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Abstract

We consider the massive tricritical Ising moded(4, 5) perturbed by the thermal operatar zina
cylindrical geometry and apply integrable boundary conditions, labelled by the Kac (abglghat
are natural off-critical perturbations of known conformal boundary conditions. We derive massive
thermodynamic Bethe ansatz (TBA) equations for all excitations by solving, in the continuum
scaling limit, the TBA functional equation satisfied by the double-row transfer matrices ofsghe
lattice model of Andrews, Baxter and Forrester (ABF) in Regime Ill. The complete classification of
excitations, in terms ofm, n) systems, is precisely the same as at the conformal tricritical point.
Our methods also apply on a torus but we first consider) boundaries on the cylinder because
the classification of states is simply related to fermionic representations of single Virasoro characters
xr.s(q). We study the TBA equations analytically and numerically to determine the conformal UV
and free particle IR spectra and the connecting massive flows. The TBA equations in Regime IV and
massless RG flows are studied in Partll2001 Elsevier Science B.V. All rights reserved.

1. Introduction

Ever since their introduction [1-3], Thermodynamic Bethe Ansatz (TBA) equations
have been an important tool in the study of both massive and massless integrable quantum
field theories. Although extensive studies have been carried out on scaling energies of
vacuum or ground states only relatively few excited states [4—8] have proven amenable to
TBA analysis and these are primarily restricted to massive and diagonal scattering theories.
So despite considerable successes, the application of TBA methods has been hampered by
inherent limitations. The primary obstacle is that to date there is no systematic and unified
derivation of excited state TBA equations. Indeed, the current treatments of excited states
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are at best ad hoc and fall well short of a complete analysis of all excitations. Here we
address these limitations and propose a systematic approach based on the lattice. More
specifically, we will show in a series of papers that both massive and massless excited
TBA equations can be systematically obtained by studying the continuum scaling limit
of the associated integrable lattice models. Perhaps the most important input from the
lattice approach is an insight into the analytic structure of the excited state solutions of
the TBA equations. Previously this structure had to be guessed. In stark contrast, in the
lattice approach, the analyticity structure can be probed by direct numerical calculations
on finite size transfer matrices.

Although the methods developed in this paper are very general, for simplicity and
concreteness, we consider as a first example the massive tricritical Ising tdeb)
perturbed by the thermal operatpy 3. Although this is a non-diagonal scattering theory
and more complicated from the viewpoint of integrable quantum field theory, this is the
simplest case beyond the Ising model and Lee—Yang theory for analysis by the lattice
approach. The integrable lattice model associated to the thermally perturbed tricritical Ising
model is the interacting hard square model or generalized hard hexagon model solved
by Baxter [9,10]. This model, with itZ; sublattice symmetry, is known to be in the
universality class of the tricritical Ising model. More generally, this model is the special
caseL =4 of theA lattice models of Andrews, Baxter and Forrester [11] withkhe 3
model being the usual Ising model. Generically thdsemodels, with theirZ, height
reversal symmetry, are in the universality class of multicritical Ising models. Moreover,
the continuum scaling limit of thd ;, models realize [12] the; 3 thermal perturbation of
the s¢(2) unitary minimal models [13] and the ground states are described by the
TBA equations of Zamolodchikov [3].

There have been many relevant studies of the tricritical hard squatg lattice model
and the more generad; models from the lattice viewpoint. For thés model, the
off-critical TBA functional equation for periodic boundary conditions has been derived
and solved [14,15] for the bulk properties and correlation lengths. The off-critical TBA
functional equations for the; models were derived by Kliimper and Pearce [16-18].
But only the critical or “conformal TBA’ equations were derived and solved in the critical
scaling limit for the central charges and conformal weights. The very same off-critical
TBA functional equations foA; models were subsequently derived [19] in the presence
of integrable boundaries showing that the TBA functional equations are universal in the
sense that they are independent of the boundary conditions. A biproduct of introducing
boundaries is that the problem of classifying the excitations becomes much easier. This is
reflected in the fact that at criticality the cylinder partition functions are given as linear
forms in characters rather than the usual sesquilinear form on the torus. Indeed, by a
judicious choice ofr, s) boundary conditions, the cylinder partition functionis just a single
Virasoro charactey, ;(¢) and the complete classification of excitations [20] in terms of
(m, n) systems [21,22] is related to a fermionic representation of the chapggten. This
simplification enabled [20] the complete analytic calculation of the conformal cylinder
partition functions of thed, model with 6 different conformal boundary conditiofrss)
which are conjugate to the 6 primary fields of the tricritical Ising conformal field theory.
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The generalization of these results to the critidal lattice models with(r, s) boundaries
is currently in progress [23].

In 1998, Pearce and Nienhuis [24] analysed the off-critical continuum scaling limit of the
TBA functional equations for thd ; lattice models to derive from the lattice the full set of
massive and massleds,_» ground state TBA equations conjectured by Zamolodchikov.
The scale parameterR is simply related to the scaling limit of lattice parameters by

mR
=—=_lm N¢ 11
* 4 N—o00,t—0 ( )

or more precisely

4z
R= lim Na, m= lim —, 1.2)

N—o0,a—0 t—0,a—0 a

whereN is the width of the lattice in lattice spacingsis the lattice spacingy; is a massR

is the continuum length scale = (L + 1)/4 is the correlation length exponent ang p?

is the deviation from critical temperature variable witlthe elliptic nome appearing in the
Boltzmann weights of thé ; models.

Our primary goal in this series of papers is to extend the analysis of Pearce and Nienhuis
to all excitations of theA4 model both in the massive and massless regimes. This entails
perturbing the analysis of O’'Brien, Pearce and Warnaar [20] off criticality. To handle the
problem of classification of all the excitations it is easier to introduce boundaries and to
work on the cylinder even though a study of boundary properties is not our primary goal.
Our immediate goal is to study the flow of excitation energies from the R Q) to the
IR (R — o0) limit. In the massive case we are thus able to compile the conformal-massive
dictionary that eluded Melzer [25]. In the massless case considered in paper Il [26], we
follow the renormalization group flow from the tricritical to the critical Ising model fixed
points. This leads to a flow between the characters of these theories.

In this paper we consider just the massive regime. The layout of the paper is as
follows. In Section 2 we define the&, lattice model. We then describe the classification
of excitations and discuss their unique labelling in terms of quantum numbers. This
classification is in fact identical to the classification [20] at the tricritical point. In Section 3
we present the derivation of the off-critical massive TBA equations. The numerical solution
of these equations is presented in Section 4. Throughout we concentrate on the, three
boundary conditions witk = 1 rather than presenting exhaustive results for the six distinct
(r, s) boundary conditions. We believe these results are indicative of what can be achieved.
While the calculations are similar for the other boundary conditions, we point out that
in some cases there are further subtleties related to the appearance of frozen zeros. We
conclude with a general discussion.

2. Latticeapproach
2.1. A4 lattice model

The A4 RSOS lattice model is defined on a square lattice with spins or heights
1, 2, 3, 4 restricted so that nearest neighbour heights diffetthy This model corresponds
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to the special caseé = 4 of theA; RSOS models of Andrews, Baxter and Forrester [11]
with spinsa =1, ..., L and Boltzmann weights\(= /5 for the A4 model)

W(ail a u>:m, (2.1)
a a¥F1 1 (2)
W,y “E ) - (Lt 1>k>>1/ " 1) 2.2)
aFl a 92(ar) 1(X)
a atl . t1(ar £ u)
W(a:l:l a u>_W @

Hereu is the spectral parameter,= = /(L + 1) is the crossing parameter add(u) =
%1(u, p) is one of the standard elliptic theta functions as given in Gradshteyn and
Ryzhik [27]

o
91(u, p) =2p"*sinu [ [(1-2p* cosa + p™) (1 p?), (2.4)
n=1
o
912(u, p) = 2p**cosu [ [ (14 2p™ cos + p*') (1 - p*). (2.5)
n=1
o
913, p) = [ [ (14 2p* T cosu + p?@ =) (1- p?), (2.6)
n=1
o
9au, p) = [ [(1—2p*tcosdu + p?@ D) (1- p™). (2.7)
n=1
Integrability derives from the fact that these local face weights satisfy the Yang—Baxter

equation.

The elliptic nomep is a temperature-like variable. Tig lattice models are critical for
p = 0 and off-critical forp # 0 so we introduce the deviation from critical temperature
variabler = p2. There are four distinct off-critical physical regimes depending on the sign
of u andz:

Regime I: —m/2+ A <u <0, —1<1t<0,

Regime Il: —m/24+ 12 <u <0, O<r<1,

Regime lIl: O<u <A, O<t<l1,

Regime IV: O<u <A, —-1<t<0. (2.8)
It is convenient to express the norpén terms of a real parameter> 0 by

e ¢ Regimes Il and Il]
_ ’ : " 2.9

P {ie‘”, Regimes | and IV (2.9)
so that|p| <1 and

t = p? = Lexp(—2r¢). (2.10)

In particular, the elliptia?; functions satisfy the quasiperiodicity properties
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Fig. 1. A4 andT» graphs of allowed neighboring states for thelattice model and its particle (hard
square) representation.

1w+, p) = —01(u, p), (2.11)
91(u —ilogp, p) = —p~te 2" 91 (u, p). (2.12)

Regimes Ill and IV are of interest in this series of papers since they are associated, in the
continuum scaling limit, with the massive and massless thermal perturbations of the unitary
minimal models, respectively. In Regime Ill, considered in this pgpés,real whereas in
Regime IV p is pure imaginary. Regimes | and Il relateZ@_1 parafermions and so are

not considered here.

Although we will not use it in this paper, an alternative formulation of #xemodel is
the particle orT> tadpole representation as shown in Fig. 1. This formulation is obtained
by folding the A4 diagram and identifying the states related by #yeheight reversal
symmetry. More specifically, we can identify the staies 1, 4 with u = 1 and regard this
as indicating the presence of a particle or an occupied site and we can identify the states
a = 2,3 with u = 0 and regard this as indicating the absence of a particle or a vacant site.
Once we fix the sublattice of the square lattice which has odd heights, the identification
of height and patrticle states is a one-to-one correspondence. The adjacency constraint on
the heights of thed4 model translates into the exclusion of simultaneous occupancy of
adjacent sites by particles. In this way the particle representation is seen to be equivalent
to a model of interacting hard squares on the square lattice. The Boltzmann weights of
this hard square model are simply given by replacing the heightsl, 2, 3,4 by the
corresponding particle occupation numbgrs: 0, 1.

The isotropic phase diagram of th#, or interacting hard square model is shown in
Fig. 2 alongside the corresponding renormalization group flow in the continuum scaling
limit about the tricritical point. The continuum scaling limits in Regimes IIl and IV give
rise to the massive and massless flows respectively where the perturbation paramBter is
or u.

2.2. Double row transfer matrices

To ensure integrability of thet, model in the presence of a boundary [19] we need
commuting double row transfer matrices and triangle boundary weights which satisfy the
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Fig. 2. Isotropic phase diagram of thy or interacting hard square model showing the phase
boundary (solid and thick solid curves) between the fluid and square ordered solid phases. The
fugacity of the particles is andL is the attraction between particles. The tricritical pdirdeparates

the line of Ising critical points (solid curve) from the first-order line (thick solid curve, Regime ).
The model is exactly solvable on the first-order line and its analytic continuation (dashed line,
Regime 1V). The exact solution curve and Ising critical line are tangentiéil &he renormalization

group flow in the continuum scaling limit about the tricritical paihts shown below for comparison.

The central charge is indicated at the tricritical, critical and trivial fixed points.

boundary Yang—Baxter equation. The triangle weights for(the) boundary condition
with 1 <r <3 and 1< s < 4 are given by

K<’ ra1|u ) _ (l’l“r il)k))”m(u £ EL)D1W FrAFEr)

r »SL 191(7')\,) ’l?f()\,) ,

K(s1 % |ugg)= (HEEDY Y294 £ ER)Va(u F 51 F ) (2.13)
sl R )= 91(sh) ﬁf(k) . .

The parameter§;, Eg are arbitrary and can be taken to be complex, however here we
restrict them to the real intervah /2, ). To obtain conformal boundary conditions at
the isotropic tricritical point = A/2, t = p = 0 we should choose [28}, = &r = 1/2.
Integrability in the presence of these boundaries derives from the fact that these boundary
triangle weights satisfy the boundary Yang—Baxter equation.

The face and triangle boundary weights are used to construct [19] a family of commuting
double row transfer matrice®(«). For a lattice of widthv, the entries ofD(«) are given
diagrammatically by
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r r by b by-1 K} K
A—u A—u A—u
DW= ¥
(Wa.p M—u co a c2 CN-1 v\ U
€Q,---,CN
u u u
r r ay as an—_1 s K
(2.14)

It is further convenient to define the normalized transfer matrix

B 2, patp) 1
t(u)=Srs(w)Su) |:l 10u 1 3. p) o+ 5 p)] D), (2.15)
where
B 91(2u — A, p)?
S) = 91(2u — 3x, p)91(2u + A, p) (2.16)
and
Srs) = (1) hp(u — EL)h—p (u + EL) s (u — ER)h—s (u + &ER) (2.17)
with
Iy (1) = 1A, P+ B —r)A, p)iw + (1 —r)A, p) ’ (2.18)
i) = Ba(h, p)Pa(u + (3 —s)A, p)Pau + (1 —s)A, p) (2.19)

Va(u, p)9a(u — A, p)¥a(u + 2, p)
It can then be shown [19] that the normalized transfer matrix satisfies the universal TBA
functional equation

()t +2) =T +t(u+ 30 (2.20)

independent of the boundary conditi¢n s). This is precisely the same TBA functional
equation that holds in the periodic case [14]. Since the transfer matrices commute this
functional equation also holds for each eigenval@e of ¢ (u).

The TBA functional equations will be solved for the finite-size corrections to the
eigenvalue®d (u) of the double row transfer matricd®(u). In the scaling limit, the finite-
size corrections to the eigenvalubsu) are related to the excitation energie6r) of the
associated perturbed conformal field theory by

_% log D(u) = N foulk(u) + by s(u) + Rsll]nﬂ E(R) + 0(%), (2.21)

where fouik(u) is the bulk free energyb,(u) is the boundary free energy and the
anisotropy angle is given by

(L + Du, Regimes lll and 1V

L-1"

Regimes | and II. (2.22)



546 P.A. Pearce et al. / Nuclear Physics B 601 [FS] (2001) 539-568

Depending on the boundary conditions, the boundary free engrgy) may contain

an interfacial free energy contribution. The bulk and boundary free energies can be
calculated [29-31] by the inversion relation method. Despite the appearancavof 1
corrections, the system is not in general conformally invariant. The system is conformal
however at critical points which can occur in the ultraviolBt-{- 0) and infrared g —

00) limits with

Rger) — —%‘r +Ars+n, neN, (2.23)
where ¢ is the central charge of the appropriate conformal field thedyy, are the
related conformal weights and= 0, 1, ..., labels the tower of descendants. The largest
eigenvalue occurs for the vacuum or ground state with the boundary condition=

(1,1). In this caseA; 1 = 0 andrn = 0. The massiveR — oo scaling limit in Regime |ll,
however, is trivial in the sense that for this ground stRi#®(R) — 0 corresponding to

¢ = 0 and the scattering of free massive particles.

2.3. Classification(m, n) systems and quantum numbers

TBA functional equations admit infinite families of solutions for the eigenvalies
The analyticity properties are therefore crucial in selecting out the required solutions. The
transfer matrix eigenvalueB(«) are entire functions af and are characterised (up to an
overall constant) by their zeros in the compleyplane. It is precisely at these zeros that
log? (#) is non-analytic but analyticity of logu) is required to solve the TBA functional
equations by Fourier series. From quasiperiodicity, the mafrix and eigenvalues(u)
are doubly periodic. It follows that the eigenvalués) are doubly periodic meromorphic
functions. It is convenient to fix the period rectangles as

(-3.%) % (-%.%). Regimell

(A9A

_ (2.24)
-3, ?) X (—nia,nia), Regime IV

period rectangle- i
so we then only need to consider the analyticity inside these period rectangles. In
Regime IV there is an additional symmetry within the period rectangle

twxtn/2+mie)=1t(u) (2.25)

so we can restrict ourselves further to the rectan(g%,Zk) x (—mie, wie). The
normalization factors relatin@ (1) to ¢(u) only introduce extra zeros and poles on the
real axis. SinceD(«) is real symmetric for reat, that isD(u) = D(u)", it follows that,

for any eigenvalu® (u) or ¢ (1), the distribution of zeros in the upper and lower half planes
are identical and simply related by complex conjugation. It is therefore sufficient to classify
the eigenvalues by the patterns of zeros in the upper half period rectangle.

It turns out that in Regime Il the pattern of zeros inside the periodic rectangle is
qualitatively the same as in the critical case. This was observed by direct numerical
diagonalization of a sequence of finite-size transfer matrices approaching the scaling limit
N — oo, t — 0 for modest sizes oN. As a consequence, in Regime Il we can use
the known classification [20] of eigenvalues at the tricritical poiRt=£ 0) in terms of
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(m, n) systems and this classification will apply for aRyin the range G R < oo. This
simplifying feature does not hold in the massless Regime IV where in stark contrast some
of the patterns of zeros qualitatively change under the floR @sreases [26]. Since the
classification of excitations in Regime 11l of interest here is the same as at the tricritical
point we summarise the salient features of this classification here. We limit discussion to
the boundary conditiolr, s) = (1, 1). The other cases are similar [20] although in some
cases it is necessary to introduce twe, r) systems for a givery, s) boundary condition.

The analyticity properties ab(«) are relevant in the two analyticity strips

A 31
—3 < Reu) < R 20 < Re(u) < 4. (2.26)

We refer to these as strip 1 and 2 respectively and label them=byl, 2. Since the
Boltzmann weights are real and positive foeQ: < A, strip 1 is referred to as the physical
analyticity strip. From direct numerical diagonalization®{u) with the (1, 1) boundary
condition we observe that, apart from a pair of zeros on the real axis=at + &, and

u =5\ — &7 induced by the left boundary triangle weight, each eigenvalue has zeros on the
lines Reu) = —A/2, A/2, 31/2, 2), 4) corresponding to the edges and center lines of the
two analyticity strips. Specifically, 1-strings and 2-strings occur in strip 1 and 2. A 1-string
is given by a single zerg; in the center of a strip such that

N A/2, strip 1,
Re(uj)_{BA, strip 2. (2.27)

A 2-string is a pair of zerog, u;.) on the edge of a strip with equal imaginary part and

, (=X1/2,3%/2), stripl,

(Re(uj)’ Re(uf)) - { (2x,4)0), strip 2.
Distributions of zeros for two typical eigenvalues bfu) for N = 16 are depicted in
Figs. 3 and 4. We note that for finit¥ the 2-strings do not fall precisely on the lines
given in Eq. (2.28), but that this deviation decreases exponentially, that|&"asvith
|8] <1, asN increases. These patterns are consistent with the croBgimg= D(A — u)
and transpos® (1) = D(u)" symmetry of the double row transfer matrix.

Given an eigenvalue, we denote the number of strings in the upper half period rectangle
as follows:

(2.28)

m; = number of 1-strings in strip=1, 2,
n; = number of 2-strings in strip=1, 2. (2.29)

The relations [20] between these numbers determining the string content take the form of
an (m, n)-system [21,22]

1
m-+n= E(Nel +Zm), (2.30)

wherem = (m1, m2), n = (n1,n2), e1 = (1,0), andZ is the A incidence matrix with
entriesZ; , = §j—«|,1. Clearly here we require that;, mo andN are even. For the leading
excitationsn1, mo, no are finite butuy ~ N/2 asN — oo. Indeed, the vacuum or ground
state is given byn1 =mo =no =0 andny = N/2.
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Fig. 3. Zeros within a period rectangle in the compleglane of the largest eigenvalue Biu) with
string conteniny =6,n1 =3,my=2,n =1.
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Fig. 4. Zeros within a period rectangle in the compleglane of another typical eigenvalue Bf(u)
with string conteninq = 6, n1 = 3, ma = 2, np = 1. This pattern of zeros is obtained by permuting
the ordering of the 1-strings and 2-strings within each strip of Fig. 3.

For each system siz€, there are many eigenvalues with the same string cotignt).
These eigenvalues are distinguished by the relative vertical orderings of the 1 and 2-strings
within the period rectangle along each strip. Denoting the imaginary parts of the 1-strings
in stripi by 0< vi’) << v,(,;) and the imaginary parts of the 2-strings in stripy
0<wl) <...<w, we see thatin Fig. 3

0< wil) < wgl) < wgl) < vgl) < vél) << vél),

0< wgz) < viz) < véz), (2.31)
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whereas in Fig. 4, which has the same string content,

0< wgl) < U;_l) < Uél) < wél) < Uél) < wél) < Ufll) < Uél) < Uél),

0< v&z) < wgz) < véz). (2.32)

Notice that the 1-strings§.i) and 2-string31)§.i) labelled byj =1 are closest to the real
axis. Clearly, the total number of possible orderings for a given string cotignt) is
(’"inj“l’”)(’”fnt”z). Summing over all allowed string conteris, n) using (2.30) then gives

Z <m1 —i—nl) <m2 + nz) — Al (2.33)

m m
(nn) 1 2

This is indeed the correct number of eigenvalues as given by the dimension of the double
row transfer matrix, which is&fl‘fl, the number ofV-step paths from 1 to 1, whereis the
A4 adjacency matrix.
In the scaling limit
_ mR

=—= lim N4 2.34
* 4 N—o0, t—0 ! ( 3)

the positions of the 1- and 2-strings grow logarithmically as

; i 1 1 1
@ 0 = _ = _ -
v w; 4Iogt + const 5IogN 5logu+const (2.35)

More specifically, we define the scaled locations of the strings in steps, 2 as

. _ . 5
B = lim (5vj’>+zlogt), i=12, ... mi,

N—o0,t—0

N—o00,t—0

. _ .5
vy = lim <5w,£l) + |ogt>, k=1,2,...,ma. (2.36)

An excitation with string contentm, rn) is uniquely labelled by a set of quantum
numbers
I=(IY0) =P, . 102, 5P, 1), (2.37)

> fmy s fmo

where the integerﬁ}” e N with i =1, 2 give the number of 2-strings whose imaginary

partSw,((i) are greater than that of the given 1—strim§éf. Clearly, the quantum numbers

) ;
1,7 satisfy
. ) () ) :_
njz2ly” 2L > =1 20, i=12 (2.38)

Conversely, given the quantum numbers we can read off the valuesafidm, and then

n1 andny are uniquely determined by the:, n) system. For given string contet, n),

the lowest excitation occurs when all of the 1-strings are further out from the real axis than
all of the 2-strings. In this case all of the quantum numbers valﬁéh: 0. Bringing the
location of a 1-string closer to the real axis by interchanging the location of the 1-string
with a 2-string increments its quantum number by one unit and increases the energy. At the
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tricritical point whereR = 0 these jumps in energy are quantised in a tower with energy
levels given by [20]

2 m;
. RE(R) 1)
E = lim =—— C I: 2.39
R0 27 24+4m m+Zl 1121 (2.39)

HereC is the A, Cartan matrix and the central charge is 7/10.

More succinctly, the generating function for the finite-size spectra of a cylindrical lattice
built by M applications of the double row transfer matrix with 1) boundary condition
is given by a finitized Virasoro character [21,22]

N _ 1 mi+ny || mo+no
Zan@=q"=q""* " q“”’c’"[ e M s } = X171 @) (2:40)
E (m,n)

where the sum is over the finitez, n) systemy is the modular parameter

M
qg= exp(—Znﬁ sinz?) (2.41)

andM/N isthe aspectratio of the lattice. In the isotropic case when./2, the anistropy
angle? = /2 and the geometric factor sth= 1. Theg-binomial or Gaussian polynomial
is defined by

Iy—1 (Q)m-i-n
[m+n] Z Z DY gl = (q)m(q>n m.n >0, (2.42)

=00=0  I,,=0 otherwise

with the g-factorials(¢),, = (1 —¢q)--- (1 — qm) for m > 1 and(g)o = 1. In the limit
q — 1 theg-binomials reduce to the usual binomial coefficients and the partition function
just counts the number of states as in (2.33). Note also that

lim [m+”]= ["o} -1 (2.43)
oo m m |~ @m

After using the(m, n) system to eliminate:; andny, the finitized character gives the
fermionic representation of the usual Virasoro character in the mit co

N) 24 g1"Cm [ 1y
Jm g @)= gty — [2"1 } = x1,1(q)- (2.44)
- m1, moeven (q)ml 2

More generally, as explained in [20], the finitized partition functiongfos) boundary
conditions atR = 0 are given in terms of finitized characters

”)(q)_q St Aps— L (s—r)(s—r—1) Z imCm—Limg_y 1—[ [mi+nz} (N)(q)

mi
(m,n) i=12
(2.45)
where the(m, n) system for ther, s) boundary condition is

1
m+n=5(Ney+Im+es 1+ eqr). (2.46)
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Hence in the limitN — oo we recover the known conformal cylinder partition functions
in terms of Virasoro characters

Zrs(g) = lim Xr(N)(CI)ZXr,x(CI)' (2.47)

3. TBA equationsin Regimelll
3.1. Secto(r,s)=(1,1)

In this section we derive the TBA equations for ttres) = (1, 1) boundary by solving
the TBA functional equations in the scaling limit for evéh We follow closely the
derivations in [20] and [24]. The derivation for other boundary conditions is similar. We
begin by factorizing (v) for largeN as

1(u) = fu)g)l(u), (3.1)

where f(u) accounts for the bulk orde¥- behaviour, g(u) the order-1 boundary
contributions and(x) is the order-1N finite-size correction. We will solve fof (u), g(u)
and theri (1) sequentially.

For the orderN behaviour the second term on the RHS of the TBA functional
equation (2.20) can be neglected giving the inversion relation

f@fw+r=1 (3.2)
The prefactor in (2.15) induces poles of orde&¥ 2t u = 21 andu = 4, and a zero of
order 2V atu = 3A. The required solution with this analyticity is
1, ~% <Re(u) <%
fw = [i 92(%, %)
91(3, 15/4)
Similarly to the critical case, putting this solution into the TBA functional equations
implies the order-1 functional equations fg(u)

2N
3.3
] . % <Rew) < %. (33)

1, —% <Re(u) < %,
1+ g(u—210), 37)‘<Re(u)<97)‘.
To solve forg(u) we need to take into account the order-1 zeros and poles introduced by
the order-1 prefactor in (2.15)

gw)gu+1) = { (3.4)

91(A, p)?Va(k, p)?
S11(u) = P P . (3.9)
(=& — A, p)D1(u + &L, p)Pa(u —Eg — A, p)Da(u + &g, p)
The order-1 zeros ob(u) cancel exactly the poles ¢f 1(«). HoweverS(«) introduces
poles atu = —% + i£5<, 3; + 55,20+ i555, 40 + i35, and double zeros at =

R O T e "’“ wherep =0, il Thus the solution in strip 1 is given by

_ _[Msm —1/2)/2,1%/8) T
8 == B = 12)/2.157%)

(3.6)
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The solution forg(u) in strip 2 is more involved and requires solving the functional
relation for logg (1) by Fourier series. To proceed we fix lines of constant real part in the
centers of each of the two strips in theplane and a real coordinateby

A .
-+ E, strip 1

u=12"75 (3.7)
3+ 5 strip 2

It is then natural to define generically for the functidns ¢, f, g, [ the notations

L
hl(x):h(z—i—%), Im@)| <7, (3.8)
hz(x):h(3k+ %) Im@)| <, (3.8b)
Hi(x) =1+ hi(x), Ha(x) =1+ ha(x). (3.8¢c)

In the variablex, the functional relations become

i T

gl(x — 7>g1<x + ?) =1, (3.9a)
i T

&G—E)&Q+E)=mum (3.9b)

One can show that the ratigp(x)/g1(x) is free of zeros and poles faim(x)| < .
Similarly, G1(x) is analytic and non-zero iim(x)| < 7 /2. Thus solving the functional
relation forgz(x) using Fourier series, we find

log g2(x) =logg1(x) + & *log G1(x), (3.10)

where the kernel in the convolution is
92(0, 12")93(0, r?")D3(ix, 1%")
e(x) = ,
2 92(ix, t2V)
andv = 5/4. We do not need the explicit soluti@a(x) since we only need to evaluate it
in the scaling limit.
The functional relations for the finite-size correctidrig) are obtained from (2.20)

using (3.3) and (3.9)

ll(x - %>11<x + ”—2’) — (), (3.12a)

i wi\ T1(x)
12<x — 7)12()( + 7) = G1) (3.12b)

To solve for logi(x) and logz2(x) we need to remove the singularities arising from the
zeros in the interior of strips 1 and 2, that is, the andm> 1—strings{% + ivﬁ.l)} and

(3.11)

{3r = lv(z)} Using elementary solutions of the inversion relatign— i)l(x + ”7") =1
with a single zero inside the analyticity strip we find

" )1_[ 4 3ivl 5o, - Sivl, 15/
X : s
j= 119 2“’(1) 5/4)91( — Sivy 15/%)

i=12 (3.13)
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is free of zeros and poles inside each strip. Applying Fourier series to the logarithms
of (3.12) and using Fourier inversion thus gives the following nonlinear integral equations
valid for |Im(x)| <

+exlogTo(x) + Cq,

i . (1 5 ix @ 2
191(% + %lv(- t4)z91(7 2lv 12
logli(x) = Zlog -

i 5. () 2 i @ .5
1 2%+ givy ) va(F - Givy

(3.14a)
ny ix | 5: (2 2 ix @ .5
(5 + 5iv, 7, t3)01( > 2iv , 14 T1(x)
logl2(x) =} log (-2 2 ’Ez) 5) (-2 : ’Ez) 5) +exlog + Ca,
k=1 292(% + zivk s tﬁ)ﬁz(% Zlvk 13 Gi1(x)
(3.14b)

where the integration constant§ and C, are multiples ofri related to the choices of
branches for the logarithms. By going to the critical limit> 0, and comparing these
equations with the corresponding equations in [20], one findsGhat C> = 0. In effect
we are fixing the branches of the logarithmg péxactly as in the critical case.

We next write these equations in termggfr) andz(x) as

logri(x) =log f1(x) + logg1(x) + € x log T2 (x)
o i3+ 2“’(1) t%)ﬁl(% - 2“’(1) “)

192(% + szﬁ»l), t%)ﬂz(% - szﬁl), tZ)

j=1
logr(x) =log f2(x) + logga(x) + &€ xlogT1(x) — & *logG1(x)
m ix 2 2
—i-ilogﬂl(z +Siy 18) (5 - 3iy 1) (3.15)

o v%+ 32 rf)oa(s - i E)

We are interested in the solutions of these equations in the scaling limit. Repiaéing
by /N we see that all dependence odisappears and only a dependenceé\oremains.
We assume the relevant functions have the general scaling form

h(x)= lim h(x +logN) (3.16)
N—o0
and set
e W = lim ¢ <19 —log ﬁ) =1;(% —logu), i=12 (3.17)
N—o0 N

with u =mR/4 > 0. Theg; (¢#) are precisely the pseudo-energies and the rapidity.
Now taking the scaling limit of the nonlinear integral equations using (3.3), (3.9), (3.14)
and (3.17) gives the excited TBA equations

@

®)=—lo tanﬁg—ilo [tan g+}6’— tan g—il))]
€1(?) = —logtantt 5 9 r(2 2) r(2 2

j=1

00 !
L[y log(1+ e—€2("))
27 cosh® — ¥)

)
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;6(2) 9 5(2)
€2(¥) = 2mR coshy — Iogtanﬁ - — Zlog[tank< 5 5 )tank(E — T)]

0 ’
1 g9’ log(1 + e~<1("))
27 cosh(® — v)

—00

, (3.18)

where we have moved to the scaled locations of zﬁf’asas given by (2.36).

The excited TBA equations contaimy + m2 extra parameters which are the locations
of the zeros inside strips 1 and 2. These can be determined by considering the scaling limit
of the TBA functional equations

t1<x—i%)t1<x+i%> —14100), (3.19)

t2<x —i%)tz(x—i—i%) — 14 1(x). (3.20)

Settingx = % + 5v§.i) we see that the LHS must vanish. Hence one can show that in the
scaling limit

(1)
(/3(1) T” |Og'u) —_l—e_nj T”, ] :1, 2,...,7”’!1, (321)
2
(ﬂ(z) il IogM) = 1= k=1,2,.... mo (3.22)
wheren(l) andn(z) are odd integers. Moreover these integers, which are determined by

wmdmgs must be precisely the same as in the critical ¢Rse 0), namely,

n =20m1— j)—ma+1+210, j=12....m, (3.23)

<2) =2mp—k) —m1+1+212, k=1,2,...,mo. (3.24)
Applying (3.17), the auxiliary conditions determining the locations of zeros become
ez(ﬂ(l) %) =nPmi, j=1.2...m, (3.25)
(ﬁ@) %) nPri, k=1,2,...,m. (3.26)

For numerical purposes we need a more explicit form of the auxiliary equations obtained
by replacingy with ﬂj(.’) — %} in the TBA equations

—2mRsinhp Y

e . 2 _ g0
/‘dz‘} log(l+e 1(19))_ ng{@ﬂ(m By 2ﬂ, >]

2n smh(ﬂ(.l)

xi B +B)” xi B
—i Zlog[tan f’)] —i Iog[tanf?(z - jT)} —i—n(l)rr
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@ 2
dvo Iog(1+e‘52(1‘})) [ r( ﬂ 5 )}
—_ E log| tan| — + L ———

f ]

2m smh(ﬂ(z)
mi 2 (1) . 2
—i Zlog[tan il %)} —i Iog[tant?(—l - ﬁ"T)] +nPn.
(3.27)

We propose (3.18), together with the auxiliary equations (3.27), as the TBA equations for
all excitations in the massive perturbation of the tricritical Ising model on a cylinder with
the (1, 1) boundary condition.

It remains to relate the finite-size corrections to the pseudo-energies to obtain the
scaled energies. Again following [20], one can determine the finite-size corrections to the
eigenvalues of the double row transfer matrix from (3.14) as

o
1 mR cosh | <X @ 1
= - _ —€2(9)
2Iong(x)_ N [ZZcoshﬂj - /dz? coshy Iog(l+e €2 ) ,
j=1 —00
(3.28)
where we have neglected terms of ordét/N). The scaling energies of excitations are

therefore

my o0
R
RE(R)=2mR) coshﬂ](.l) - ’Z— f dv coshd log(1 4 e~<2™). (3.29)
JT
j=l —00

3.2. Analysis of UV and IR limits

One can check that the UV limR — 0 of the massive TBA equations reproduces the
“conformal TBA’ equations of O'Brien, Pearce and Warnaar [20]. To do this, one should
make the identifications

R
~ log mT +x, ﬁ;’) Iog + yﬁ’) (3.30)

and for the pseudo-energies

@(x)'ve(logg +x>. (3.31)

Doing this we find that this limit indeed reproduces the known “conformal TBA’ equations.

The IR limit R — oo of the massive TBA equations can also give many insights on the
field theoretic behaviours. In this limit one can interpret the auxiliary equations (3.27) as
Bethe ansatz equations filan massive particles angl; massless particles interacting with
each other. The momenta and energies of the particles determined by the equations will
introduce corrections in the total energy corresponding to vacuum polarization due to a
large but finite value ofz R.

In this limit we find that the TBA equations become

€2(9) ~ 2m R cosh + O(1), (3.32)
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@
coshy + 1 1 coshy + coshg:
a() =1 [ ] +) lo [ ’(1)} (3.33)
i cosh? — coshg;
and the first auxiliary equation is simplified as
1
2mRsinhgY = —(ma+1+n\")7 +O(E>. (3.34)
This implies
(m2+1+n(-1))7r 1
B+ ) (3:35)

Substituting these results into the second auxiliary equation in (3.27) we find

. (2
€1 (5 > ) =(@m1+1) Iog[—_l Slnhﬁ(z) +0 i i (3.36)

Solving this in the IR limit gives the limiting locations of zeros in strip 2

@,

sinhg? —cot(nki), k=1,2,...,mo. (3.37)
2(m1+1)

Finally, the larger limit of the scaling energy is given by

E(R) ~2mim — 2ﬂ / d coshy S()e2mReosh (3.38)
T

—00

whereS(¥) is given by Q1) term inex(¥)

S =tani? 2 H[coshz‘} - coshﬁij } ox ]0 dv’ log(1+ tantp(mi+D %)
coshy + coshg, 21 coshy — o)

o (3.39)
The leading term is the energy of; massive particles with zero momentum and the
second term describes the finite-size vacuum polarization in the presemgentdissless
particles with momenta given by (3.37). Notice that the contribution from three particle
interactions in the Yang—Lee model [6,7] is absent here since the relativistic kink particles
do not have bound states. The quantum numbegiving the number of massive particles
can be identified as the number of domain walls or kinks in the configurations of the
RSOS off-criticalA4 lattice model in Regime Ill. This identification is possible because
the same classification of eigenvalues in termsmfn) systems applies to the lattice
model throughout the off-critical Regime 1ll. Indeed, @n, n) system appears in (2.5b)
and (2.6) of [15] witht = m1, s = m2, r = n1 and p = ny. Although the periodic case
was considered in this previous paper the sémen) system applies for the, s) = (1, 1)
boundary condition with double row transfer matrices. The identification of the number of
massive particles:; with the number of domain walls can therefore be easily made by
looking at low temperature expansions.
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4. Massive numerics

Away from the UV and IR limits, the excited TBA equations and associated auxiliary
equations can only be solved numerically. While simple iteration of pseudo-energies is
usually enough for ground-state TBA analysis, extra complications arise for excited TBA
equations due to the presence of the zeros.

Our numerical algorithm is to iteratively update the pseudo-energies with previously
determined values of the zeros and then to find new values for the zeros using the updated
pseudo-energies. This iteration continues until we obtain the required data with a desired
accuracy. One delicate point arises when one solves the auxiliary equations. There is no
natural way to rearrange the second equationin (3.27) to express the zeros in strip 2 directly

2

in terms of other quantities. Instead, we use the log téffd = —i Iog[tanr?(%i - %)]
as iteration variable which gives, in turn by inversion, the improved values of the zeros
ﬂ,ﬁz) in strip 2. This®® is naturally interpreted as a phase factor. We coded the algorithm
in the MATLAB™/Octave programming language. Typical running time on a 500 MHz
computer to achieve an accuracy of five decimal digits is about one minute for a given
value ofR.

For the purposes of plotting numerical data it is convenient to normalize the scaling
energiesRE(R). As we have discussed, the leading ternRifi(R) diverges linearly with
R asR — oo while it approaches a constant&s— 0. To plot the whole flow from UV to
IR in one plot, we use a normalized scaling function

RE(R)

R)=—""" 4.1
ER) 2(r +mR) (4.1)
with the UV and IR limits
) 7 .
£(0) :IL|LnOS(R) _—2—40+ Ars+n, E(00) _Rll_r)nooe(R) =mj. 4.2)

4.1. Sectolr,s) = (1, 1)

In Fig. 5 we show our numerical results for thes) = (1, 1) boundary condition. This
sector has an even number of zeros in each of the two strips. The vertical axis is the
normalized scaling functiofi(R) and the horizontal axis is lqgg(m R). We plot selected
normalized scaling energies for upiq = 6 zeros in strip 1 angi> = 2 zeros in strip 2 for
allowed quantum numbers including the lowest 30 levels. Note that eigenvalues which are
degenerate in the conformal UV limit become non-degenerate when the perturbing thermal
field is turned on and the conformal symmetry is broken. Table 1 summarizes how the UV
descendant levels flow into the IR particle states. The plotted energy levels are complete
in the conformal limit up to: = 9 corresponding to the expansion of the finitized Virasoro
character (2.40) in the limiV — oo

R N I E R
e
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Fig. 5. Normalized scaling energi€$R) = 255,%) plotted against logym R for the(r, s) = (1, 1)
boundary condition.
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Table 1

Energy levels for thgr, s) = (1, 1) boundary condition withA = 0. The quantum numberngq,

mo, 1 =Y 1D 4+ 5" 1 are shown along with the conformal-massive dictionary connecting
the UV conformal dataA + n with the number of massive particlégoo) = m1 in the IR limit.

The degeneracies# [£1|¢2] indicate that!q levels are plotted out of thé& levels with the given
guantum numbers. The plotted energy levels are complete in the conformal limitup $0

my mp Y1 # A+n  E(00) my mp Y1 # A+n  E(c0)
O 0 0 [y o 0 2 0 9 [35 11 2
2 0 0 [uy 2 2 4 0 3 3 11 4
2 0 1 [uy 3 2 4 2 5 (U6 11 4
2 0 2 [22 4 2 2 0 10 (16 12 2
2 0 3 [221 5 2 4 0 4 (15 @ 12 4
2 0 4 33 6 2 4 2 6 (U9 12 4
4 2 0 [y 6 4 2 0 11 (U6 13 2
2 0 5 33 7 2 4 0 5 (16 13 4
4 2 1 @y 7 4 4 2 7 Q11 13 4
2 0 6 [44 8 2 2 0 12 [Un 14 2
4 0 0 [y 8 4 4 0 6 [U9 14 4
4 2 2 221 8 4 4 2 8 (115 14 4
2 0 7 44 9 2 6 2 0 (U 14 6
4 0 1 [y 9 4 2 0 13 (U7 15 2
4 2 3 33 9 4 4 0 7 [ 15 4
2 0 8 [35 10 2 4 2 9 [17 15 4
4 0 2 [221 10 4 6 2 1 [U2 15 6
4 2 4 (15 10 4
=1+¢°(1+q+29°+2¢°+3¢" +3¢° +44°+ 49" + )
+q®A+g+-)+q°(A+q+20°+3¢3+.. )+
=1+*+q°+ 24" +2¢° + 4%+ 49" + 74®+8¢°+ ... (4.3)

The location of zeros also flow & changes. To illustrate this, we plot in Fig. 6 the
locations of the eight zeros for the energy level with= 6, mo = 2 and quantum numbers
(IM1?) =(1,0,0,0,0,0/1,0). Near the UV limit, the zeros are linear in logR) as
expected in (3.30). One can check that the constant separations between them agree with
those from the “conformal TBA’ equations. The IR behaviour of the zeros is also as
expected. The six zeros in strip 1 decay exponentially to 0 as plotted againstipg
This is in accord with the fact that the zeros approach 0 asR and the constants
of proportionality are confirmed to be precisely those in (3.35). The massive particle
states become frozen in the IR limit and accordingly the two zeros in strip 2 converge
exponentially to the finite constant values given by (3.37). The massless particles have
prescribed momenta in the same limit. These behaviours are reproduced consistently in the
analysis of all other boundary conditions and quantum numbers.



560 P.A. Pearce et al. / Nuclear Physics B 601 [FS] (2001) 539-568

-1 -0.5 0 0.5 1 1.5 2 25
log mR

Fig. 6. Locations of zeros plotted against {gg: R for a typical energy level for thér, s) = (1, 1)
boundary condition. Hergi; = 6, mp =2 and(IV 1) = (1,0,0,0,0,0/1,0). As R — oo, the

six zeros in strip 1 approach zero while the two zeros in strip 2 converge to constants given by (3.37).
Since the zeros are in different strips there are no collisions of zeros.
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4.2. Sectolr,s) =(3,1)
In this sector, th&m, n) system is

m+n= %[(N + De1 +Zm] (4.4)

andN andm are even whileny is odd. Hence there is an even number of zeros in strip 1
and an odd number in strip 2. Repeating the derivation of the TBA equations leads to the
same equations as for tle s) = (1, 1) boundary condition but with—<2?) replaced with
—e~22(")_ The TBA equations in this sector thus become

@

9)=—lo tanﬁﬁ—mllo tan §+ﬁj tan 19_/3;1)
1) = —logtantt 5 — 3 log| tant{ 5 + - tan( 5 - )|

j=1

0 ’
_ L[ log— o)
27 cosh(® — )

—00

/3(2) 9 13152)
€2(9) = 2m R coshy — Iogtanﬁ ~ - Zlog[tank( R )tanl—(E - T)]

00 !
L[y log(1+ e—€1("))
27 cosh® — ¥)

—00

The auxiliary equations are

. @ _
W dv log(1+ e~ €1(9)) i ﬁ —B;
I e kzl"’g[‘a”*( e

(2) 1)
—i Z Iog[tan i %)]

xi BY
—i Iog[tanﬁ(z - ’7>] +n(1)71

/dﬂlog(l—eEZ(ﬁ))_lzlog[tam_(_ Y — ﬂ(z))]
J=

21 sinh(g{?

m @ g
—i Zlog[tan)(% - M)]

)

j=1
. 2
—ilog|tant?( X — P +nP7 (4.6)
4 2
and the scaling energy becomes
mi R 00
_ on_m —e2(D)
RE(R)=2mR)_cosh}"” — > /dz? coshy log (1 — e~2™). 4.7)

j=1 —00
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Table 2

Energy levels for ther, s) = (3, 1) boundary condition witldA = 3/2. The quantum numbersq,

mo, 1 =31 4+ 51 are shown along with the conformal-massive dictionary connecting
the UV conformal dataA + n with the number of massive particlégoo) = m1 in the IR limit.

The degeneracies# [£1|¢2] indicate that!q levels are plotted out of thé& levels with the given
guantum numbers. The plotted energy levels are complete in the conformal limitup $0

my mp Y1 # A+n  E(00) my mp .1 # A+n  E(c0)

2 1 o [@u 3 2 4 1 1 22 3+6 4
2 1 1 @y 3+1 0 2 2 1 7 (44 347 2
2 1 2 [220 3+2 2 4 1 2 33 3+7 4
2 1 3 [22 3+3 2 2 1 8 [55 3+8 2
2 1 4 33 3+4 2 4 1 3 [55 3+8 2
2 1 5 [33 3+5 2 2 1 9 55 3+9 2
4 1 0 [ 345 4 4 1 4 (88 3+9 4
2 1 6 [44 3+6 2

In Fig. 7 we show our numerical results for tiie s) = (3, 1) boundary condition.
The vertical axis is the normalized scaling functi6R) and the horizontal axis is
log;o(m R). We plot selected normalized scaling energies for up {e= 4 zeros in strip 1
andmy =1 zero in strip 2 for allowed quantum numbers including the lowest 49 levels.
Table 2 summarizes how the UV descendant levels flow into the IR particle states. The
plotted energy levels are complete in the conformal limit up £t 9 corresponding to the
expansion of the finitized Virasoro character in the lidit> oo

c/24 _ 32|00 [ 1], saes[ 002
9" x31(q) =¢q [2][1}+q [4}[1 +

=q**(1+9+29°+2¢°+3¢" +3¢° + 4¢° + 49" + 5¢° + 5¢° + - -
+q¥ (14 g +292 + 343 +5¢4 + - )L+ q) + -
=¢¥?(14+q+29°+2¢°+3¢* +49° +64° + 7¢" + 10¢® + 13¢° + - - )

(4.8)
4.3. Sectolr,s) =(2,1)
In this sector, th€m, n) system is
1
m+n:§(Ne1+e2+Im) 4.9

and N, my andmy are all odd. Hence there is an odd number of zeros in strip 1 and
in strip 2. Repeating the derivation of the TBA equations leads to essentially the same
equations as for thér, s) = (1,1) boundary condition but withe=<® replaced with
—e~™ j =1 2 andan additionat in the second auxiliary equation. The TBA equations

in this sector are in fact
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1 1 I I I I I

RE(R)/2(\pi+mR)
[e)]

log mR
Fig. 7. Normalized scaling energi€sR) = Z(Ifi(’f;e) plotted against logymR for the(r, s) = (3, 1)
boundary condition.
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(€8]

®)=—lo tanﬁg—ﬁlo [tan g+}6’— tan Q—QD)]
e1(9) = —log 2,9*(2 2)*(2 !

j=1

co r
1 g9’ log(1 — e—€2(?))

21 cosh® — /) ’
—00
9 ma ,3(2) ) ﬂIEZ)
€2(9) = 2m R coshy — logtanif 5= ;llog[tan)( 5+ T) tanl—(E - 7)]
o0
1 Jlog(1 — e—e1®)
_ g - 7 4.10
27 cosh® — ¥) ( )
—00

and the auxiliary equations
(2 D
dd log(l — e~ €1(9 By — B
—ZmRsinhﬂj(.l):/ M—zilog[tan il 7’)]
2 S|nf‘([3](.) 2
2 —I—ﬁ(l)

2 7i By
—zélog[tank(z f)]

. (@h]
—i Iog[tanf?(% - ﬁ’—)] +n(1)71

2
log(1 — e~ B — B2
i Sl A
21 sinh(B}
2 (@h]
i B~ +B;
—zZIog[tan #)]
(™ B @)
—ilog|tan e + (n” + )7 (4.12)
with the scaling energy
RE(R) = 2mRZcosh,6](.1) - f dv coshy log(1 — e~<2™). (4.12)
JT

j=1 “00

In Fig. 8 we show our numerical results for thes) = (2, 1) boundary condition. The
vertical axis is the normalized scaling functi6R) and the horizontal axis is lgg(m R).
We plot selected normalized scaling energies for upnto= 5 zeros in strip 1 and
mo = 3 zeros in strip 2 for allowed quantum numbers including the lowest 18 levels.
Table 3 summarizes how the UV descendant levels flow into the IR particle states. The
plotted energy levels are complete in the conformal limit up te 6 corresponding to the
expansion of the finitized Virasoro character in the lidit> oo

omnso-[3 2] S35
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RE(R)/2(\pi+mR)

N
T

0 | | | | |

log mR

Fig. 8. Normalized scaling energi€$R) = Z(Ifi(’fge)

boundary condition.

plotted against logymR for the(r, s) = (2, 1)
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Table 3

Energy levels for thér, s) = (2, 1) boundary condition wittA = 7/16. The quantum numbers,,

mo, 1 =3I 4+ 51 are shown along with the conformal-massive dictionary connecting
the UV conformal dataA + n with the number of massive particlégoo) = m1 in the IR limit.

The degeneracies# [£1|¢2] indicate that!q levels are plotted out of thé& levels with the given
guantum numbers. The plotted energy levels are complete in the conformal limitup €0

my mp Y. I # A+n  E(c0) my mp Y. I # A+n  E(c0)
1 1 0 [y 4 1 11 7 [ f+7 1
1 1 1 [ L+1 1 3 1 4 (B L+7 3
1 1 2 [ fH+2 1 11 8 [ £+8 1
1 1 3 [ f+3 1 3 1 5 (39 {5+8 3
3 1 0 [ {+3 3 1 1 9 [ £+9 1
1 1 4 [ L+4 1 3 1 6 [912 +9 3
3 01 1 [22] [s+4 3 5 3 0 [ {+9 5
1 1 5 [ f+5 1 1 1 10 [11] £+10 1
3 1 2 33 £+5 3 3 1 7 (615 {+10 3
1 1 6 [11] {+6 1 5 1 0 [ {+10 5
3 1 3 [55 {5+6 3 5 3 1 [ {+10 5

=(1+q+a°+°+4* +°+a®+a" +a®+° + ¢+
+q3A+q+29°+3¢> +49* +54° + 74°+8¢" + - ) (1 +q)
+¢%A+qg+-)+¢0%A+ )+
=1+9+q°+29°+3¢" +49°+64° + 8" + 10¢% + 14¢° + 1871%+ ...
(4.13)

5. Discussion

In this paper we have derived and solved numerically the TBA equations for all
excitations for the massive tricritical Ising model with boundary conditions labelled by
(r,s) = (1,1), (2,1) and (3,1). The analysis can be extended to the other primary
boundary conditiongr, s) = (2, 1), (2,2) and (3, 2) by allowing for frozen zeros and
introducing two(m, n) systems in the classifications of eigenvalues. It would also be of
interest to extend our analysis to periodic boundary conditions. The main new feature of
such a calculation would be the classification of the periodic eigenvalues which would
entail many(m, n) systems and must allow for different patterns of zeros in the upper and
lower half planes related to the two (left and right) copies of the Virasoro algebra. If our
analysis was extended to periodic boundary conditions it would allow a direct comparison
of the results of our lattice approach with the results of the Truncated Conformal Space
Approximation (TCSA) which are good for smailR.
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In Part 1l of this series of papers we will derive and solve numerically the TBA equations
for all excitations for the massless flow from the tricritical to critical Ising model. This has
some interesting additional features because zeros can collide during the flow leading to
changes in the classification of eigenvalues and to a flow between Virasoro characters of
the two theories.
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