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1. Introduction

Two-dimensional Liouville field theory (LFT) has been studied for its relevance with non-
critical string theories and two-dimensional quantum gravity [f], PJ. Recently, string theory
with 2D euclidean black hole geometry [[] has been claimed to be T-dual to the sine-



Liouville theory [, f]. A similar duality has been discovered for the N = 2 supersymmetric
Liouville field theory (SLFT) and a fermionic 2D black hole which is identified with super
SL(2,R)/U(1) coset conformal field theory (CFT) [f, fi.

The LFT and SLFTs are irrational CFTs which have continuously infinite number
of primary fields. The irrationality requires new formalisms for exact computation of
correlation functions. One very efficient formalism is the conformal bootstrap method
which has been first applied to the LFT (B, fI, and later to the N =1 SLFT [[[0] [}, and
the N = 2 SLFT [i2).

Conformally invariant boundary conditions (BCs) for these models have been also
actively studied. The conformal bootstrap method has been extended to the LFT with
boundary in [[[6, [[7], and the N = 1 SLFT [i§, [[9]. Recently, the boundary conformal
bootstrap of the N = 2 SLFT has been studied in [p2]. While the LFT and N = 1 SLFT
are invariant under a dual transformation of the coupling constant b — 1/b, the N = 2
SLFT does not have this self-duality. To complement this, a N = 2 supersymmetric theory
dual to the N = 2 SLFT was proposed along with various consistency checks in [[[2] and
proved in [[[J]. This dual theory has provided additional functional equation which, along
with the equation based on the NV = 2 SLFT, can produce exact correlation functions such
as the reflection amplitudes. However, this approach can not be extended to the boundary
conformal bootstrap method since the boundary action for the dual N = 2 theory is not
easy to write down. Due to this deficiency, the boundary conformal bootstrap equations
considered in [RZ] contained an undetermined coefficient and could be used only to check
the consistency of the one-point functions obtained by the ‘modular bootstrap’ method.
Moreover, these equations were applicable to the ‘neutral’ fields due to technical difficulties.
One of our motivations in this paper is to derive more functional equations based on the
conformal bootstrap method and determine the one-point functions exactly including those
of ‘non-neutral’ fields.

The modular bootstrap method is a generalization of the Cardy formulation for the
conformal BCs to the irrational CFTs. This method has been initiated in [[7] and extended
to the N = 1 SLFT [I§, [J. In these works, one-point function of a certain primary
field under a specific BC is associated with the boundary amplitude which is the scalar
product of the corresponding Ishibashi state and the conformal BC state. The boundary
amplitudes satisfy the Cardy conditions which are expressed in terms of the modular S-
matrix elements. While this method is proven to be effective, it has been mainly used
to check the consistency of the one-point functions derived by the conformal bootstrap
method because there are some ambiguities in deriving the boundary amplitudes from the
Cardy conditions.

For the N = 2 SLFT, the situation becomes different. Since the conformal bootstrap
could not be completed, the modular bootstrap method remains the only available formal-
ism to derive the boundary amplitudes for the N = 2 SLFT and its T-dual, SL(2,R)/ U(1)
super-coset CFT in [[J] and [RZ-[d]. Complete one-point functions of the ‘continuous’
BC, sometimes called ‘FZZT-brane’, and for the vacuum BC have been derived, indepen-
dently, in [23] and [PJ] using the modular bootstrap method. The results in [R3] which are
based on rational values of b2, the coupling constant of the N = 2 SLFT, while those in [P



are applicable to generic irrational values of b2. It can be shown that the former results
in an ‘irrational’ limit match with the latter. Meanwhile, the FZZT solutions contain a
continuous boundary parameter which describes the geometry of D1-branes. In principle,
this parameter must be related to the boundary N = 2 SLFT. However, the modular boot-
strap alone can not give this relation. In [P2] conformal bootstrap equations, although they
are not complete enough to determine the one-point functions uniquely, has been used to
obtain this relation.

To find all the consistent conformal BCs of the N = 2 SLFT and its dual super-coset
model is important since they describe the D-branes moving in the black hole background.
In addition to the FZZT and the vacuum BCs, there are infinite number of discrete BCs,
which are called ‘ZZ-branes’ in general . For the LFT [[[7] and N = 1 SLFT [[§] [[9], the
ZZ-branes have been constructed in the background geometry of the classical Lobachevskiy
plane or the pseudosphere [P1]. Our main result in this paper is to construct the general
Z7Z-brane BCs of the N = 2 SLFT.

In section P we introduce the N = 2 SLFT and its operator contents, in particular,
degenerate fields and their properties. Based on this, we derive the functional equations
for the one-point functions of primary fields for the continuous BC (FZZT) in section B]
In section [l, we find the ZZ-brane solutions from the functional equations defined on the
pseudosphere and discuss their implications for the N = 2 SLFT. Modular bootstrap
computations for the degenerate fields of the N = 2 SLFT are performed in section f
which provides some consistency checks for the solutions. We conclude this paper with

some remarks in section .

2. N = 2 super-Liouville theory

In this section, we introduce the action and the N = 2 superconformal algebra and the
primary fields. In particular we discuss the degenerate fields in detail.

2.1 N = 2 superconformal algebra

The action of the N = 2 SLFT is given by
1 _ _ _ _ L o
S = /d2z [% (09~ 09" 4+ 09T 0™ + ¢~ 0T + O + T + T +
+ipb? e b2yt 4+ mp2p2el @O | (2.1)

This theory needs a background charge 1/b for conformal invariance so that the interaction
terms in eq. (R.1)) become the screening operators of the CFT.
The stress tensor T, the supercurrents G* and the U(1) current J of this CFT are
given by
1 1
T =—0¢"0¢" — (U 0Y" + 9 oyT) + (@%0" +0%¢7), (2.2)

GF = VBRGS0, J= T4 06T —007).  (23)



The N = 2 super-Virasoro algebra is expressed by the modes of these currents as follows:

—(m> - m)Oman

[ L, Gﬂ = <% - 7“) Grjr:LJrr ) [T, Gﬂ = iner
(GG} =20 45+ (r—5)Jrgs + % <r2 — i) Ortss {GF.GE) =0,
(Lo Ju) = =nJimtns [y Jn] = St
with the central charge
c=3+ b% . (2.4)

Super-CFTs have both the Neveu-Schwarz (NS) sector with half-integer fermionic
modes and the Ramond (R) sector with integer modes. The primary fields of the N = 2
SLFT are also classified into the (NS) and the (R) sectors and can be written as follows [R8]:

Nog = AR ) R((lia) = gtead T Has” , (2.5)

where o are the spin operators.
)
o

The conformal dimensions and the U(1) charges of the primary fields N,g and R
can be obtained:

1 1
AR =-oa+(a+ad), AL=AR+c, (2:6)
and
1, N 1
w=—-(a—a), wr=wx . (2.7)
b 2
It is more convenient sometimes to use a ‘momentum’ defined by
_ 1 .
at+a=—-+2iP, (2.8)

b

and the U(1) charge w instead of o, @. In terms of these, the conformal dimension is given
by
1 b2w?
AN = — 4 P2y —— 2.9
452 LR 4 (29)

(£)

(Pw] in section [

We will denote the primary fields by Nip,; and R

2.2 Degenerate fields

Among the primary fields there is a series of degenerate fields of the N = 2 SLFT. These
degenerate fields can be constructed in the same way as the N = 2 minimal CFTs in [P§].
In this paper we divide these fields into three classes. Class-1 degenerate fields are given by

N;;ibvn = Na‘;}n,nvafn,n ? Rg?i);z} = Rgf)n’",a‘;’n’n ) (210)
1—m+wb® nb . 1—m—wb®> nb
O = 5=~ 5 Tma= o — 5 MnE€Ly. (211)



Ny and Rﬁfg;‘: are degenerate at the level mn where the corresponding null states are

turned out to be
N¥ and R~ (2.12)

m,—n > m,—n *

As an example, consider the most simple case Ny’; with the conformal dimension b2 (w? —
1)/4 —1/2 and U(1) charge w. After simple calculation, one can check that

2

b
(1= w?)J_1 +GT| Gy — (1 —w)L_1| [NY)) (2.13)

/ /

is annihilated by all the positive modes of the N = 2 super CFT. Since this state has
the U(1) charge w and dimension +1 more than that of N{’;, it corresponds to [NY_;) up
to a normalization constant. One can continue this analysis to higher values of m,n >
1 to confirm the statement of eq. (P.12). Notice that the null state structure changes
dramatically for w = +n case. The field Nnil’% has a null state Ni”,n at level mn. This
Nﬁl_n field is in fact a class-IT degenerate field which we will explain next and has infinite
number of null states. Therefore, we exclude the case of w = £n fro?% class-I fields.
€)W

The second class of degenerate fields is denoted by N2 and R, and comes in two
subclasses, namely, class-ITA and class-IIB. These are given by

Class —IIA: N2 =Ny R =RY_, w>0 (2.14)
Class —IIB:  N%=Ny o R¥=R. .. w<o. (2.15)
Here we have defined
1 —m + 2wb? 1—m — 2uwb?

with m a positive odd integer for the (NS) sector and even for the (R) sector.
These fields have null states at level m/2 which can be expressed again by eq. (R.14))
with w shifted by 41 for class-IIA and by eq. (R.15) with w shifted by —1 for class-IIB. For

m = 1, these fields become either chiral or anti-chiral field which are annihilated by G jfl /2
respectively. For m = 3, one can construct a linear combination of descendants
2
[(w —mt 1) Gl = GT L+ GT | INY) (2.17)

which satisfies the null state condition. Since this state has U(1) charge w + 1 and di-
mension 3/2 higher than that of N§, it is straightforward to identify it as Ng’“ up to a
normalization constant. However, it is not the end of the story in this case. The N’ +1 field
is again degenerate at level 3/2 because a linear combination of its descendants, exactly
eq. (B:17) with w shifted by +1, satisfies the null state condition. This generates N2 and
it continues infinitely. This infinite null state structure holds for any odd integer m.

This can be illustrated by semi-infinite sequences,

Class — ITA : N¥ — N@tt o N@+2 ... (2.18)
Class —IIB : N¥ — N¥~1 o No=2 ... (2.19)



This works similarly for the (R) sector. For example, the null state of the m =2 (R) field
is given by
+)w
GE R . (2.20)

We need to deal with class-II neutral (w = 0) (NS) fields separately. For example,
consider the N?? which has two null states

+
[( b2>G sp — G L +GE T | IND), (2.21)

which should be identified with N4 and ]\73_ ! respectively. We will call these neutral (NS)
degenerate fields as class-III and denote by

Class — III : Ny = 50 - (2.22)

ad
The null state structure of the class-III fields has an infinite sequence in both directions,
Class — III : o= N2 N1 N, - N, - N2 ... (2.23)

The identity operator is the most simple class-I1I field with m = 1.

The degenerate fields are playing an essential role in both conformal and modular
bootstraps. As we will see shortly, some simple degenerate fields satisfy relatively simple
operator product expansion (OPE) and make the conformal bootstrap viable. In this paper
we will associate the conformal BCs corresponding to the degenerate fields with solutions
of the functional equations obtained by the conformal bootstrap.

3. FZZT-Branes

The FZZT-branes can be described as the N = 2 SLFT on a half-plane whose BCs are
characterized by a continuous parameter. Extending our previous work [PJ], we complete
the conformal bootstrap in this section.

3.1 One-point functions

In this section, we compute exact one-point functions of the (NS) and (R) bulk opera-
tors Nag and RE:%) of the SLFT with boundary.! The boundary preserves the N = 2
superconformal symmetry if the following boundary action is added [R7]:

0o 2
SB :/ dm[——(ﬂ)ﬂ[) + ¢~ 7/)+)+ —a~ 0ya™ 1eb¢+/2 <,UBa++ﬂa> X

—00 2 4#3
I e Coub? :
X (7 ) = et/ <,UBa + f—a*) W* +47) -
UB
2 2ot -
-2 ( o+ L ) M+ >/2} ' 51)

!From now on we consider € = + only since the other case is almost the same.



The one-point functions are defined by

3 UNS — 3 UR —
<Naa<§,s>>:|£_§%§§§, and <fo2><§,s>>:ﬁ, (32)

with the conformal dimensions given in eq. (R.6)). We will simply refer to the coefficients
UNS(q, @) and Uf(a, @) as the one-point functions.

3.2 Conformal bootstrap of the N =2 SLFT

The conformal bootstrap method starts with a two-point correlation function on the half-
plane. By choosing one of the two operators as a simple degenerate field, the OPE relation
becomes relatively simple. The bootstrap equations arise from considering two different
channels; one is taking the OPE before the fields approach on the boundary and the
other channel is taking the degenerate field on the boundary where the boundary screening
integral based on the boundary action is considered [[§].

In practice, due to technical difficulties, we could consider only a few most simple
degenerate fields and their OPEs. Usually, these are enough to fix the one-point functions
exactly up to overall constants. Let us first consider a two-point function of a neutral
degenerate field N_;/; and a general neutral field N,:2

Gal&€) = (N_pa(§)Na(&)) - (3-3)

The product of these two fields are expanded into four fields

Notyalla = |[Noog] + o [ 070Ny g ]+ o [0 Ny o g] + € [Nous ]

(3.4)
Here the bracket [...] means the conformal tower of a given primary field. One can see
that the second and third terms in the r.h.s. are the super-partners of the corresponding
fields. The structure constants can be computed by screening integrals as follows:

yab—Y% —1)
(=% )y(ab)

C (a)_2—2b2—2ﬂ_2 2p4 _ E_E_ _l E
_ = ub (1 ab)72 5 ab |y | ab 27ab—|—2 ,

Ci—(a) = C4(a) = —mp

with y(z) = T'(x)/T'(1 — x).
Using these, we can express the two-point function as

Ga(6.€) =0 (0= 5} OE€&) 4O @V (a4 3) B%E).  (39)

where the one-point functions of the super-partners vanish due to the supersymmetric
boundary. The QZNS (&,&')’s are expressed in terms of the special conformal blocks

¢ — &P A5

’5 _ g,‘4AgS ‘7:lNS(77)? Z = 172a3

g8, ¢) =

2We will suppress one of the indices of the fields since & = o



with o
_€-9)E-¢)
€-&)E-¢)
These conformal blocks can be determined by Dotsenko-Fateev integrals [R0]:
Li(n) = NiF S (),

// dydzy (N_y o (1) Na(0)N_y o (1)p~e?® @yt ebd™ (20 N,y (00))
= 77 —b /2//d$1d$2 $1$2 —ab X (36)

x [(w1 = 1)(w2 = V(@1 = n)(@wa = m)]" (w1 — wo) 0"

The index i denotes the three independent integration contours between the branching
points 0,7, 1, 00. The conformal blocks FZNS (n) are regular at 7 = 0. Since we are interested
in the limit n — 1, we need to introduce another blocks which are well defined in that limit.
This can be provided by I; which is given by the same integral (B.6) with a different contour
as explained in [2(]. Using this, we can define another set of conformal blocks as

L(n) = NiFNS(n) (3.7)

so that .7:"]NS(77) are regular at = 1. The monodromy relations between the conformal
blocks are given by [R(]:

3
FiSm) =) ey F (), (3.8)
j=1
with
0y — DEDL(=3 — &) Dlab— 5)P(ab+3)
M(=5)0(3)  T(a)r <ab— 73
oM (—1)I(=1 — b%) T(ab+ £ + )T(2 — ab+ Z)
" Bt B (ol T —ab T 1)
_DEDN(g = ) TG oI - Y —ab)
BTTTEENG) T1-ablG -2 b))

Here we have written only those for .7:"31,\1 S because we are interested in the identity operator
in the intermediate channel. Notice that this calculation involves a divergent constant
I'(—1). We will show that this factor is canceled in the functional equation.

The two-point function G, (&, ¢’) in the other channel can be computed as the two fields
approach the boundary. When the degenerate field N_; /5 approaches, it can be expanded in
boundary operators including the boundary identity operator. For the boundary identity
operator, a special bulk-boundary structure constant R(—b/2) can be computed by the
boundary action (B.1)):

R(=b/2) = —i% / / dmdmz N,g(z'/2)¢*eb¢’+<“)/2¢+eb¢‘<fm>/2eﬁ<¢>++¢‘><oo>>
2

rO)r(—1 - %)
I

= —27VHL /i, (3.9)

1
2

2
&)



with
:U'2 b4

1603

ig® = iy + (3.10)
This constant also contains a singular factor I'(0). After dividing out these factors on the
both sides of the equation, we obtain the following bootstrap equation

T(ab—Z)T(ab+ 1
2—b2+1ﬂ_ﬁ2B UMS(q) = (o 7) (C; + ?) NS (a _ 9) +
T(ab)l(ab— Y — 1) 2
2
2_2_2b27r2b4,u2r(ab — %)I’(ab + %) NS <a + 9) . (3.11)
T(ab)l(ab+ & + 1) 2

+

It turns out that a similar functional equation for the (R) field can not be obtained in this
way. Instead we will show shortly that the other functional equations can be used to find
(R) one-point functions.

3.3 Conformal bootstrap based on the dual action

In [[[7] it was proposed that the N = 2 SLFT is dual to the theory with the action
1 _ _ _ _ L o
S = /d2z [%(agzraw +0¢T0¢ + 0T +pTOYT + oWt +4ToYT) +
+ 43007 = Juuh) (@0t - )b (3.12)

where [i is the dual cosmological constant. One can derive functional equations for the
one-point functions of neutral fields by using the screening operator in the dual action.

We consider the two-point function of the class-II degenerate field R‘_L1 /2 and a (NS)
primary field N,

GY(6.6) = (R (ON(©)). .13
The OPE of these fields is given by
R™ | N, = [RJF 1] + CN3(a) [RJF 1] , (3.14)
~2% =3 atsp

where the structure constant CN5(a) was computed in [[J] based on the dual action (B.19)

T
CNS(a) = mjiy (1+ b_Q)

02 b (3.15)
D=5+ 5)T(3)
The two-point function (B.13) can be written as
_ AN572AR
[ ! !
G (6.8) =g |V (03 ) P+ @ U o+ 55) 0|
(3.16)



where F}5(n) are special conformal blocks. These conformal blocks can be obtained by
the following integral

2b 2b

[ (R @NOR (0 @ @Ny 0N 0) ) =

3

:n%(l—n)_#JrZ/dxx?(x—l)b%_l(x—n)b%_l. (3.17)

Due to two independent contours, this is expressed in terms of the hypergeometric functions

a —1 43 1 20 2 20 1
ffs(frl):nb(l—n) 2b2+4F(-b—2+1,7—b—2+1;7_b_2+1777>7 (318)
_ay 1 _ 1.3 1 2 2 1
fys(n) — S+n (1—n) 2wz Tip <_b_2 + 17_704 + 1;-% + 02 + 1;77> . (3.19)

In the cross channel, the two-point function can be written as

¢ — AR A

Gao(6.€) = [BY*(@) 35 (n) + BYS () P ()], (3.20)

€ = gras®

where BYS(a) are the bulk-boundary structure constants and FX5(n) are given by

~NS o« ,L+§ 1 20 2 . 2 .

FPm) =ne(l—n) 22 4F<—b—2+1,7—ﬁ+1a—b—2+2,1—n ;o (3.21)

~NS o« 3 _1 200 1 . 2 .

FZ (77)—77”(1_77)2”2 4F<77b_27b_271_77 . (322)
The conformal block FN8 (n) corresponds to the boundary identity operator which appears

+
—1/2b

to the boundary identity operator is described by the one-point function UNS(a). On the
other hand, the fusion of Rfl /2
R(—1/2b) which could be computed as a boundary screening integral with one insertion

in the boundary as the bulk operator R approaches the boundary. The fusion of N,

is described by a special bulk-boundary structure constant

of the dual boundary interaction if it were known. Therefore, the bulk-boundary structure
constant BNS(a) can be written as BN (a) = R(—1/2b) UNS(a).

Comparing (B.16) with (B.20) and using the monodromy relations between F () and
]:"i(n), we obtain the following functional equation for the one-point function

20 _ 1 _2

R(=1/25) U™(0) = ig—b,% f21)+F(137£(— z

P(QTQ — b%)r(_b% +1) Uk <a + l) - (3.23)
2b

In a similar way, one can derive a functional equation which relates Uf(a) with UNS(a &
1/2b) as is given in [RJ.

+rfy (1+072)

,10,



3.4 Conformal bootstrap based on the N = 2 minimal CFTs

So far, we have considered only the neutral one-point functions. To consider the charge
sector, we need to consider a non-neutral degenerate field. The most simple degenerate
field is N_y 0 which is a special case of class-II field (B.15) with m = 3 which has a null
state at level 3/2. To use the usual conformal bootstrap screening procedure, we need to
consider the dual action proposed in [[J] as in previous subsection. However, calculations
will be quite complicated. So, we adopt here another strategy which is based on analytic
continuation of the N = 2 super-minimal CFTs investigated in [§. These CFTs have
central charges ¢ = 3 — 1% and their (NS) primary fields are denoted by two integers
1=0,1,... and m = —I,—-1+ 2,...,l. Comparing the central charge of the N =2 SLFT,
we can identify b2 = —(p + 2). Furthermore, we can relate the primary fields of the two
theories by comparing the conformal dimensions and U(1) charges as follows:

Nl = e ¢ =3 (3.24)

with
l=-bla+a), m=bla—«a). (3.25)

The degenerate chiral field N_y ;¢ is identified with N{. Tts OPE with an arbitrary
(NS) field is given by

NiNL = N 4 oI NEL (3.26)

and can be translated into that of the N = 2 SLFT

N_ip,0Na,a = No— 1/ba+C( 9N Noa+1/0- (3.27)

Indeed, one can check that the structure constants in both cases coincide if eq. (B.25)
is imposed. To write a functional equation for U(a, @), we follow the same procedure as
before. The conformal blocks corresponding to the two terms in eq. (B.27) can be read
directly from the N = 2 minimal CFT results in [R§ using the definition (B:25)). The
only difference is the normalization constant of the conformal blocks due to the Clebsch-
Gordan coefficients in the OPEs of the (NS) fields which was not accounted there. With
this normalization the conformal blocks are given by:

1 at+a 2 1 a+a 1
S PR L AT 2
1—ab < I A L S T ’”) (3:28)
for the first term in the r.h.s. of eq. (B.27) and
1 a4+« 1 1 a+a
—F(- 1— =il4 - — 2. 3.29
ab ( T R R ’”) (3:29)
for the second one. The structure constant C''™) can also be extracted from BY:
oW —,1’ (abT(—25#)T (52 - b%,) (3.30)
D+ &= S+ 5

— 11 —



where [i’ is given by fi, the cosmological constant of the dual N = 2 theory,

il = Ampiy(14+ b %)

(3.31)
With all these ingredients we are able to write down new functional equations for the
one-point functions of non-neutral primary fields

R(=1/b,0) UNS(ar, @

1
b2 NS <a, &+ —> . (3.32)
(11— )1+ 249) b
Again, we do not know the bulk-boundary structure constant R(—1/b,0).
The (R) sector can be treated in exactly the same way. Similarly to (B.24), we can
identify
RL =ote "m0 (3.33)
The OPE is given by

(+) (+) (R) p(+)
N_apoBRaa =Ry e TC Ry G-
The conformal blocks can be computed as before

(3.34)

1 a+ 2 1l a+a
F _ =
3/2 —ab < b

Loata 1. (3.35)
b2 Y b2 ’ b b2 Y 77 °
for the first term in the r.h.s. of eq. (B.34)

1 I o+ a 1 1 1 ata

ab+1/2 b T Ty T

for the second one. The structure constant C(_R) is given by

_ﬂ/(ab+ )QF( %) ( 7b2 )
L1+ 5 — “F9T(1 4 9)

With these, we find the functional equation for the (R) fi

(3.36)

c® =

o

(3.37)

R(—1/b,0) Ul (o, @) = P-g)r(ee

One can check that these equations are consistent with the functional equations (B.23)
derived in the section for neutral fields with o = @. This justifies the method of analytic

continuation used in this subsection. From now on, we will use egs. (B.32) and (B.3§) instead
of eq. (B.29) since they are applicable even to non-neutral fields

- 12 —



3.5 Solutions

In our previous paper 9], we have derived the one-point functions on the FZZT BC based
on the modular bootstrap method and confirmed their validity using a single functional
equation. Now it is possible to solve the set of functional equations to determine the

one-point functions completely. They are given by

ata | 1 m—% a—+a) —
U (a) = ()50 T br(ib;§<(§£)+ S

« cosh [m <a ta- %)] , (3.39)

a ata 1 o
UR(a,a) = ()~ LT ) L0402 1)
T (ab—3)T (ab+3)

x cosh [27rs <a +a— %)] . (3.40)

The continuous parameter s is related nonperturbatively to the boundary cosmological

constant pp in eq. (B.]) by
2

b
g’ = 'MT cosh(27sb) (3.41)
along with the relation between the two cosmological constants
Anfiy(1+072) = (wp) ¥ (3.42)

These results match perfectly with those of the modular bootstrap [RJ].

4. 7Z7Z-Branes

In this section we are interested in the N = 2 SLFT on Lobachevskiy plane or pseudosphere
which is the geometry of the infinite constant negative curvature surface. Using previous
conformal bootstraps, we derive and solve nonlinear functional equations which can provide
discrete BCs.

4.1 Pseudosphere geometry
The classical equations of motion for the N = 2 SLFT can be derived from the la-
grangian (2.1)):
00¢t = wub® [ﬂ,ueb(w”’j + iwii/;ieb‘ﬁ (4.1)
ot = iwubZeb‘biij , ot = —iﬂubZebqﬁizFF ) (4.2)

Assuming that the fermionic fields vanish in the classical limit, we can solve the bosonic

fields classically
4R?

wlz) v
‘ (1 =]z’

(4.3)
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where p = b(¢p+ + ¢7) and R~? = 472p2b*. The parameter R is interpreted as the radius
of the pseudosphere in which the points at the circle |z| = 1 are infinitely far away from
any internal point. This circle can be interpreted as the “boundary” of the pseudosphere.

This boundary has a different class of BCs, which are classified by integers whose
interpretation is not clear yet. For the N = 2 SLFT, we will call the discrete BCs as
ZZ-branes following [I7 and show that these correspond to the degenerate fields of the
N =2 SLFT.

4.2 Conformal bootstrap equations on pseudosphere

In section P, we have started with two-point correlation functions on a half plane. As the
two fields approach on the boundary, the degenerate field is expanded into the boundary
operators. On pseudosphere geometry, as they approach on the boundary n — 1, the
distance between the two points become infinite due to the singular metric. This means
that the two-point function is factorized into a product of two one-point functions. For
example, the two-point function in eq. (B.3) becomes

& — ¢

€ = gras

20052405

GalE,€) = UNS(—b/2) UNS () 735 (n) - (4.4)

Meanwhile, the computation of the other channel where we take the OPE of the two fields
first is identically same as in section . Comparing these two results, we can obtain the
following nonlinear functional equations for U(a):

£ USS(—by2) UM (o) — D00 = ZIT(ab+ %) NS <a - g) +

2
PR (Ut LA URE S (a N 9) (4.5)
T(ab)T(ab+ 2 + 1) 2

with 2
. val(=%)
P(=DP(=t - 3)
Similarly we can derive functional equations corresponding to eqs. (8.32) and (B.3§):

- F(M_%+1) 1
UNS(=1/b,0) UNS(a, &) = b b2 UNS(a—Zal—
CQ ( / Y ) (a7a) (1_ab)1—\(a+a _ %) « b’a

(4.6)

7 5 1

(QTM_ bLQ)UR <a,d+%> (4.8)

with Co = I'(1 — b%) /F(—b%). Here we have denoted one-point functions of the class-1I
degenerate field in terms of UNS since they are in principle different from the one-point
functions of general fields.
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Notice that C; contains I'(—1) in eq. ({.6) which arises from singular monodromy trans-
formation. We can remove this singular factor by redefining UNS(® /p(—1) — UNS(H),
Notice that this redefinition does not change eqs. (JL7) and ([.§) since they are linear in

UNS(E) if agsuming that UNS is regular.

4.3 Solutions

The solutions to these equations can be expressed in terms of two integers m,n > 1 as
follows:

aafﬂ—% nr 1
U%(ad)sz(W)—%(% et ((a+a> )

. ™m
X Sl [T (a—}—a——)

with the normalization factors given by

—_
<.
=
| ——
:]
/\\
o
+
QI
|
S
N———
—_
—
iy
—
=2

4v? cot(mnb?)

Non = (_1>np(_1/b2) sin(mm/b?)

(4.11)

This class of solutions will be associated with conformal BCs corresponding to the class-I
neutral degenerate fields. It turns out that the conformal bootstrap equations do not allow
discrete BCs corresponding to non-neutral degenerate fields. One possible explanation is
that non-neutral BCs will introduce a boundary field which will not produce the identity
operator when fused with bulk degenerate fields as they approach the boundary.

It is interesting to notice that the following one-point functions

UNS (o, @) = Ny ()~ 55"

T~ L Dr2—bla+a))
X sin [Tm OH_@_%)]
sin [F(a+a — 1)) (4.12)
_ 3 _ o 1_4
UR (0, @) = Nop(mp) 5" I'(5 — ab)I'(5 — ab) §

b b)}
T (4.13)
Ny = — ! (4.14)

satisfy eqs. ([7) and (f.§). Although these do not satisfy eq. (|£5), hence not complete
solutions, this class of solutions turns out to be consistent with modular bootstrap equations
and we will show that they correspond to the class-IIT BCs.
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5. Modular bootstrap

In this section we derive the modular bootstrap equations based on the modular properties
of degenerate characters. We derive the boundary amplitudes which are consistent with
the one-point functions derived before.

5.1 Characters of general primary fields

The character of a CFT is defined by the trace over all the conformal states built on a
specific primary state
Xn(g,y, 1) = "M Ty [qL"‘C/ 24?/"”} : (5.1)

with k& = ¢/3. Since the primary fields with general o, @ of the N = 2 SLFT have no null
states, the characters can be obtained by simply summing up all the descendant states.

For these primary fields, it is more convenient to use the real parameters P,w to denote
them using eqs. (.]) and (R.§). The (NS) character can be computed as

eQﬂikt P2+b2w2/4yw 000(q7 y) (52)

1 n(g)® ’

Xl[\gw] (q7 Y, t) =

where we have introduced standard elliptic functions
n(g) =¢"* [ -q¢"),  boolg,y) =[] [(1 —q")(1+ yqn’m) (1 + y’lq"’”?H :
n=1 n=1
For the conformal BCs of super-CFT's, one needs to consider characters and associated
Ishibashi states of the (NS) sectors [R9]. The (NS) characters are defined by

X g, 1) = ST (1) gl /2y (53)

For a primary field Nug, (—1) term contributes —1 for those descendants with odd number
of Gfr. This can be efficiently incorporated into the character formula by shifting y — —y
in the product. Therefore, the (NS) character is given by

NS ikt P?4+b20?/4 o b00(0 —Y
S a0, 0) = exmikegr et ay looldy) (5.4)
n(q)
The character of a (R) primary field ngw] is given by
rikt, P2 40202 /4, 0 010(0,Y
Xﬁ:’,w,e](quvt) = 62 1kth +b%w /4yw# ) (5.5)

where we introduce another elliptic function

bro(q,y) = W +y )T (A=) @+ ya™) (@ +y7'¢™)] (5.6)

n=1
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5.2 Characters of degenerate fields

In this subsection, we will consider only the (NS) fields which will be used later. The (R)
characters can be similarly computed. Let us start with a class-I (NS) degenerate field
Ny n- As claimed in eq. (B.12)), this field has a null state. Therefore, the character is
given by

qfi

X%%Lw(% Y, t) = 62mkt [

m b2 _1(m_pp)2 2,2 w@ q,Y
(e gmicg—nn?] gp /@%. (5.7)

The characters of the class-II (NS) degenerate fields, N¥ and N¥, are rather compli-
cated due to the infinite null states structure. One should add and subtract contributions
of these null states infinitely. The character of a class-IIA degenerate field is given by

e 000(¢,9) 2 /ap? ,
Yoo (a,y,t) = 62”’“777(((1)3 ) D (—1)iqTm W (ygm 2y (5.8)
=0
o w e —m? /4b? +mw/2 0
— e2mkty q 00(%;/) (59)

L+ygm2  n(q)
and similarly for a class-11B:

L w—m?/4b?—mw/2 0
Xﬁi(q,y,t) — e?wzkty q - a OO(Qa:;y) ] (510)
L+y~tgm/2  n(q)

One should be more careful for the neutral class-IIT degenerate fields. There are two
infinite semi-chains of null states as expressed in eq. (R.23). Adding all these states, one
can find the character as follows:

i 900 q,Yy s a2 2 J s a2 2 _ J
XN (q,y,t) = €2 lktin((q)f‘) D g/ <—qu/2> +Y g/ (—y 1qm/2)
j=0 J=1

_ o2kt g (1 — ™) Oo0(a. y) (5.11)
(1 +ygm/)(1 +y~1gm/?) n(q)?

When m = 1, this character is the same as that of the identity operator as expected.

5.3 Modular transformations

The modular transformation of the class-I character can be easily found as

NS (.1 1 4\ _ * RN m_P . —mib?ww’ | NS
X (@5 Y1) = 2b/ dP/ dw' sinh (271' ; ) sinh(27nbP)e X(Pu] (q,y,t).
o (5.12)
Here we have used ¢', vy, ' for the S-modular transformed parameters and w’ as the U(1)
charge of a general primary field to distinguish it from that of the degenerate field w.
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The modular transformation of the class-II characters can be derived by the method
of [BO|:
77rzb ww’
cosh[27bP(w F 1 F 77)]

t dP/ dw’ — +

Xanad ¥, ¥) = / [2 cosh(wbP + 7”b T’y cosh (b P — %)

N e*me(uql) cosh[2bP(w F bmg)]
2 cosh(wbP + M) cosh(mbP — %%/)

X Xipow (@4, 0) £y /dAe A2 (@95 t) (5.13)
rez+l

where the upper (lower) sign denotes the class-ITA (IIB), respectively.
For the class-I1I degenerate fields, the transformation is given by

sinh(27mP/b) sinh(27bP
X (dy'st) /dP/d’ (.bQ//) ( )b2 X (49, 1)+
Cosh 7TbP+7”—”> cosh (7TbP m >
+2 Z / dAsin(mmA) XN (q, v, 1). (5.14)
reZ+}
Here we have defined a spectral flow of the class-IIA character
o 2r /b2 4N 2 /b2 0
ikt Y q q,Y
Xon (g, y, 1) = 2 0(4,9) (5.15)

1+yq" n(q)?
5.4 Conformal boundary conditions

5.4.1 Vacuum BC

According to Cardy’s formalism, one can associate a conformal BC with each primary
state [[4. Among the conformal BCs of the N = 2 SLFT, we concentrate on those
associated with the degenerate fields. Following the modular bootstrap formulation, we
can compute a boundary amplitude which is the inner product between the Ishibashi state
of a primary state and the conformal boundary state. As usual, we start with the ‘vacuum’

BC amplitude [23, p2:
g5 (P.w) W™ (P.w) = Sws(P.w). (5.16)
where the boundary amplitude is defined by
Vo> (P,w) = (0|N(p.))) (5.17)

and the modular S-matrix element Syg(P,w) is given by eq. (b.14) with m = 1.
Since \IIEST(P,w) = UYS(—P,w), one can solve this up to some unknown constant as
follows:
2 2
NS b3 2iPF(%_ibP+bTw)F(%_ibP_bTw)
Vo2 (P,w) =14/ — () o .
0 (Fre) 3 () I (=227 (1 - 2ibP)
Similarly, the vacuum boundary amplitude for the (R) Ishibashi state is given by [2]:
3 . ( ibp 4 b ) (1—sz 2)
— (mp) @ . 5.19
(ni) 2D T o) (5.19)

(5.18)

vE(Pw) = —i 5

@‘“U M‘E
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5.4.2 Class-I BCs

Now we impose the vacuum BC on one boundary and discrete BCs associated with the
class-1 degenerate fields on the other. Following the Cardy formalism, we can get the
relation

S
X (@9 1) / P / dw/ U5 (P, UG (P )X (4,9, 1) - (5.20)

Here, the boundary amplitudes are defined by an inner product between the the boundary
state |m,n,w) and the Ishibashi state

Uhe o (Pow) = (m,n,w|Nip)) . (5.21)
Comparing this with eq. (5.12)), we obtain
UNS (P ) U (P,w') = 2bsinh(2rmP/b) sinh(2mnbP)e "V (5.22)

We can find the boundary amplitude from eq. (f.18)

i T (Z2) D (1 + 2ibP
U (P, W) = \/E(W)%P ("3 (1+ 2ibP) .
b U (4 +ibP+ 52T (4+ibP - %2)

P 2
x sinh (%%) sinh(2rnbP)e ™ (5.23)

It is remarkable that this solution coincides with eq. ([.9)), the ZZ-brane solution with
BC (m,n,w = 0). This provides a most important consistency check between the conformal
and modular bootstraps.

Now we impose the class-I discrete BCs on both boundaries. The partition function is
expressed by

oo o0
S
Z(mnw)(m n'w’ )(q/’ yl’ t/) = / dP/ dwl/Xl[\]I—"%w"] (q’ Y, t)‘lf%%w(P, wl/)\llﬁ’ntw’ (P, WI/) :
—00 —00
(5.24)
Inserting eq. (p.23) into this, we find

m-+m/—1 n+n'—1

Z(mnw)(m n'w) = Z Z [Xg,?—l,w—&—w’ + Xg,?—i—l,w—&—w’ + Xg,%w—i—w’—l—l + Xl/j,?,w-l—w’—l] )
k=|m—m/|+1l=|n—n/|+1

(5.25)

where we have omitted the modular parameters for simplicity. From eq. (f.25) we can read

off the fusion rules of the class-I degenerate fields. In particular, the OPE between neutral

fields are given by

m+m'—1 n+n'—1

NoulNoww = >0 > [NRi+ N+ ML+ N (5.26)
k=|m—m/|+11l=|n—n'|+1

Notice that this fusion rule can not be applicable to n = n’ case wherel =1,...,2n—1. If
I =1, the field NV 1%,1 is not in class-I as mentioned before and the relation (f.28) is not valid.
This explains why the OPE of two identical class-1 degenerate fields includes identity field
which is not in class-I but in class-111.
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So far we have considered the discrete BCs on both boundaries. It is interesting to
consider a mixed BC, namely a class-I BC on one boundary and the continuous (FZZT)
BC [PJ] on the other. In this case, the partition function can be written as

Z%\Infnw)s(q y',t) / dP/ dw'xl[\]gsw q,y,)UNS (P, TN (P, W), (5.27)
with
) 22P .
\/ﬁ(ﬂﬂr% I(1+ )2 /(szP) 005(471'51’3)2 -
U (3 +ibP+ 52T (5 4P - )
which is in fact eq. (B.39) up to a proportional constant. Inserting eq. (§.23)) into this, we
obtain the following result:

\I}IS\IS(P7 w/) =

(5.28)

NS NS NS NS
(m”w S Z Z [X[Pfk,flflvw] + X[Pk,z+17w] + X[Pk,z,w+1] + X[Pk,hw*l]} ’ (5'29)
k=1-m,21=1—n,2

where we have omitted the modular parameters for simplicity and introduced a momentum
variable

i (k
Poy=s+-|~ . :
k1l =S+ > <b —i—lb) (5.30)

It is more illustrative to consider the most simple case, namely, m = n = 1,w = 0.
This BC is associated with the class-1 degenerate field N_;/, which we have considered in
section B.2} The above equation is simplified to

Z(no) Xl[\;gib/Q,O] + Xgiib/z,o] + XE,SH + XE,SA] : (5.31)

In terms of «, &, one can easily check that these are characters of the operators appearing
in the OPE (B.4). This provides another consistency check for our results.

5.4.3 Class-I1 BCs

For the class-II and class-III (neutral) BCs, there are two types of Ishibashi states flowing
in the bulk. One is associated with the continuous state |N{p,)) and the other with class-
IT degenerate fields and their spectral flows. We denote this Ishibashi state by |r, \)). The
appearance of this state can be understood from the modular transformations, eq. (p.13).
If we denote the class-IT boundary state |m,w), we can define the following boundary
amplitudes as inner products between the boundary state and the Ishibashi states

Vho(Pow') = (m,w|Npun)) s @po(rA) = (mowlr,A)). (5.32)

Using these, one can express the partition function with the vacuum BC on one side and
a class-1I BC on the other boundary

Xm0/, 1) / dP/ duw' UNS (P, )W T (Pw ) X0 (0, 9,1) +

+ Z /d)@NS (r,\)® NST(T NS (q,9,1) . (5.33)
rez+1
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Comparing this with eq. (F.13]), we obtain
NS (P,w )Wy ¥ (P,w) = S (P,w) (5.34)

where S, (P,w') is the modular S-matrix component in eq. (5.13). From this, one can
solve for \I'%E(P, w’). Instead of presenting details for this case, we will analyze more

interesting case, namely the neutral (w = 0) class-III BCs.

5.4.4 Class-11I1 BCs

For a class-III (neutral) boundary state |m), we can define two boundary amplitudes
VP (Pw) = (mINipo),  RE(A) = (mlr, A)) (5:35)

due to the two Ishibashi states. Imposing this BC on one side and the vacuum BC on the

other, we can find
O ) = [ ap [ as e P u P +

+ Z /d)@NSr)\ NST(?" M (q,y,1) - (5.36)
EZ+—

Comparing with eq. (p.14), we obtain

inh(27rmP/b)
UNS(P ) = UNS(p, ) e /0) 5.37
m( 7w) 0 ( 7w) 51nh(27rP/b) ’ ( )
and
NS (y, 3) = 28lmm) (5.38)
e 2sin(mA)

The solution (b.37) coincides with the one-point function (f.12). Imposing these BCs on
both boundaries, the partition function is given by

Zot (@) / dP/ dwx (¢, y, )OS (P, w) U T (P w) +

+ Z /d)\(I)NST’)\ NST(T M (q,9,1) . (5.39)
r€Z+2

Inserting eqs. (b.37) and (.38) into this, one can express it as
m+m’—1
ZNS (d ) = Z XNy ). (5.40)
k=|m—m/|+1

This is a desired fusion rule of the neutral degenerate fields.
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5.4.5 Modular bootstrap for the (R) sector

One can perform similar analysis for the (R) sector. The (ﬁé) characters are related to
the (R) characters by the following relation

XSy 1) / ar / U (P, UG (P W)X (b (0, 9,1) - (5.41)
Comparing with the modular S-matrix element, we can find

\IJR

mnw

P 2
(P, ) WE (P, w') = 2bsinh (%%) sinh(2rnbP)e” ™ (5.42)

from which we can find

(Pw') = _i\/g(m)—% T (22) T (1 + 2ibP)

gl . X
L (P + 52 )T (14 P - 52

mnw

P : /
X sinh (27Tm7> Sil’lh(27Tan)67Mb2ww . (5.43)

It is straightforward to continue this analysis for the class-IT and class-III BCs and
their mixed BCs for the (R) sector.

6. Discussions

In this paper we have derived conformal bootstrap equations for the N = 2 SLFT on
a half plane with appropriate boundary action and on a pseudosphere. We have found
the solutions of these functional equations which correspond to conformal BCs. We have
also checked the consistency of these solutions by the modular bootstrap analysis. In
particular, we have found a new class of ‘discrete’ conformal BCs of the N = 2 SLFT
which are parameterized by two positive integers and U(1) charge. These solutions are
associated with class-I degenerate fields. When U(1) charge vanishes, it is tempting to
interpret these solutions as DO-branes in 2D fermionic black hole. The solutions with
generic integer values may describe non-BPS, hence, unstable DO-brane. An interesting
case arises when n = m = 1. As we mentioned, this is different from the vacuum BC. Our
solution seems to suggest new boundary state for the 2D string theories.

Another intriguing point is the resemblance of the class-III solutions with DO-brane
solutions of the SL(2,IR)/ U(1) coset CFT [R4] which is dual to the sine-Liouville theory [H]
H. Since the N = 2 SLFT is dual to the fermionic SL(2,R)/U(1) coset CFT [f, [, it is
natural that the two coset theories are closely related.

This relation between the coset theories means that the N = 2 SLF'T is closely related
to the sine-Liouville theory. This can be checked by comparing the bulk reflection ampli-
tudes. We expect that this relationship still exists in the presence of boundary. It is an
interesting open problem to derive one-point functions based on the conformal bootstrap
of the sine-Liouville theory and compare with the results obtained in this paper.
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