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Abstract

In this paper, exact one-point functions@f= 1 super-Liouville field theory in two-dimensional
space—time with appropriate boundary conditions are presented. Exact results are derived both for
the theory defined on a pseudosphere with discrete (NS) boundary conditions and for the theory
with explicit boundary actions which preserves super conformal symmetries. We provide various
consistency checks. We also show that these one-point functions can be related to a generalized
Cardy conditions along with corresponding modu§amatrices. Using this result, we conjecture the
dependence of the boundary two-point functions of the (NS) boundary operators on the boundary
parameterd 2002 Published by Elsevier Science B.V.

PACS 11.25.Hf; 11.55.Ds

1. Introduction

Liouville field theory (LFT) has been studied actively for its relevance with non-critical
string theories and two-dimensional quantum gravity. This theory is also interesting on
its own as an example of irrational conformal field theory (CFT). Most CFT formalism
developed for rational CFTs do not apply to this class of theories mainly because they
have continuously infinite number of primary fields. Various methods have been proposed
to derive structure constants and reflection amplitudes, which are basic building blocks to
complete the conformal bootstrap [1-3].
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Another example of the irrational CFT is thé = 1 supersymmetric LFT (SLFT).

This model has some motivations. It is applicable to the superstring theories and the two-
dimensional supergravity with fermionic matter fields. One can also understand the role
of the extended conformal symmetry in the irrational CFTs by studying this model. The

methods introduced for the bulk LFT have been applied successfully to the bulk SLFT

although the latter becomes algebraically more complicated [4,5].

It is interesting to extend these formalisms to the CFTs defined in the two-dimensional
space—time geometry with a boundary condition (BC) which preserves the conformal
symmetry. Cardy showed that the conformally invariant BCs can be associated with the
primary fields in terms of modulas-matrix elements for the case of rational CFTs [6].

It has been an issue whether the Cardy formalism can be extended to the irrational CFTs.
Another motivation is to understand open string theories in various nontrivial background
space—time geometries [7].

Recently it has been shown that functional relation method developed in [2] can be used
in the boundary LFT with conformal boundary action to derive one-point function of a bulk
operator and correlation functions of two boundary operators for a given conformal BC [8].
Here the conformal BC is denoted by a continuous parameter related to the coupling
constant in the boundary action. Another development made in [9] is to generalize this
method to the boundary LFT defined in the classical Lobachevskiy plane, namely, the
pseudosphere. These works showed that the one-point functions of primary fields can be
related to the inner products of the conformal BCs and different Ishibashi states in the same
way as the rational CFTs [10].

It has been noticed that generalizing the Cardy formalism to the supersymmetric CFTs is
nontrivial even for rational theories mainly because the Ramond (R) sector transforms not
to Neveu—Schwarz (NS) sector but so-caIINNGSI sector under the modular transformation
[11,12]. In this paper we show that it is possible to derive exact one-point functions from
the functional relations and relate these to the Cardy formalism for the BCs introduced
in the pseudosphere and ordinary half plane with conformally invariant boundary action.
This shows that the Cardy formalism can be generalized to the irrational super-CFTs. We
also show that the boundary two-point functions of the (NS) boundary operators satisfy
the same relation as those of the LFT. This paper is organized as follows. In Section 2
we compute the one-point functions of the SLFT primary fields on the pseudosphere. In
Section 3 we propose the boundary action which preserves the superconformal symmetry
and compute the corresponding one-point functions. These results are used in Section 4 to
be related to the conformal BCs and are shown to be consistent with the Cardy formalism.
We conclude the paper with some comments in Section 5.

2. One-point functions of SLFT on a pseudosphere
The N = 1 SLFT describes a supermultiplet consisting of a bosonic field and its

fermionic partner interacting with exponential potential. In terms of the component fields,
the Lagrangian can be expressed by

21,2
LsL = 8i(aa¢>2 —~ i(nﬁa& + Y dy) +ipb*yret? + M(:e"q’:)z. 1)
T 2 2
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The first interaction term in Eq. (1) containing €kp) has (holomorphic) conformal
dimension }2. This is correct since the Majorana fermion field has dimensj@ The
SLFT is a superconformal field theory. With the background cha@ge

1
=b+ — 2
0=b+ 5 )
the SLFT has the central charge

3
csL = 5(1 + 2Q2). 3
The bulk (NS) and (R) primary fields of the SLFT are given by
No(z,2)=¢"?,  Ro(z,2) =0'9(z,2)¢", @

wheres® is the ‘spin field’ with dimension 116 with even Fermi number fai-) and
odd for (—) and satisfying an operator product expansion (OPEYo (™) = v .2 The
conformal dimensions become, respectively,
1 1 1
A£,V=§oz(Q—a), A§=1—6+§05(Q—05)~ ®)
From these, one can see that physical states can be denoted by a real paPatedireed
by

In this section we are interested in the SLFT on a pseudosphere. This is a generalization
of [9] where the LFT is studied in the geometry of the infinite constant negative curvature
surface, the so-called Lobachevskiy plane, i.e., the pseudosphere. The equations of motion

for the SLFT are given by
3¢ = 4712;Lb2(ueb¢ - ilﬁlﬂ)eb¢, @)
oy =—ipey, oy =iue"y. (8)

We will assume that the fermion vanishes in the classical limit so that the background
metric is determined by the bosonic field satisfying

2
ega(z) _ 4R

T A1z ©)

whereg = 2b¢ and R—2 = 47%1.2b3. The parameter is interpreted as the radius of the
pseudosphere in which the points at the cirgle= 1 are infinitely far away from any
internal point. This circle can be interpreted as the “boundary” of the pseudosphere. In the
same way as the LFT, we can now use the Poincaré model of the Lobachevskiy plane with
complex coordinaté in the upper half-plane.

2 We will suppress the superindéx) as much as we can since the correlation functions of our interest do not
depend on it explicitly as we will show later.
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We want to compute exact one-point functions of the (NS) and (R) bulk opersifors
andR, . Due to the superconformal invariance, these one-point functions are given by

UN

(No(8)) = ﬁ, (10)
UR

(Ra(8)) = ﬁ~ (12)

We will simply refer to the coefficients ¥ («) andU % («) as bulk one-point functions. To
derive the functional relations satisfied by these one-point functions, we should consider
the bulk degenerate fields which are defined by some differential equations with certain
orders [13].

The degenerate fields in the (NS) sector are given by

Nam,n — eammqs’
1 b )
Aoy = Z(1—m) + E(l_n)’ with m — n = even (12)

and those in the (R) sector by

Ry, , =0 9e®mn?  with m —n = odd (13)
One of the essential features of these fields is that the operator product expansion (OPE)
of a degenerate field with any primary field is given by a linear combination of only finite
number of primary fields and their decendents. The simplest degenerate fieNs,dicr
the (NS) sector an&_, > for the (R) sector. In particulaR_,,» satisfies

1
[ﬁa + G1G0:|Rb/2:O’ (14)

where G is the fermionic part of the supercurrent. Similar equation holds for the anti-
holomorphic part.
The OPE ofR_, /> with a (NS) primary field is given by
NoR_pj2=C (@[ Rapj2] + CN (@[ Rays2. (15)

where[...] stands for entire family of conformal decendents corresponding to a primary
field. The structure constants can be computed using Coulomb gas integrals. One can set
c™ =1 since no screening insertion is needed. The other structure coa&fameeds

just one insertion of the SLFT interaction and can be obtained by

™ (@) = —ipb? f d% (Na O R_p 2D Y ()% (E)e"*EH Ry pj2(00)

_ nubzy(ab — % — %)
y (5)y (b)

— b f d% |20 |1 — P (16)



C. Ahn et al. / Nuclear Physics B 636 [FS (2002) 497-513 501

with y (x) =T'(x)/T'(1—x). Here, we used the following correlation functions of the spin
fields

(o1, B0 €2, ) = — a7
o (&1, o (&, = —
b AOSEIT Tl
- - - - i
) ) == 18
(o (&1, 610 (82, E2) ¥ (£3) ¥ (€3)) 12l E1al lEaal (18)
Similarly, the OPE with the (R) primary field is
Ry R b2 =C\(@)[Nu—p2] + C" (@) [ Nuys21. (19)
whereC(R) 1 as before and'‘® is given by a screening integral
" (a) = —ipb? f a2 (Ra(O)R_p2(DY ()Y )" EO N g1 2(00))
2 _©
= ub? [ % g2 1 - g = by (b ) (20)
()b +d)

Now we consider the bulk two-point functions of the degenerate felg> and a (NS)
field Ny,

Gl /256 = (Na(EVR-pj2(5)). (21)

It is straightforward from Eq. (15) to show that the two-point function satisfy

GY _, (&, s)—CW)(a)UR(a——)gAs s>+C<N)<a>UR(a+ )g (£,

(22)
whereG. (¢, &’) are expressed in terms of the special conformal blocks
N it A i
Go(€,8) = — T (1) (23)
& — &'
with
_&IN(E _ &1
Sk 1k 4 (24)
(E—-8§N(E—-8§)
Here, the conformal blocks are given by the hypergeometric functions
@ 2
ff(m:n%’(l—n)—"ﬂ%F(ab e f;ab—%+%;n), (25)
2 .
FNa)=n2t T F Q- +sF(——E 1—ab;—ab+ % +30).  (26)

In the cross channel, an equivalent expression for the two-point function can be obtained
as follows:

" — SI

GY o= [BiN) @F+ )+ B @ F-(m)] (27)
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with
= o ~E43 21_ 12 2
Fem=nz2@A—n) 778F(ab—b" 53— 5:1-b%1—1), (28)
~ ab 2
j—“_(n)zn%(l—n)%%F(%jL%,ab;ljtbz;l—n). (29)
The boundary structure constamigv) can be determined from the monodromy relations
M(ab— 2+ Hre? ~ ab— 2 + DN (=b?) -
Fp="1 " "0 7 4 1 . d F-m.  (30)
T(% + 3)C(ab) Fab—bT(3-5)
M(—ab+ % +3)re?) ~ M(—ab+ 5 +3)M(=b?)
F-(n) = f,z o 2 Fop+ I d P
I(% + 3)T(A+b2—ab) rA-ab)l(3-5%)
(31)

The conformal block?_ corresponds to the identity boundary operator with dimen-
sion 0 appearing in the boundary as the bulk operRto;;/z approaches the boundary
with n — 1. Another boundary operatar , appearing a®_,2 approaches the boundary
generates thé-"+ block. As mentioned above, the geodesic distance to the boundary on
the pseudosphere is infinite. Therefore, the two-point function in the LHS of (15) can be
factorized into a product of two one-point functions and satisfies

BM (@) = UN (@)UR(—b/2). (32)

Combining all these and using (27), we obtain the following nonlinear functional equation
inthen — 1 limit:

rAE) M @ur(-4) Uk} 7 pb?U R (o + 3)
PEbOP(ab = +3)  T@b=b "y () eh(eb -5 - 3)
Analysis of the other two-point function

Gy _y)2(& &) =(Ru(E)R p/2(8") (34)
goes along the same line and leads to the second functional equation

(33)

FAZ)UR@UR(-E)  uVe-}) MELURCES ) (35)
F(-b)C(ab—Y%)  Tlb-02=3) y(EF)r(er+3)

Here, we used the following (R)-sector conformal blocks [14]
, 1 1/2
ab 1 b 3
FRa=nZte@—n 7'8 (1+‘/1— —)
n
32 2
Flab—b*—3. 5 ab— %),

b2 _ab 5 b2 _1 1 12
ff(n)=n2a2+8(l—n)48(l— l—;)

_1-p2 2
xF( le ,%—ab;—ab+%+1;n).
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It is worth mentioning on the superindicgs) we have omitted in the correlation

function (34). When one (R) field has= + and the othee = —, the two-point function

becomes proportional te o (7)) or (y). And the fermion one-point function should

vanish due to the Lorentz invariance. If both (R) fields have the same index, either

or —, the previous derivation holds as it is and the same functional relations are obtained.
The SLFT satisfies the duality — 1/b. This property requires considering another

degenerate (R) operatfir 1,2, which generates two more functional equations in addition

to Egs. (33) and (35). These additional equations can be obtained by just replacing the

coupling constanb with 1/b and the parameter by the “dual” i satisfying

(8-

Therefore, the one-point functions” («) and UR(«) should satisfy four nonlinear
functional equations.
We have found the solutions to these overdetermined nonlinear equations as follows:

sm(”zg)sm(”bQ)sin[mzr(E - %)]sm[nn( —ba)|

V)= n(250) (=52 i (§ — ) s (2 — )] 1 7

R (@)= sin(32) sin(%2) sin[mn (4 — % + 3)] sin[nx (%2 — ba + )]UR(a)

& sin(52) sin(42) cogr(§ — #)Jcodn (B —ba)]

(38)

where the ‘basic’ solutions are given by
b —a/b r(ee\r(L)<
Ufi(@) = [ﬂw<7Q)] o +bé ) (”’)z%)(%_a), (39)

bO\T~* r(%)r£)4
R =|: (_)} 2 20)2 . 40
n@ = 7mey{ 5 F(—ab+22+Pr(-2+ £+ 0

This is our main result in this section. There are infinite number of possible solutions
which are parametrized by two integérs, n). For these to be solutions, we find that the
two integers should satisfys — n = even. The basic solutions, Egs. (39) and (40), can
be interpreted as the one-point functions of the bulk operatgrand R, corresponding
to the vacuum BC, the BC corresponding to the bulk vacuum operégoiThen, the
general solutions, Egs. (37) and (38), can be identified with the one-point functions with
the conformal BQ(m, n) classified by Cardy [6]. We will discuss more about this issue in
Section 4. Since: —n = even, the one-pointfunctions we obtained correspond to the (NS)-
type BCs only. This seems consistent with the fact that only the (NS) boundary operators
arise when the (NS) or (R) bulk degenerate operators approach the boundary corresponding
to the vacuum BC.

We also note that Egs. (37) and (38) satisfy so-called bulk “reflection relations”:

Uy @) =DM Uy (Q—w), UK (@=DR@UL, (0-», (41)



504 C. Ahn et al. / Nuclear Physics B 636 [FS (2002) 497-513

whereD™) (@) andD® («) are the (NS) and the (R) reflection amplitudes derived in [4,5].
One can also notice that new functions defined by
oy, =ul Rk, =-Uk

m,n’

(42)

become again solutions to the above nonlinear equations. We will discuss the meaning of
the solutions from the viewpoint of the generalized Cardy formalism later.

Finally, we consider a special case whare- 0. From Eq. (37), one can notice that
one-point function of the identity operator is normalized in such a wayHat0) = 1.
Then, one-point function of the spin field with:, n) BC is given by Eq. (38)

() iy = Umn 0. (43)

3. Bulk one-point function with boundary

In this section, we define the SLFT on half plane, where superconformally-invariant
boundary action is imposed. We choose the following boundary actipa-ad

- 1
Lp= %Beb‘?’/za(w iy )@ + Sadya (44)
with y = £1 and the fermionic zero-modesatisfying [15]
c® =ac™® and a?=1 (45)

This action includes additional boundary parametgmwhich generates continuous family
of the BCs. The boundary equations of motion are given by

1 1 -
> 0vd =—Sbuga(y - Y2, (46)
i i -
Z—x/f=useb"’/2a, — U =iyuge®??a, (47)
T 2
which lead to
(W +iyy)=0. (48)

Notice that Eq. (48) is the well-known fermion BC imposed by Cardy. Plugging these
constraints back into the action, one can simplify the boundary action

1
Lp=puge®®Pay + Sad. (49)

While this action is different from that preserving boundary integrability such as
considered in [16], a similar action has been considered for the supersymmetric sine-
Gordon modelin [17]. Main difference is that our action is preserving not only integrability
but also superconformal symmetry. Indeed, the boundary action is nothing but the
screening operator which guarantees the symmetry.

One can see that physical quantities should contain only even powerg bécause
of the fermionic zero-mode. While the bulk properties of the boundary SLFT should be
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identical, we should define the boundary operators. As in the bulk, there are two sectors,
the (NS) and (R) boundary operators

ng= P2 (x), rg = o ©ePP/2(x). (50)

The procedure to derive the functional equations satisfied by the bulk one-point
functions are identical to that in Section 2. Major difference arises when the bulk
degenerate operat®_;,> approaches the boundary as> z. The LHS of Eq. (22) can
be evaluated by the boundary OPE which generates the boundary opgratamiz ;. We
choose the identity operatap, or the boundary vacuum state, since we are interested in
the bulk one-point function. The fusion of the degenerate fielg,>» can be computed by
a first-order perturbation from the boundary action:

RO (=b/2, Q) = —;LB/dx(R(fz/z(i/Z)alp(x)ebd’/z(x)egd’/z(oo))

I'(—b?)

b
=M3/dx|x—l/2|b 1=2”M3m~ (51)
(T)

Here, we used the formula

-1
lx — £[Y2)5 — £3/8°
Again, the dependence on the superindelsappears so that we can suppress it. With the

vacuum state on the boundary, the two-point function becomes the bulk one-point function
of the operato®V, . Equating this with the RHS of Eq. (22) gives the functional equation

(52)

(o€ Bayx) =

2 up _F(“b_b_zz+%)UR(a_lz)
r(A2)uN @ — Tlb—b? 2
7 ub?T (b — b—22 -

y (3T (@b)

Similar consideration for th(f_?ol'f’_b/2 leads to

1
2 UR(a+5). (53)

I (ab— 2
s TE05) ey
P UR@  Tleb=b2-3)
nubzl"(ab — %)
_p2
y(377)0 (b + 3)
As before, one should consider the dual equations coming from the dual degenerate

operatorR _1,2p.
The solutions of Egs. (53) and (54) can be found as

UN(a+5). (54)

UN @ =Nb[ruy (%)) T((a— p)r(1+ (- $)})
x cost (¢ — £)s], (55)
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02

UR@ =Nruy (*£)] 7 T((e—3)b)0((« - %)3)
x costf (& — 9)xs], (56)

where the normalization factdv is given by

Sl

b0\ 2/% .
N= [nuy(—)] [T (—Qb/2)T(1— Q/2b) coshQns/2)] ", (57)

2
so thatU" (0) = 1. Here, the boundary parameteis related toup by
2
b b:
%sin(%) =cosi‘?(%>. (58)

It is possible to find another conformal BC by changing> —a. This introduces extra
‘—" sign in the LHS of the functional equations, Eqgs. (53) and (54), so that the solutions
are found to be

Tgm g™, g® - _y®, (59)

The solutions Egs. (55) and (56) are our main result in this section. Notice that these are
self-dual if the parameteris invariant andt — i as Eq. (36). The continuous parameter
s coming fromu g generates a continuous family of conformally invariant BCs. We will
discuss how these BCs can be consistent with the generalized Cardy formalism in the next
section. One can also check that these satisfy the bulk reflection relations Eq. (41).

The one-point function can be checked by a perturbative analysis. Defining the third and
fourth terms in Eqg. (1) a¥, and the boundary action in Eq. (44) Bs, one can express an
one-point function as an infinite sum of these perturbation terms,

_ 1 -
(oa@,s)):zﬁwa@,s) v/ Bl (60)
pq
where the evaluation is made wifh= ug = 0. It is well known that the perturbative
results are non-vanishing only at the on-shell conditioe- Q/2 — (p + ¢/2)b and
correspond to the residue of the one-point function as follows:

H N ap
residuel/ (a)|oz:Q/2—(p+q/2)b=N<e (i/2),

residuet/® ()| =Nloe*(i/2)), (61)

a=0/2—(p+q/2)b
wherep is a non-negative integer agds a non-negative even integer for the (NS)-sector
and odd for the (R)-sector. From Egs. (55) and (56), one can find nontrivial pole structure
ofUN atp+¢/2=0,

N ~
M@= (62)
andatp +¢/2=1,
UM () %nubz),(%)F(—bz) coshmbs) a—L%—kb' (63)
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On the other hand, the perturbative calculationgoer ¢ /2 = 0 gives
(e*?@i/2,-i/2))y=1 (64)
andforp+¢/2=1

(e*(i/2.=i/2) Vi) = pub? f A% g — /2|72 +i/27%)g — &P

Imz>0
b
= (an)ub2F<—bQ)y(7Q), (65)
(e*?(i/2,~i/2)Bf)y = -G f dxydxz |x1—i /2|7 \xp — i /2172 xy — xo| "2
= —4nu%bQF(—bQ)y(%> sin(#). (66)

Combining the two contributions gives the correct residue of the one-point function.
The first non-trivial check for the (R)-sector arisegat g /2=1/2

UR () = “B”JI/. (67)
%
This is consistent with the perturbative result
(0e*®(i/2,—i/2)Bp), = g (68)

4. Boundary statesfor the super-LFT

For the super-CFTs, Virasoro characters are defined for the (NS) sector, the (R)-sector,
and the(NS)-sector. The characters of the primary states for the generic valRewlfich
have no null-states, are given by [18]:

NS/ 2 03(q) qPZ/Z
= | =1 , 69
1) \ @ n@) (69)

2
04(q) q*°/?

NS
xp (@)= —~ . 70
P n(q) n(q) (70)
2
b2(q) q"1?
R
xp(q) = ; 71
PN 20() 1) ()
whereq = exp(2rit). Under the modular transformatian— ¢’ = —1/7, the characters
transform:
o
xANS(r) = / dP’efZ”"PP/Xg,S(t/), (72)

—00
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XII;TS(I)Z/dP/ —27iPP’ R/(‘L’) (73)

—0o0
o0

X{f(r) — / dP/ —2niPP NS(‘L’ ) (74)
—00
On the other hand, the modular transformations of the characters for the (NS) degenerate
fields in Eq. (12) are given by
o

Xm n(Q) = / dP Xys(q/)ZSinf‘(nmP/b) sinh(zzm Pb), (75)
_ T 2sinh(@mP/b) sinh(km Pb), m,n=even
Xm n(q) / dP xp(q) { 2cosligm P /b) cosimm Pb), m,n =odd

—00

(76)

According to Cardy’s formalism, one can associate a conformal BC with each primary
state [6]. Since the SLFT is an irrational CFT with infinite number of primary states, there
will be infinite number of conformal BCs. One can classify these into ‘discrete BCs’ and
‘continuous BCs’ for the degenerate and non-degenerate primary states, respectively. It is
natural to start with the discrete BGC=&, n). With m — n = even, there are the (NS)-type
BCs corresponding to the (NS) degenerate fidlgds,, . We will denote the corresponding
boundary states by, n)). Due to the super conformal symmetry, one needs to introduce
additional BCs(i, n) and corresponding boundary statég, n)) [12]. Let us consider
(m, n) BCs first. Through the modular transformation, one can obtain

o0
A (T) = f dP WS (PP X BT, (77)
—0oQ
where the amplitude is defined by
Wi (P) = ((m. m)|a, NS)),
where|a, NS)) is the (NS) Ishibashi state with= Q/2+ i P.
Using Eq. (75) into Eq. (77), one can obtain a relation

wNE(P)YTW NS (P) = 2sintiwm P /b) sinwm Pb). (78)

m,n

We can set the basic amplitude far=n =1 as

V2 b0 —iP/b

wNS(p) = 7 °Y . 79

e S TN [”W< 2 )] (79)
Then, one can obtain the relation

sinh(2Z£) sinh(n Pb)

sinh(%Z2 ) sinh(z Pb)

(80)

wNS(P) = w'3(P)



C. Ahn et al. / Nuclear Physics B 636 [FS (2002) 497-513 509

by the Cardy formula.
It has been shown in [10] that the amplitudes are related to the one-point functions by
<k|¢>>
(®)= (81)
GO = Ey

For the SLFT, this formula becomes
((m,n)|a, NS))

N —
U@ =, w10, NS) 59
From this and Eq. (80), one can obtain
Unla(@)  (m,m)]e,NS) (1, 1|0, NS)
U@ (n,m)|0,NS) (1, D], NS)
inh(m7P ) si 70\ gin(ZLb
Zsmh( ) sinh(nz Pb) sin(%) sin(%5~) (©3)

smh(”P) sinh(r Pb) sin(”Z2) sm(””ZQb)

This result is identical to Eq. (37), which shows that the one-point functions obtained from
the functional relations are consistent with the modular transformation properties.

Now let us consider the partition function on a strip with, n) and (m’, n") BCs on
both boundaries. Using the fusion procedure, one can obtain

NS
Z(m n),(m’,n") (¥
00
N f dP xp> s (PYS, (P)!
—00
)

—/dP NS /)ZSinl’(mnP/b)Sinh(nnPb)Sinf‘(m/nP/b)Sinf‘(n/nPb)
= Xp T sinh(z P/b) sinh(z Pb)

—00

min(m,m’)—1min(n,n")—1

NS
= Z Z X(mrm!—1—2k), (n4n'—1—21) (D) (84)

in accordance with the fusion algebra. The character for the non-degenerate case with
P =s/2 satisfies

X‘L\‘S(r)=fdpx S(t')coqnsP) = /dPX SHENS (PP, (85)

with WNS(P) = (5|, NS)).
From this, one can find the amplitudes for a general non-degenerate (NS) boundary state
satisfy
coqmsP)
2sinh(Z2) sinh(z Pb)’

wNS(P) = w'P(P) (86)
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Again, from Eq. (81), the amplitudes are related to the one-point functions by

UV(@)  (5le,NS) ((1,D|O,NS)  cos(x Ps) sin(r Q/2b)sin(r 0b/2)
UM (@) (SI0,NS) (1, 1)]e,NS)  cosh(£E2) sinh(z Pb) sinh(z P/b) °

(87)

This can be checked to be correct by Egs. (39) and (55).
The partition function with a discrete BC on one side and a continuous BC on the other
is given as follows:

[o,0]
Zw (1) = / dP xB3wNS (PywNS(P)T
—o0
i inh(m P/b) sinbnr Pb)
SINNm SinnN(nm
/ X ) =S P by sinbr Py S0 )
—o0
m—1n—1
NS
= Z Z Xs-t7 (m—1—2i) fbo-+i(n—1—21)p(T) (88)
k=0 [=0

which goes with the fusion algebra.
The partition functionZEf,(r) with continuous BCs on both boundariesands’, is
given as '
o0
NGRS f dP xpS (NSS!, (89)
—0oQ
This can be rewritten as

o0 oo
ZNS(r) = / dP/a’Pe_Zi”PP/X;\)'S(r)II{YNS(P’)II/XNS(P’)T

—0o0 —00
o0

- / dP xpS(m)pN3(P), (%0)
0

wherepA’,\‘S,S(P) is the density of states,

NS, pr Ooﬂ _oipy COg(st)cogs't)
Pis7(P) = / ¢ sinh(t/b) sinh(tb)’ (1)

This quantity is not well-defined & = 0 and is to be properly regularized. This density of
states is, on the other hand, conjectured to be related with the boundary two-point function
of n§" with g = Q/2+iP, d¥S(Pls, s"), by
oNS(P) = —LimngS(ms,s’). (92)
5.8 27 dP B
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It is remarkable that this relation is identical to that of the LFT. This means that the
boundary (NS) two-point functions have the same dependence on the boundary parameters
as the LFT which is obtained in [8].

Now we consider the (R) operator propagating in the strip. From the relation

S @) = f dP R, (P (P XE ), (93)

one can obtain

R t R | 2sinizm P/b) sink(mn Pb), m,n =even
Vi1 (P) W (P) = { 2 coslizm P/b) cosi(mnPb), m,n =odd (94)
Here, we define the amplitudk;jf,n(P) = ((m,n)|a, R)) as before.
These amplitudes are related to the one-point functions by
((m,n)|e, R))
UR ()= ~——"—" 95
al ((m, n)|0, NS) (59)
and satisfy
UR
ma (@) {(m,n)|a, R) ((1,1)|0,NS) (96)

UR @ ~ (m.m)]0.NS) (L. Dla. R)

One can check that this relation is consistent with Egs. (94) and (38). This shows again that
the functional relations are consistent with the modular transformation.
The partition function with(m, n) and(m’, n’) BCs is written as

()= / dPN2xfHwr (PywE (P!

—00

NS
Z(m,n), (m',n’)

min(m,m’)—1min(n,n")—1

NS
= Z Z X(morm! —1—26), (n-4n'—1—21) (T) (97)
=0 =0

and is consistent with fusion algebra.
The character for the continuous boundary paramesatisfies

xs'\'NS(r)Z/dPxff(f’)COS(nsP)Z/dPX{f(f')%R(P)Wfl(P)T- (98)

The (R) amplitude for a general boundary parametsrgiven as

cogrmsP)
vRpy=wf (P : 99
s (P = )Zcosk(%)cosr(nPb) (99)
Again, from Eqg. (81), the amplitudes are related to the one-point functions by
UR(@) Gl R) ((L,DIO,NS)  sin(w Ps) sin(r Q/2b) cosm Qb/2)

UR (@ ~ GI0NS) (LD, R} cosH{2Z*) coshiz Pb) cosl'(nP/b)('lOO)
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This can be checked to be correct by Egs. (40) and (56).
The partition function with mixed BCs is given as follows:

]

Z[\,'”Sn)v(r)zfdpxp(r) R (PR
—00
ZZXA+1(m 1-2k) /b-+i(n—1—21)b(T)- (101)

One can considepn, n) BCs in the same way and can associate the amplitu@’é}
andy X with UN andUR | respectively. From Eq. (42), one can see that

m,n m,n’
NS NS R R
QI/ lIlm n° q/m,n = _q/nT,’n' (102)

Similar result holds for the continuous BCs and can be compared with Eq. (59). These
results are consistent with those of the rational super-CFTs considered in [12].

5. Conclusions

In this paper, we have studied the SLFT in two-dimensional space—time with boundary
applying the same method used for the LFT. However, the one-point functions of the SLFT
satisfy more complicated functional relations due to the existence of two sectors, the (NS)
and (R). By solving the functional relations, we find not only the one-point functions but
also the relation between the parametgrin the boundary action and that for the boundary
condition.

We have also related the one-point functions in the pseudosphere to the conformal BCs
and showed that they are consistent with the Cardy formalism if one takes care of the
peculiar aspects of the super-CFTs in the same way as the rational cases [11,12]. Then,
this result has been used to understand boundary two-point functions for the SLFT with
the boundary action. We conclude that the boundary (NS) two-point functions have the
same dependence on the boundary parameters as the LFT while explicit expression of this
guantity needs more work. We hope to present it in another publication.

There are still other problems which should be further explored. The solutions of
Egs. (37) and (38) are possible only far— n = even. The functional equations for the
other case may also exist. This becomes necessary when one relates to the conformal BCs.
So far, we have considered only the (NS)-type BCs. The (R)-type BCs associated with
m — n = odd can be obtained similarly by noting that there is a symmgtry —y and
u — —u. Again, the one-point functions are give by Eqgs. (37) and (38), butmvithn =
odd.

Based on the successful results of the LFT and the SLFT, it seems the approach based
on the functional relation associated with some degenerate fields are quite efficient way
of dealing with irrational CFTs. In this respect, it would be interesting to apply this
method to such irrational CFTs as finite Toda field theories and the LFT Mith 2
and fractional supersymmetries. Another interesting problem is to derive the boundary
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reflection amplitude from the boundary two-point functions of tfie= 1 SLFT and to
obtain off-critical scaling function developed in [19].
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