

We find by standard methods that the eigenvalues of these transfer matrices (which we denote
by the same notation) are given by*

i == i/260- 0 E0 D by ripe +n €00, 4
Ty(x) = Y)Y (x — Db — i/2)d(x — 31'/2)%3;//22))

0(x +3i/2)0(x — 3i/2)
0G+i/20G —i/2)
YOV +Dp G+ /26 4312 LD
O(x+1i/2)

=A1(x) +A2(x) + A3(x), (2.5)

F Y )2 Pp(x —i/2)p(x +i/2)

4 Note that in place of the standard spectral parameter «, we introduce u = ix.



406 C. Ahn et al. / Nuclear Physics B 798 [FS] (2008) 402—422

where
M, M
p)=xt,  yw=[]ec-up, ow=[]ex-1p. (2.6)
j=1 j=1

Indeed, the BAEs obtained by demanding that 77 (x) be analytic at x ={; (zeros of Q(x)) coin-
cide with (2.1).

Evidently 7>(x) has the common factor ¥ (x), which has “trivial” zeros. We therefore intro-
duce the renormalized 7>,

To(x) = ()T, (x).
‘We note that

M,
SlZSf:L‘i‘T—M[, @7
and we recall that the “energy” is given by (1.9).

2.1.1. Physical degrees of freedom

For simplicity, we restrict u; to be real, and M, = 1, 2. For now, we also assume that uy
are given by hand, with (in the case M, = 2) u; = —u,. We shall discuss how they should be
determined later in Section 2.2.

Numerical studies for small values of L suggest that:

e For M, =1, the lowest energy state in the ST = 1/2 sector is characterized by a single zero

() of T1(x), and a single zero (6,) of Tz(r)(x). Both of these zeros lie on the real axis.
e For M, =2, the lowest energy state is in the ST = 0 sector. In the “physical strip” (—=1/2 <

Imx <1/2), T1(x) and T;r)(x) are free from zeros.
e For M, =2, the second-lowest energy state is in the S7 = 1 sector. It is characterized by two

zeros (¥,) of T1(x) and two zeros (6y,) of Tz(r) (x). These zeros lie on the real axis.

These observations suggest that three sets of real parameters are needed to describe the phys-
ical degrees of freedom: u, ¥y, 6),. The first and third parameters correspond to magnon and
spinon rapidities, respectively. The second parameter, which seems to correspond to excitation
of the RSOS degree of freedom, is not discussed in [13].

2.1.2. The auxiliary functions and algebraic relations among them
As in previous studies [22,24], we introduce a pair of auxiliary functions

A A - A A
bror) = D TRO S0 b= 2B RO
A3(x) A1(x)
where A; (x) are defined in (2.5). They are free from zeros and poles near the real axis. This will
be apparent from the following representations,

$-12  Qx+3i/2)
V19320172 O(x —3i/2)
o1/2 Q(x —3i/2)
Yo1¢-32¢0-12 O(x +3i/2)

x <0, (2.8)

bi(x) =

I(x —i/2),

bi(x) =

Ti(x+i/2). (2.9)
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We have introduced here the abbreviated notation ¢, := ¢ (x + ia), and similarly for i, which
we shall use throughout this part of the paper.

At this stage, there seems to be no reason why the two auxiliary functions should be introduced
in the corresponding half planes. This will become clear at a later stage.

The upper-case functions are also introduced: B;(x) =1+ by (x), %1(x) =1+ [_Jl(x), and
the following relations are also useful:

Qx —3i/2)

7" (x) = V19129325 75, B (2.10)
3i/2) -
- w_las_l/zqs_g/zQQ(g‘%i’/z))%l(x). 2.11)

Apparently B (x) vanishes at x = 6, but it remains nonzero at x =u;.
We now define the most important functions,

b(x) =Db1(x +ie), B(x)=Bi(x +ie), Tmx =0, (2.12)

b(x) =b1(x —ie), B(x)=Bi(x —ie), Tmx<0 (2.13)
Here € denotes a positive quantity which is slightly larger than the deviation of the 2-strings
from their “perfect” positions. Therefore B would possess zeros (due to the factor Q(x +i/2)
in (2.10)) slightly below the real axis if it were defined in the whole complex plane. The function
‘B is, however, defined only in the upper half plane (including the real axis).

Another auxiliary function originates from the so-called fusion formula that relates the two
transfer matrices,

Ti(x — i /DTy (x +1/2) = Y1¥—163/20-3/2 + Yo T, (x), (2.14)

which can be verified using (2.4) and (2.5). For later convenience, we renormalize 771(x) =
]_[fyvil tanh 7 (x — z‘}a)Tl(r) (x), and rewrite the above in the form

T =i /2T (x +i/2) = Y1 19326-32 + Yo Ty (x)

=Y1Y_1¢320-32Y (x), (2.15)
where we have defined the auxiliary functions
— Vo ") o
yx)=————T1,"(x), Y(x):=14yx). (2.16)

Y1y 1932032

Since y possesses zeros on the real axis due to u; and 6, we also define a renormalized func-
tion y)

M, Niy
y(x) = ll_l_ltanh %(x —u)) Etanh %(x — o)y (), 2.17)

which obeys the functional relation
YO —i/2)yPV(x +i/2) =Bi(x +i/2B1(x —i/2), (2.18)
as follows from (2.10) and (2.11).
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2.1.3. Derivation of NLIE
The derivation of the NLIE can be most easily done in Fourier space. For a smooth function
f(x), we define

f[k]:i/eikxf(x)dx, f(x)zfe*"’”f[k]dk. (2.19)

We also introduce the special notation

dif k] = % / e [In f(x)] dx, (2.20)

which will be frequently used below.
It is convenient to introduce “shifted” Q functions,

qg1(x):=Q0(x —i/2—ie), @x):=0x+i/2+ie). (2.21)

By definition, g; is Analytic and NonZero (ANZ) for Jm x < 0, while g5 is ANZ for Jm x > 0.
We therefore have by Cauchy’s theorem the important property

dlg,[k > 0] = dlg [k < 0] =0. (2.22)
Similarly,

dly k> 0] =dig,lk >0]=0 fora>0,
dly [k <01 =did,[k <0]=0 fora <O0. (2.23)
We slightly shift the arguments in (2.10), (2.11)
q1(x — i+ 2ie)

T" (x +i€) = Y14edl/2red3jpre ——————B(x), (2.24)
q2(x)
. (x +1i—2ie) -
TV —i€) =Y 1-ch1/2-eh 3pc 2o T R(x). (2.25)
q1(x)
‘We then use the result
1 . .
e / e 7y ()] dx =i ek, (2.26)

C. h

where we choose the contour C as in Fig. 1, and we obtain the following

Yo sy + A1y | dIBIK) = dTBIK]

dig [k > 0] =

1+e* 14+ek
eikGh—kE
—q - 2.27
i e (2.27)
h
— Al e +digs e +digi e dIBIK] — e <dIBIk]
dlg,lk < 0] =
92lk <0l 1+ ¢k * 1+ ek
eik9h+k6
+iY - (2.28)

h
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< i€
-i€
>
CG
Fig. 1. Integration contour.
In addition, from (2.15), one derives
_ Al +di ary ikDo+k/2
arT [k = {21+ 5 RRNSIY | . (2.29)
ek/2 4 e—k/2 ek/2 4 e—k/2 ek/2 4 e—k/2
o
where —(k > 0) and +(k < 0).
We shift the arguments in (2.9)
b(x) = — P2t CEYD 1 _ipptie),
Vite®3/2+eP1/2+e q1(x — i +2i€)
b(x) = b1/ N i), (2.30)

V_1—eh—3/2—cP—1/2—¢ q2(x +i — 2i€)

and then take the Fourier transformation. The substitution of (2.27), (2.28) and (2.29) into the
resultant transformation then leads to the NLIE in Fourier space,

_ dig_ ikOy+ek ik Dotk
1+ek - 1+ek - ek/2 4 e—k/2
e—k/2tek 1 - e
€
+ e Y K+ o (dIBIk] — e dIBIk1), 231)

eik9]1 +ek eikﬁa +ek

— ‘%1/2+e . .
diblk < 0] = ———5= +IZ—1+H+1 D

o—k/2+ek

k/zdlY[k]+

S (dTBIK] — <dIBIK]). (2.32)

e~k 4+ 1

Interestingly, although a contribution from the inhomogeneities () appeared during the calcu-
lation, it canceled in the final form. An equation for y is immediately derived from (2.18),

T . € .
h J

ikoy, ciku,

ck(12—e) e—k(1/2—6)

+ ek/2 +e—k/2dl%[k] + mdl%[k]. (2.33)
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In the original coordinate space, the resultant equations read

o0 o0
Inb(x) =iDp(x +ie) + / Gs(x —xYInB(x)dx' — / Gs(x —x' +2i€)InB(x') dx’
0 —00
o0
n / Kx—x' —i/24+ie)nY(x)dx, (2.34)
—0o0
o0
Iny(x) =iDy(x) + / Kx—x"+i/2—ie)InBx)dx’
—0o0
o
+ / K(x—x" —i/24ie)InB(x)dx’', (2.35)
—00
where
1 e—ikx
GS(X)ZE / mdk,
—00
o0
1 R 1
K() = — / L P (2.36)
2 2 cosh(k/2) 2cosh(mx)
—00

The source term in (2.34) consists of the bulk (“driving”) contribution and the contribution from
the hole excitations,

Dy(x) = Dl () + Do () = N, 237)
where
Ny Np
D () =Lxg(x), Dm0 = xx@—a)+ Y x(x —0n), (2.38)
a=1 h=1
and
Xx (X) =27 K (x), x' (x) =21 Gy (x). (2.39)

In particular, on suitable domains (containing the positive real axis),

sinh(zw(x +1i/2)/2) T
sinh(zw(x —i/2)/2) 2

Xk (x) = ll,lntanh(rr(x — i/2)/2) =iln

= arctan(sinh(nx)) - % (2.40)
where x g (0) = —m /2, and also x (0) = 0. The source term in (2.35) is given by
Np M,
Dy(x)=Y xx(x—Oh+i/2)+ > xxx —uj+i/2). (2.41)

h=1 j=1
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The parameters (u j, ¥y, 0;) must actually be determined again by NLIEs. Indeed, (2.10) im-
plies that the hole rapidities 6;, are determined by

b0y —i€)=0b1(0h) =—1, (2.42)

which also leads to the determination of the spinon—spinon and spinon—-magnon scattering ma-
trices, as discussed in Section 4.

In order to fix the parameters ¥y, we need another NLIE. We consider the most natural auxil-
iary function a(x), defined by’

M@ +i/2) ok —i/2)

= = , 2.43
) = i) - MmG—i2) (2:43)
where again };(x) are defined in (2.5). From (2.4) we have
70 = o 221+ agao, (2.44)
Q0(x)
Hence, the zeros of 77 on the real axis ¥, satisfy
a(Py) = —1. (2.45)

We omit the derivation of the NLIE for a(x) for | Jm x| < 1/2, which is similar to the one for
the trigonometric and homogeneous case considered in [24]. The result is

o0 o0
Ina(x) =iDy(x) + / K(x—x' —ie)InBx)dx' — | K(x—x"+ie)InB(x")dx’,
—0oQ —0o0
(2.46)
where the source term is given by
Nj M,
Da(x) =) xx(x—01)+ Y xx(x—uj). (2.47)
h=1 j=1

2.2. The second set of BAEs (2.2)

We finally consider an equation to fix the magnon rapidities u ;. For this purpose, we propose
an expression for the transfer matrix eigenvalues similar to the one for the su(3) spin chain,®

oG+ BGHID 0G| g —3i/2)
T =PRI TG T e PTG
=11(x) + 12(x) + 13(x). (2.48)

Indeed, demanding analyticity of 7(x) at x =1[; (zeros of Q(x)) gives the BAEs (2.1), while
demanding analyticity at x = u; +1i/2 (zeros of ¥ (x —i/2)) gives the BAEs (2.2).

Because of its similarity to the su(3) transfer matrix eigenvalue, we shall assume that 7 (x)
is ANZ in the strip —1/2 < Imx < 1/2, which is indeed the analyticity property for the su(3)
case. This assumption can in principle be checked numerically for small values of L. However,

5 As discussed further in Section 2.3, one can verify numerically that [1 Ina(x) and also .‘h‘e[llf Inb(x)] are increasing
functions of x.

6 We expect that, starting from a suitable su(2, 1) R matrix, a transfer matrix can be constructed with eigenvalues (2.48).
However, we have not attempted to carry out this construction.
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we have so far not succeeded to do so, due to the difficulty of finding numerical solutions of the
BAEs (2.1), (2.2).

This assumption leads to a simple determination of u; as follows. Let us consider an auxil-
iary function introduced in studies of the supersymmetric #J model [28] and the su(3) vertex
model [29],

¢(x) 1= Bt/ (2.49)
Ti(x+i/2) +2(x +1i/2)
It is easy to check that this can be rewritten in terms of 77 (x) in (2.4),
Y=g (x —3i/2)

o(x) = T +1/2) . (2.50)
We then have

c(uj)=-1, (2.51)
which follows from

Sy =1+ cr) = T(x+1i/2) T +i/2)Y(x) 2.52)

T +i/2)+nx+i/2)  Ti(x+i/2)

From our above assumption on the analyticity of 7(x), the zeros of €(x) near the real axis are
determined by those of v (x), namely u;.
The NLIE for ¢ is obtained from the knowledge of 7. The result is

o
Inc(x) =iDq.(x) — / Kx—x"+i/2)InY(x")dx’, (2.53)
—0o0
where the source term is given by

M, Ny

De(x) = Lyxa(x) + Y _ xapx —up) + Y xx(x —va) — %(L + M), (2.54)
j=1 a=1

and

1 e—a\k\—ikx
'(x)=27K.(x), K =—/—dk,
Xa(x) =271 Kq(x) a(x) o Zoosh &
—00

xa(0)=0, a=3/2,2. (2.55)
2.3. Counting functions and counting equations

So-called counting equations relating the various types of Bethe roots and excitations in a
given state can be derived from corresponding counting functions associated with the auxiliary
functions. These counting equations help determine the spins of the excitations.

We continue to restrict to the case of real u-roots and no r-roots. As in previous studies
[21,24,25], it is convenient to classify /-roots according to their imaginary parts as follows:

2-strings: pairs of complex-conjugate roots x; £iy; withO<y; —1/2<1, j=1,..., Mz/2,
real roots: Jml;j =0, j=1,..., Mrea,
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inner roots: |JIml;| <1/2,j=1,..., My,
closeroots: 1/2 < |Jmlj| <3/2,j=1,...,Mc,
wide roots: |Jml;|>3/2,j=1,..., My.

Hence,
M) = Myear + My + M; + Mc + My . (2.56)
It is also convenient to introduce the functions
O (o) = S T (2.57)
x,¢)=—1In — ). .
* 1 :Fx +ia

Note that 6_(x, ) = 2 arctan(x /«) has branch points in the complex x plane at x = %i«; fol-
lowing [21], we choose the corresponding branch cuts to be parallel to the real axis, extending
from i to +00 + i, and from —oo0 — i to —i«e. This function has a discontinuity of —27 when
crossing the cuts from below. Similarly, we add to 64 (x, @) a 2 -discontinuity at x = 0 so that
it is a continuous function of x.

We define the counting function z4(x) associated with the auxiliary function a(x) (2.43) by

M My
Za(x) = :—_Log () =LO_(x, )= > 0_(x —1;, D+ 04 (x —uj, 1/2). (2.58)
j=1 j=1

We have verified numerically for various states that z4(x) is a continuous increasing function
of x. This function “counts” zeros of T (x) and real /-roots. That is,

Za(xj) =27TI;‘, (2.59)

where [ ;‘ is integer (S1 — 2 odd) or half-odd integer (S; — S even) if x; is a zero of T7(x) or a

real [-root. Defining integers or half-odd integers I, and I7. by
1 1
Za(4+00) =27 (Ir‘flaX + 5) Zq(—00) =27 (11?“ — E) (2.60)
it follows from (2.58) and (2.59), respectively, that
Lo — Liin +1=81+ S+ My = Ny + Miear, 2.61)

where M), is the number of /-roots /; with | Jm ;| > 1. We therefore arrive at the first counting
equation
Ny =81+ 82 + Mp — Mrear. (2.62)

Similarly, we define the counting function zp (x) associated with the auxiliary function by (x)
(2.8) by

1
Zp(x) =NRe—-Logb;(x)
i

=N 11 1 ! Mu@ i1 L6 1/2 0 3/2
= Ne 7n|: +mi|+jz=; +(x—u], )+ [_(X, /2) +60_(x, /)]

M
—Z[e_(x—lj, 1/2)+9_(x—lj,3/2)]}. (2.63)

j=1
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The presence of the first term generally requires the introduction of further discontinuities. We
have verified numerically that zp (x) is also a continuous increasing function of x. This function
“counts” zeros of T2(r)(x) and centers of 2-strings and inner pairs. Proceeding as before, we find

IS — 15 4+ 1=28) + Mc +2My + (Ma + M;)/2
=Ny + (M>+ Mp)/2. (2.64)
We therefore arrive at the second counting equation
N =281+ Mc +2Mwy. (2.65)

Finally, we define the counting function z.(x) associated with the auxiliary function c¢(x)
(2.49) by

1
Ze(x) =NRe—Logc(x)
l

M,
= ﬂie{—%ln[l +a(x+i/2)]+ 29+(x —uj, 1)+ L0_(x,3/2)
j=1
M
=Y 0-(x -1, 1/2)]. (2.66)
j=1

We have verified numerically (using for the first term the same discontinuities introduced for the
first term in (2.63)) that z.(x) is a continuous increasing function of x. Assuming
I c

max

—1I +1=L+Mu_Mreal_(M2+MI)/2a (267)

min

which can also be verified numerically, we recover the result
M, =25,. (2.68)
3. Spin, energy and momentum of excitations

We now compute the excitations’ spin, energy and momentum, which enter into the computa-
tion of the S matrix. Our results agree (except for some minor discrepancies) with those obtained
previously using the string hypothesis.

We can infer the spins of the excitations with the help of the counting equations found in
Section 2.3. The second counting equation (2.65) implies that a spinon has §; = 1/2. Indeed,
Nj =1 requires S1 = 1/2 (and M¢c = My = 0); Ny = 2 requires either S| =0 or S = 1, etc.
Note that all the terms on the RHS of (2.65) are nonnegative. Evidently, a spinon also has Sy = 0.
The fact that a spinon has spin-1/2 was found using the string hypothesis by Takhtajan [11].

Similarly, the third counting equation (2.68) implies that a magnon has S, = 1/2, and evi-
dently S = 0. This result was found using the string hypothesis by Beisert et al. [13].

The spin of the ¢ particle is not determined by the first counting equation (2.65), since not all
the terms on the RHS are nonnegative. Nevertheless, an analysis of various examples suggests
that this particle has 1 = S, =0.
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By the definition in [13], the energy (E) is related to the anomalous dimension (1.9) by y =

“371;] < E, and is therefore given by’

M

E=- Z12+1 Z 2+9/4 -1

j=1"J
We can relate this to the derlvate of the eigenvalue 7>(x) (2.5) at x =i /2,

PRLAWNIE S o [ BT (I B (3.2)
=i—InT(X)|ymifp — — i . .
dx 2 x=i/2 2 o u?+9/4 wj—i/2  u;—3i/2

Recalling the definition of the auxiliary function y(x) (2.16), we see that

E—id )] 2L+Z< 3 ! ) (3.3)
—l— n X — . .
dx T W2 19/4 ul+1/4

We observe from (2.20) that

o0
d .
S Iny() = / dke™™**dly[k], (3.4)
X

—0Q

and substitute our result for 35 [k] (2.33) to obtain

M,
u T 3 1 -
E=-2L+), + - +Y ———— 4, (35
,_1[°Osh(”uj> E49/4 ul+ 1/4] Xh: cosh(r6y) (3.5)

where the ellipsis (- - -) represents the Casimir energy contribution. We conclude that the energy
of a spinon is

b4
0)=——, 3.6
en(®) cosh(6) (3.6)
and the energy of a magnon is
T 3 1
euu) = (3.7

cosh(mu) + W2+9/4  u2+1/4
in agreement with Eqgs. (6.15), (6.32) in Beisert et al. [13], respectively, up to a factor 2. The
spinon result (3.6) was first found by Takhtajan [11]. We remark that

cu(u) =21 Ko (u), (3.8)

where K> (u) is the kernel introduced in (2.55). Evidently there is no ¢-dependent contribution
in (3.5), which implies that the ¥ “particle” does not carry energy.
The momentum is given by®

al lj+i 3i/
[21 (z _l) Z (u/+3l/2>i| (mod 27). (3.9)

7 For convenience, we drop the constant term 7L /6 in the expression for E. This definition of energy is (for the [-roots)
a factor 2 larger than the one in [11].
8 This definition of momentum differs (for the /-roots) by an overall sign from the one in [11].
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We can evaluate it in similar fashion. Indeed, we find that

M,

1 1 &
P=lflny(i/2)+l—_§ [Ine_3(u;) +Inej(uj)] + L, (3.10)

j=1

where we have introduced the notation

u+in/2
=— 3.11
en(u) PR (3.11)
Proceeding as before, we arrive at the result
My
P=Lr+Y [xxWj)+aq3w;)—qup]+ Y xx®)+--, (3.12)
j=1 h
where xg (x) is defined in (2.39), and g, (x) is defined by
gn(x)=m +ilne,(x) n>0, q—n(x) = —qn(x), qo(x) =0. (3.13)
It is an odd function of x, and satisfies
gn(x) =2arctan(2x/n), n#0. (3.14)

We conclude that the momentum of a spinon is

pr0) = xx (0), (3.15)
and the momentum of a magnon is

Pu(u) = xx () + q3(u) — q1(u), (3.16)

in agreement with Egs. (6.15), (6.32) in [13], respectively, up to an overall sign. Corresponding
to the energy result (3.8), we observe that

Pu() = x2(u), (3.17)

where x2(u) is defined in (2.55). The ¢ particle also does not carry momentum.
4. S matrix

We finally turn to the problem of computing the scattering amplitudes for the various excita-
tions.

4.1. Spinon—spinon

It is convenient to review the computation of the spinon—spinon S matrix [18,19] using the
NLIE approach [25]. Let 6, , 95, denote the rapidities of the two spinons. Since b(6;,, —i¢) = —1
(2.42), the In b equation (2.34) implies

o0
im =iDp(6h,) + / dx'K (6, —x' —i/2)InY (x'), 4.1

—00
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since the convolution terms involving B and 9B become exponentially small in the IR limit.
Neglecting the convolution term in the In y equation (2.35), one obtains

y(x) = tanh (7 (x — 64,)/2) tanh (7 (x — 61,)/2), “.2)
and therefore
cosh(mw (x — (O, +61,)/2))

Yx)=1 = . 4.3
() =140 = e — 0r,)/2) cosh(r (x — 4,)/2) )

We now exponentiate both sides of (4.1), and note using (2.37), (2.38) that
Dy (On,) = Lxk (6n)) + x(0) — 7, 60 =0n —6h,. 4.4)

With the help of the momentum expression (3.15), we compare the result with the Yang equation

eLrnn) g, () = 1. (4.5)
We conclude that the S matrix is given (up to a constant) by

Shn(60) = €@ Spsos (6), (4.6)
where

Srsos (0) = effooo dx'K (O —x'—i/2)InY (x') _ e—%[lﬁo(@)—wz@)] — e—i[¢0(0)—¢4(9)]’ 4.7)

and
sinh(w (i + x)/4)

Yo(x) = arctansinh(rx/2) =i 1n m, 4.8)
. fdk sin(kx) sinh((n — 1)k/2) ')
Pnlt) = k sinh(nk/2) cosh(k/2) (@.

with ¢4(x) = (¢2(x) + ¥o(x))/2. The convolution integrals are performed using the results col-
lected in the appendix. The result (4.7) is (up to a crossing factor, and a rescaling of the rapidity
by ) one of the kink-kink scattering amplitudes of the tricritical Ising model perturbed by the
operator @y 3y [17], which appears also in the soliton—soliton § matrix of the supersymmetric
sine-Gordon model [18]. We note that

©) 1 ! ra+io/2)r(/2—-ie/2)
= — 1n s
X i TA—i6/2(1/2+i0/2)
which is (up to the same rescaling of the rapidity by ) the soliton—soliton scattering phase of
the sine-Gordon model [30] in the isotropic limit ,82 — 8.

If we also consider the In y equation with an additional i 7 term, then the RHS of (4.2) acquires

a minus sign. The corresponding amplitudes can be computed along similar lines [25]. However,
for simplicity, we restrict our attention to the In y equation without this additional iz term.

(4.10)

4.2. Spinon—-magnon

Let 6y, u denote the rapidities of the spinon and magnon, respectively. The spinon—-magnon
S matrix can be computed in two different ways. One way is to start from b(6,, —ie) = —1,
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which again leads to (4.1). The In y equation implies

y(x) = tanh(7 (x — 6p,)/2) tanh(7 (x — u)/2), (4.11)
and therefore

cosh(mw (x — (64, +u1)/2))
cosh(m (x — 6y,)/2) cosh(mw (x — u1))/2)’

Yx)=1+yx)= (4.12)

Moreover, now Dy (0n,) = L xk (6n,) = Lpn(6s,), up to an additive constant. Proceeding as be-
fore, we obtain the result

Sh,u(0) = Srsos(0), (4.13)

where now 6 = 6, —u1, and Srsos (0) is given by (4.7). That is, in contrast to the spinon—spinon
S matrix (4.6), the spinon—-magnon S matrix consists only of the RSOS factor.

A second way to compute the spinon—-magnon § matrix is to start from c(u;) = —1 (2.51),
which together with the In ¢ equation (2.53) imply

(0,¢]
in =iDq(up1) + / dx'K(uy —x"—i/2)InY(x"). (4.14)
—0o0
We exponentiate both sides of this equation, and note that
De(uy) = Lya(ur) = Lpy(uy), (4.15)

where we have made use of (2.54) and the momentum result (3.17). Comparing with the corre-
sponding Yang equation, we recover the same result, i.e.,

Su,n(0) = Srsos(9), (4.16)

where now 6 =u — 6y,.
4.3. Magnon—magnon

Let u1, u; be the rapidities of the two magnons. The In y equation (2.35) implies

y(x) = tanh(7 (x — uy)/2) tanh (7 (x — u2)/2), (4.17)
and

cosh(m (x — (u1 + u2)/2))
cosh(m (x — u1)/2) cosh(mw(x — us)/2)"

The condition ¢(x#1) = —1 (2.51) and the Inc¢ equation (2.53) again give (4.14), where now
(cf. (4.15))

D.(u1) = Lp,(u1) + x3,2(0), 4.19)

with 8 = u; — uy. Proceeding as before, we conclude that the magnon—magnon § matrix is given
by

Yx)=14+yx)=

(4.18)

Suu(0) = €752 Spe05(6), (4.20)
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where Srsos(0) is given by (4.7). We note that
1. I'(—=1/24i0/2)I"'(—i6/2)

X20) = I e ey raey T “.21)
and that 5(0) = /%32 has the crossing property
ﬂi—@»:(l_fe)swy (4.22)
2+1i6

Hence, s(0)/(1 +i6/2) is crossing invariant.

We have considered so far the composite operators containing only D, covariant derivatives
and computed the S matrix amplitude between them. In principle, one would need to add r-
roots to compute amplitudes for the derivatives carrying the right-spin state 2. But this can be
done, without adding r-roots, by using the SU(2) g symmetry. The “vertex” part of the S matrix
is in fact a 4 x 4 matrix which can be fixed completely by the SU(2)g symmetry along with
factorizability (i.e., Yang—Baxter equation), unitarity and crossing,

s(0)
14+i6/2
where P is the permutation matrix.

(P+i6/2), (4.23)

4.4. ¥-spinon and ¥ -magnon

The condition a(d¥,) = —1 (2.45) together with the Ina equation (2.46) imply that the S
matrices Sy ; and Sy, are identical, and are given by
sinh((0/2 —i/4))
= sinh(z(0/2 1 i/4)
The same result can also be obtained starting from (2.42), (2.34) (for S;, ») and from (2.51),

(2.53) (for S, ). Since there is no ¥ -dependent contribution in the source term of the Ina equa-
tion (2.46), there is no nontrivial 9—9 scattering.

SO) (4.24)

5. Discussion

We have proposed a set of NLIEs (2.34)—(2.41), (2.46), (2.47), (2.53)—(2.55) to describe the
QCD spin chain of Beisert et al. [13]. We have used these NLIEs to compute S matrix elements
for excitations of this model, as shown in detail in Section 4. The consistency of our results
(Sa.p = Sp.q for particles a and b of different types) provides further support for the validity of
these NLIEs.

Many questions remain to be addressed. It should be possible to generalize this work along
the lines [31] and compute the boundary S matrix for the open QCD spin chain corresponding
to operators with quarks at the ends. The magnon—-magnon S matrix (4.20), (4.21) has an infinite
number of singularities (starting at & = £2i), which can presumably be interpreted as magnon—
magnon bound states (“breathers”). The energy and momentum of these breathers was computed
using the string hypothesis in [13]. It would be interesting to analyze these excitations without
invoking the string hypothesis, and to determine their S matrices. It would also be interesting
to consider the effects of higher loops ([7] and [13] worked only to leading order in the 't Hoof
coupling) and to better understand the significance of these results for QCD, as well as for the
full A =4 SYM theory and for the corresponding string theory.
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Appendix A. Convolutions

The convolution integrals involving the kernel K (x — %) can be evaluated using the

following results

_ i
~ 2sinhmx

o
] 1 h i ] 1
i/a’x’ .ncos (mlx 1,6)) =—iarctansinh(7tx)+—lncosh(yrx), (A.])
2 sinh(w(x — x’ 4+ i€)) 2 2
—0oQ
o0
i /d ,Incosh(rm (x" —i€)/2) i ( )+11 hGrx/2) (A2)
— x = ——¢@2(x) + = Incosh(x/2), )
2 simh(r(x —x' +ie)) 27273
—0Q
. 00 1 . h ! . 1 1 .
L / dy/ BSIhCTOC =€) L b — S ntanh(ra/2) — (A3)
2 sinh(w(x — x' +i€)) 2 2 4
—0oQ
. 00 1 . h( ( ! . )/2) . 1 .
i nsinh(mw(x’ —ie i in
— d 4 = — —1 h 2 — T A'4
2 / Y Sinh(r (e — 2 i€y 2%+ g Incosh(ra/2) == A4)
—0oQ

where € is a small positive number, and ¢> (x) is given by (4.9).
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